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Abstract: The issues of studying existence domain of a solution to an optimal 

control problem under random perturbances such as «white» noise are considered. 
Mathematical apparatus of optimal control theory and method of synthesizing variables 
are used. 

 
 

 
Introduction 

 
One of the main stages of optimal control analysis is the study of issues related to 

the existence of a solution to an optimal control problem (OCP). The existence of OCP 
solutions and, consequently, the successful achievement of control objectives is 
dependent on a number of factors, which include: constraints on control actions and the 
control time interval [1], as well as the intensity and nature of the effect of perturbances.  
Perturbances are an important factor determining the construction of a control system, 
since they usually lead to adverse effects in the behavior of controlled objects [2], 
therefore it is desirable to take them into account at the early stages of optimal control 
system design.  

The authors propose a research method for existence domain of a solution to an 
optimal control problem by dynamic object under random perturbances such as «white» 
noise. 

 
The mathematical formulation of the optimal control problem 

under random perturbances 
 

OCP is solved for object with dynamics model 
 

 

( ) ( ) ( ).tСwtВutАzz ++=&  (1) 
 

OCP is a transfer of object in set time interval ],[ 0 ktt  from the initial to the final 
state of phase coordinates vector, i.e. 

 

 

( ) ( ) ,00 kk ztzztz =→=   (2) 
 

with constraints on control action at each time moment 
 

 [ ] ( ) [ ]hlk uututtt ,:,0 ∈∈∀  (3) 
 

and minimum of the functional 
 ( ) ( )( ) .min,, →= ttztufJ  (4) 
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The input data array, which is required for the numerical solution of the problem 
(1) – (4), is defined as  

 

( ).,,,,,,,,, 00 wkkhl ttzzuuСBAR σ=  
 

In this problem: СBA ,,  – matrices of parameters for object dynamics model 
with ,nn×  mn×  and mn×  dimensions; ( )tz  – n-dimensional vector of phase 
coordinates; ( )tu  – m-dimensional vector of control actions; ( )tw  – m-dimensional 
vector of «white» Gaussian noise with zero mean values and standard deviation, which 
are set by m-dimensional vector ;wσ  kzz ,0  – n-dimensional vectors of initial and final 
values of phase coordinates; hl uu ,  – m-dimensional vectors of upper and lower 
boundary values of the control actions;  J – minimizing functional. 

 
Description of the Research Method for Existence Domain of a Solution 

to an Optimal Control Problem under Random Perturbances Such as White Noise 
 

Conditions of existence the solution of OCP under random perturbances can be 
determined applying the method of synthesizing variables, according to which, the 
normalization of the original problem is made (1) – (4) and the vector of synthesizing 
variables is introduced, which is uniquely determines the kind and parameters of the 
optimal control actions [3]. Normalization of the original problem is significantly 
reduces the dimension of OCP.  

Research method for domain of a solution to an OCP under random perturbances 
such as white noise (1) – (4), contains the following steps: 

1. Normalization of the original problem. In the normalized OCP, time interval and 
the region of acceptable values of control and disturbing factors is constant: 

; 
 

];1;1[)(];[)( −∈⎯→⎯∈ TUuutu hl   
 

].1;1[)(];[)( −∈⎯→⎯∈ TWwwtw hl  
  

It should be noted that the normalization of disturbing factors requires a priori 
information about the ranges of the components of the vector w(t). In the case of 
«white» Gaussian noise with zero mean value the boundary values of perturbations can 
be set in accordance with the «three-sigma» rule:  

 

.3;3 whwl ww σ=σ−=  
 

2. Solving of normalized problem 
 

( ) ( ) ( ) ( ) ( )[ ] ,ee
2

0

τ2
0

2 ∫ ττ+τ+= − dWCUBtZtZ AA
k  

where ,A  ,B  C  – matrices of parameters for dynamics model of object in normalized 
problem. 

3. Introduction of an n-dimensional vector of synthesizing variables Λ. In this 
case, equations for calculation of components of the vector Λ are derived from the 
solution of the normalized problem, which are obtained in the previous step: 

 

);,...,,( 21 nLLL=Λ  ( ) ,,1),,),(()( niRTWTUgRfL iii ===  
 

where iL  – components of the vector Λ; ii gf ,  – functions, which are obtained from 
solution of the normalized problem.  

