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Abstract: In this work we propose the classification of hybrid objects on the 

example of thermal objects in terms of various optimality criteria, the approach to using 
modified coefficients in optimality criteria for hybrid objects, allowing, in the 
calculation of optimal control functions, not only consider costs of different types of 
fuel, but also take into account specific greenhouse gases emissions for these types of 
control, production technology of heat or electricity. Using this approach to extend the 
functionality of existing optimal control systems does not require significant changes in 
algorithms and software, which significantly reduces the cost of modification. 
Determination of optimal control type, parameters, switching times are carried out on 
existing algorithms, however, weighting factors for optimality criterion include specific 
greenhouse gases emissions. 

 
 

 
Introduction 

 
Development of global industry and the growing anthropogenic impact on the 

environment is becoming an increasingly urgent problem of ecology and environmental 
protection. In this connection, problems of analysis of using optimality criteria of 
optimal control theory from a new point of view – reducing human impact on the 
environment are of considerable interest [1].  

Energy expenses of any process can be divided into two parts – the enthalpy 
difference of the initial and final products of the process and the energy consumption 
process, and energy losses. From the point of view of the laws of physics, it is 
impossible to reduce the enthalpy difference between the initial and final products of the 
process, but it is possible to reduce the parasitic energy loss. 

Applying complex types of control for reducing energy losses on parasitic 
processes, certain benefits based on deeper understanding of nature laws are gained. 

Historically, the purpose of energy efficiency control was to reduce expenses 
through saving energy for different processes and, consequently, reduce production 
costs. However, the existing methods of optimal control theory can be used to minimize 
human impact on the environment.  

Mathematical formulation of optimal control problem and analysis of optimal 
control criteria from the perspective of impact on environment are given in [2], the 
analysis of noise intensity effect on the functional to be minimized is given in [3].  
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One of the main factors of human impact on the environment within the theory of 
global climate change is the steady increase of greenhouse gases concentration and 
emissions caused by the use of fossil combustible fuels [4]. 

Taking into account the global climate change theory it is necessary to minimize 
cost of consumed amount of fuels, and also reduce greenhouse gases emissions. Thus, 
the same amount of heat produced from the combustion of coal on average releases 
twice as much carbon dioxide as from combustion of natural gas. 

In most industrial processes, thermal processes consume a significant portion of 
the energy.  

 
Classification of thermal objects 

 
Main classes of thermal objects divided into different groups by type of energy 

source and optimality criterion are shown in Figure [5 – 8].  
 

 
a) 

 

 
b) 

 

Main classes of thermal objects: 
а – simple objects; b – hybrid objects  
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A wide class of thermal objects uses steam and combustion products of liquid or 
gaseous fuels as heat transfer agents. These objects include heat exchangers, boilers, 
furnaces for heating liquid products, evaporators, dryers, etc. 

In problems of energy-saving control for hybrid objects combined functional with 
a weighted sum of energy costs and consumed fuel, or consumed fuel of various types, 
are normally used as as optimality criterion.  

These objects include boilers, heaters and heating systems, modular boilers etc. 
Here, we distinguished two types of hybrid objects (see Figure, b) – objects that able to 
use various energy sources simultaneously and objects that able to use various energy 
sources only consistently. Thermal devices with electric drives are close to hybrid 
objects from mathematical models point of view. 

In general, we can distinguish the following classes of multidimensional objects 
considered from the perspective of MIMO-systems (Multi-Input Multi-Output). 

The first class are one-dimensional objects or SISO-objects (Single-Input Single-
Output), linked by common constraints on performance targets, limits of energy and 
other resources. A typical example of such an object is a segment of heat treatment with 
a group of chamber furnaces. The problem of energy-efficient control of such objects is 
in a close connected with task of planning of equipment load. 

The second class is objects with similar inputs and outputs, whose decomposition 
or discretization results into objects with distributed parameters for separate zones 
(areas). An example of such an object is a multi-zone electric furnace, where 
workpieces are heat-treated, sequentially moving through furnace zones with different 
temperatures. Here, the inputs are voltages (or currents) supplied to heating elements, 
and outputs are temperatures in furnace zones. An important feature of these objects is a 
significant mutual influence of temperaturemodes on neighboring zones. 

The third class is multidimensional hybrid objects, with input components 
different in nature. For example, some drying units use electric heating and steam 
heating. 

Generally, multi-dimensional objects can contain any cross-linkages between state 
variables and control actions. Objects with Multiple Inputs and Single Output (MISO-
system) and a Single-Input Multiple-Output (SIMO-system) can be considered as 
special cases. 

If you will change types of fuels, then greenhouse gas emissions will change too, 
but kind of control actions remain unchanged, i.e. value of criterion at the extremum 
point will change, leaving position of the extremum point. 

The situation is similar to the criterion ,еJ  in terms of different ways to generate 
electricity. Partly the question of choice of fuel and type of generation is solved by 
minimizing expenses of primary energy. For simple objects (working on one type of 
energy source) control actions with consideration of greenhouse gas emissions 
compared with еJ  or fJ  will be the same.  

The situation becomes more interesting when considering hybrid objects.  
Hybrid objects are objects that have multiple controls with various type of fuels, 

such as heating systems (with the possibility of electric heating), industrial electric 
machines, hybrid cars, etc. 

For hybrid objects with consideration of greenhouse gas emissions, control actions 
will be changed depending on the type of fuel used, and technologies for production of 
heat and electricity used, etc. For example, using pellets or timber for heating, it is 
believed that carbon dioxide obtained during burning will be absorbed by vegetation in 
the next three years, in contrast to fossil fuels, and using the electricity from 
hydropower plants, carbon dioxide emissions is almost no comparison with emissions in 
equal amount of generated electricity on Combined Heat and Power (CHP) plant. 
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Optimal control for hybrid objects, taking into account impact on the environment 
nowadays is not enough studied. However, using of criteria and weighting factors that 
take into account greenhouse gas emissions, is an additional reserve to reduce 
anthropogenic influence on the environment from theory of global climate change 
perspective. 

 
Optimality criteria for hybrid objects with modified coefficients 

 
It is believed that out of variety of greenhouse gases carbon dioxide has the 

greatest impact on climate change [9]. Later, in calculating greenhouse gas emission 
factors, we refer to carbon dioxide emissions. 

It is proposed to introduce emission factors per unit of energy in optimality criteria 
taking into account carbon dioxide emissions. 

In practice, most industrial facilities are hybrid MIMO-objects. In these objects, 
there are several different types of control that can be associated with various types of 
fuels or technologies of energy production. 

Then, criteria for greenhouse gas emissions for i th element will take the form 

( )∫=
et

t
ei

i
e dttuсJ

0

2  (for electrically controlled element) or ( )∫=
et

t
fi

i
f dttucJ

0

 (for fuel 

burned, heat component).  
Table 1 shows comparative indicators of carbon dioxide emissions for common 

fuels and different technologies of thermal and electricity energy production [10]. 
However, calculation should take into account that greenhouse gases from bio-fuels 
within the next three years will be absorbed by vegetation.  

Specific emissions of carbon dioxide to produce heat energy are shown in Table 2 
[11].  

Table 1 
 

Comparative indicators of carbon dioxide emissions 
 

Technology and Fuel Emissions of carbon dioxide equivalent,  
lbs per MMBtu 

Natural gas (TPP*), thermal 137.6 
Natural gas (CHP), thermal 146.3 
Biofuels (green wood), thermal 182.5 
Pyrolysis of biomass, thermal  182.5 
Oil (TPP), thermal 217.4 
Oil (CHP), thermal 231.9 
Wood pellets, thermal 253.7 
Gasification of biomass (cellulosic ethanol) 254.5 
Gasification of biomass (green wood) 287.6 
Green wood, thermal 287.6 
Green wood (CHP), thermal  287.6 
Cord wood, thermal 317.2 
Natural gas, electrical   354.5 
Coal, electrical 641.6 
Coal and biomass (20 % wood), electrical 684.3 
Green wood, electrical  862.7 