]2;0[];[ 0 ∈⎯→⎯∈ Tttt k
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4. Construction the region of existence OCP solution in the space of synthesizing 
variables, which is bounded by the surfaces: 

 

( ) ),),(( limlimlim RTWTUgL jjij = , ni ,1= , mj ,1= ;  
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where p
jT  – switching times.   

5. Allocation of three types of areas in the space of synthesizing variables: gS  – 

areas of the guaranteed existence of solution; wS  – areas, where possibility of the 
existence of solution of OCP is determined by the random nature of the influence of 
noise; oS  – areas, where solution of OCP does not exist. The domain of existence OCP 
solution is the union of gS  and wS  

wg SSS ∪= .  
 

6. Determination of the possibility of existence OCP solution depending on the 
position of the point ( )nLL ,...,1ϕ  in the region of solution existence, where coordinates 
of the point are values of synthesizing variables obtained in the third stage  

 

niRfL ii ,1),( == . 
 

Conditions of existence OCP solution (1) – (4) can be formulated as: 
1) if ( ) gn SLL ∈ϕ ,...,1  – solution of OCP exists; 

2) if ( ) wn SLL ∈ϕ ,...,1  – possibility of the existence OCP solution depends on the 
nature of noise influence;  

3) if ( ) on SLL ∈ϕ ,...,1  – OCP solution does not exist. 
 
 

Practical application of the proposed method  
 
The practical significance of the proposed method is that it allows checking the 

possibility of the existence OCP solution without determining the type of the function of 
optimal control directly from the values of the array of initial data components. 

Graphical representation the region of solution existence for the objects described 
by models of dynamics in the form of an aperiodic element of the first and second 
orders, and also the initial data arrays are shown in Table. More detailed results of 
applying the proposed method can be found in [4, 5]. 

In the practical investigation of OCP for a specific object, the requirements related 
to noise stability of algorithmic support of the optimal control system can be formulated 
based on the results of application the research method presented in that paper. For 
example, if the possibility of the existence OCP solutions is defined by character of 
disturbing effects influence ( ) wn SLL ∈ϕ ,...,1  (see step 6 of the method), then it is 
necessary to use special algorithms which allow to reduce the negative impact of noise 
to increase probability of achieving the control objectives. 
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Practical examples 
 

Dynamics model  
of the object ( ) ( ) ( )tcwtbutаzz ++=&  
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The input array of 
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The cross sections the 
region of existence 
OCP solution in the 
space of synthesizing 
variables  

  

 
 

Conclusion 
 

The authors propose the research method for existence domain of a solution to an 
optimal control problem by dynamic object under random perturbances such as «white» 
noise. 

Application of this method in the analysis phase allows checking the existence of 
OCP solution without defining form of optimal control function directly through the 
array of input data. 
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Аннотация: Рассмотрены вопросы исследования области существования 

решения задачи оптимального управления при наличии случайных возмущений 
типа «белый» шум. Использован математический аппарат теории оптимального 
управления и метод синтезирующих переменных. 
 

 
Methode der Untersuchung des Extistezraumes der Lösung der Aufgabe 

der Optimalsteuerung bei dem Vorhandensein der Zufallsstörungen 
 

Zusammenfassung: Es sind die Fragen der Untersuchung des Extistezraumes 
der Lösung der Aufgabe der Optimalsteuerung bei dem Vorhandensein der 
Zufallsstörungen des Typus “weiβer” Lärm betrachtet. Es wurde den mathematischen 
Apparat der Theorie der Optimalsteuerung und die Methode der syntesierenden 
Variablen benutzt. 
 

 
Méthode de l’étude du domaine de l’existence de la solution 
du problème de la commande optimale lors de la présence 

des perturbations occasionnelles 
 
Résumé: Sont examinés les problèmes de l’étude du domaine de l’existence de la 

solution du problème de la commande optimale lors de la présence des perturbations 
occasionnelles tu type bruit «blanc». Est utilisé l’appareil mathématique de la théorie de 
la commande optimale et la méthode des variables synthésants. 
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