 

* TPP – Thermal Power Plant. 
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Table 2 
 

Specific emissions of carbon dioxide to produce heat energy  
for various type of fuels  

 

Carbon Dioxide Factors Kilograms CO2 per Million Btu 

For homes and businesses 
Propane 63.1 
Butane 65.0 
Butane/Propane Mix 64.0 
Home Heating and Diesel Fuel 73.2 
Kerosene 72.3 
Coal (All types) 95.3 
Natural Gas 53.1 
Gasoline 71.3 
Residual Heating Fuel (Businesses only) 78.8 

Other transportation fuels 
Jet Fuel 70.9 
Aviation Gas 69.2 

Industrial fuels and others not listed above 
Flared natural gas 54.7 
Petroleum coke 102.1 
Other petroleum & miscellaneous 72.6 

Coal by type 
Anthracite 103.7 
Bituminous 93.3 
Subbituminous 97.2 
Lignite 97.7 
Coke 114.1 

 
Measuring unit of coefficients is not important for calculation of control. The basic 

requirement for coefficients is to use coefficients of the same unit while formulating the 
optimality criterion for concrete object. As shown above, weighting factors are included 
in optimality criterion as a linear factor, that is, when unit weight will change, only the 
value of the criterion changes, but the extremum point of the criterion remains the same. 

However, for efficiency of enterprise, it is required that criteria take into account 
not only emissions but also the price of fuel. For example, for the USA data about 
average cost of fuel are shown in Table 3 [12]. 

As you can see from the Table 3, while in 2002 the cost of obtaining thermal 
energy from oil and natural gas was comparable. But as you can see from the Table 2, 
emissions of carbon dioxide in production of thermal energy by using a CHP 
technology and natural gas is up to 1.585 times less than that using oil. Thus, if you can 
choose fuel, you can reduce emissions at the same price of fuel.   

By 2012, the cost of producing thermal energy from natural gas was 365 times 
lower than that from oil at the same ratio of carbon dioxide specific emissions. Thus, in 
production of thermal energy in the United States in 2012 it was much more favorable 
to use natural gas as fuel, not only for environmental reasons (1.585), but also in terms 
of profits (3.65). When using hybrid objects, you are always able to find a compromise 
between profit and impact on the environment. 
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Table 3 
Average cost of fossil fuels in USA 

 

Period 
Coal Petroleum Natural Gas 

Dollars 
per MMBtu 

Dollars 
per Ton 

Dollars 
per MMBtu 

Dollars 
per Barrel 

Dollars 
per MMBtu 

2002 1.25 25.52 3.34 20.77 3.56 
2003 1.28 26.00 4.33 26.78 5.39 
2004 1.36 27.42 4.29 26.56 5.96 
2005 1.54 31.20 6.44 39.65 8.21 
2006 1.69 34.09 6.23 37.66 6.94 
2007 1.77 35.48 7.17 43.50 7.11 
2008 2.07 41.14 10.87 64.89 9.02 
2009 2.21 43.74 7.02 41.64 4.74 
2010 2.27 44.64 9.54 56.35 5.09 
2011 2.39 46.65 12.48 73.29 4.72 
2012 2.38 46.09 12.48 73.30 3.42 

 
In practice, for hybrid objects with simultaneous use of various energy sources a 

combined criterion is traditionally used 
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where 1с  is the coefficient determined by the specific cost of electricity power, and 2c  
is the coefficient determined by the specific cost of used fuel per heat power.  

Unfortunately, this approach does not take into account environmental aspects of 
using o fossil fuels and electricity generation technologies. 

Let's introduce the second function in the optimality criterion 
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coefficient determined by specific emission of greenhouse gases per unit of electrical 
energy for generation technology; 2g  is the coefficient determined by specific emission 
of greenhouse gases per unit of thermal energy for the used technology.  

This type of criterion enables to take into account greenhouse gases for the 
calculation of control actions. The higher p is, the more weight in determining the 
control actions will play an ecological factor. With smaller p   the greater role is played 

by the price factor of fuel. If ,,min
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type (price/emissions) the criteria of environmental factor and profit have equal weight. 
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After simplification we obtain 
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But equation (2) is equivalent to the formula (1) where   
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Taking into account that the cost of each type of fuel and electricity is stored in the 
database and is regularly updated in the information control system by an operator, 
modification of the existing control systems requires adding an additional module to 
calculate coefficients for functional (1) with the current priority setting price/emissions, 
prices of used fuels and electricity, production technologies. 

This type of modernization for information control systems is very cheap, because 
it does not require development of a large volume of new algorithms and software, 
technical implementation, and can be implemented using a small software module. 
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Аннотация: Дана классификация гибридных объектов на примере тепло-

вых с точки зрения различных критериев оптимальности, предложен подход  
к использованию модифицированных коэффициентов критериев оптимальности 
для гибридных объектов, позволяющих, при расчете функций оптимального 
управления, не только учитывать стоимость различных видов топлива, но и удель-
ные выбросы парниковых газов при данных типах управления с учетом техноло-
гии производства тепла, электричества. При использовании данного подхода  
для расширения функционирования существующих систем оптимального управ-
ления не требуется значительных изменений в алгоритмическом и программном 
обеспечении, что значительно снижает стоимость модификации. Расчет оптималь-
ного управления и определение времен переключения осуществляется по сущест-
вующим алгоритмам, однако весовые коэффициенты для критерия оптимальности 
включают в себя так же удельные выбросы парниковых газов.  
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Forschung der Anwendung der Theorie der optimalen Verwaltung  
zu den Hybridobjekten für die Minimierung  

der Auswürfe der Treibhausgase 
 

Zusammenfassung: Es ist die Klassifikation der Hybridobjekte auf dem 
Beispiel der thermischen Objekte vom Gesichtspunkt verschiedener Kriterien der 
Optimalität gegeben. Es ist das Herangehen an die Nutzung der abgeänderten 
Koeffizienten der Kriterien der Optimalität für die Hybridobjekte, die zulassen, bei der 
Berechnung der Funktionen der optimalen Verwaltung angeboten, nicht nur, den Wert 
verschiedener Kraftstoffarten, sondern auch die spezifischen Auswürfe der 
Treibhausgase bei den gegebenen Typen der Verwaltung, unter Berücksichtigung der 
Technologie der Wärme, der Elektrizität zu berücksichtigen. Unter Anwendung vom 
gegebenen Herangehen für die Erweiterung des Funktionierens der existierenden 
Systeme der optimalen Verwaltung, es ist der bedeutenden Veränderungen in 
algorithmisch und die Software nicht erforderlich, dass den Wert der Modifikation 
wesentlich verringert. Die Berechnung der optimalen Verwaltung und die Bestimmung 
der Zeiten der Umschaltung verwirklicht sich nach den existierenden Algorithmen, 
jedoch schließen die Waagekoeffizienten für das Kriterium der Optimalität ebenso die 
spezifischen Auswürfe der Treibhausgase ein. 
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Etude de l’application de la théorie de la commande optimale envers  
les objets hybrides pour la minimisation des déchets  
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Résumé: Est donnée la classification des objets hybrides à l’exemple des objets 
thermiques du point de vue de différents critères de l’optimisation, est proposée une 
approche pour l’utilisation des critères de coefficients modifiés de l’optimisation pour 
les objets hybrides permettant de tenir compte du coût de différents types de 
combustible ainsi que les déchets des gaz. Le calcul de la commande optimale et la 
définition du temps sont effectués suivant les algorithmes. 
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