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Abstract: The paper presents a mathematical description of the cardiovascular 

system model with a pulsating heart. The cardiovascular system is represented as series-
connected eight elastic chambers. 

 
 

Abbreviations: 
C – elasticity of the chamber, cm3 /torr; 
c – arbitrary constant of general differential 
equation solution; 

PESE , EE – rigidity factor for serial/parallel 
resilient elements of a myocardium, torr; 
G – geometrical constant; 
h – average wall thickness of the chamber of 
heart, cm; 

PESE , KK  – factor of nonlinearity for a 
rigidity of serial/collateral resilient elements of 
a myocardium; 
k – pump factor; 
L – persistence of blood flow, torr·s2/cm3; 
l – length of an element, cm; 
P – pressure in chamber, torr; 
q – blood flow, cm3/s; 
R – hydraulic resistance, torr·s/cm; 
r – radius of a chamber, cm; 
s – the proportion of contractile filaments in a 
cross-sectional area of myocardial; 
T – duration of heartbeat, s; 

sysT – duration of systole, s; 

t – time, s; 
edt – time of the end of diastole, s; 

est – time of the end of systole, s; 
U – unstrained volume, cm3; 
u – systolic tone of the cardiac chamber, cm3;  
V – volume of  i-th chamber, cm3; 

0V  – unstrained chamber volume, cm3; 

edV  – end-diastolic volume, cm3; 

svV  – stroke volume, cm3; 

ε  – relative linear deformation; 
η  – myocardium coefficient of viscosity,  
torr.·s; 

PEσ – pressure in parallel elastic element, torr; 
SEσ  – pressure in serial elastic element, torr; 

χ  – coefficient of contraction; 
ω  – volume of pseudo-chamber, cm3; 
interlinear index: i designation of  i-th model 
chamber. 

 
For diagnostics and therapy of cardiac patients the hardware-software complexes 

[1] based on mathematical models of the cardiovascular system (CVS) have been 
developed (Fig.1). 

The mathematical model of CVS consisting of eight series-connected elements: 
LH – left heart; AR – arterial reservoir; MB – microcirculatory bed; VS – venous 
system; RH – right heart; PA – pulmonary artery; CPC – capillaries of the pulmonary  
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circulation; PV – pulmonary veins. Left heart and Right heart consists of a chamber and 
a cardiac valve.  

Assumptions of CVS model are accepted the same, as in work [2]. 
In the CVS model, each i-th chamber (Fig. 2) is characterized by the functions of 

volumetric blood flow, volume, pressure: qi(t), Vi(t), Pi(t), { VS,MB,AR,LH,∈i  
}.PVCPC,PA,RH,  

The change in volume Vi(t) in i-th chamber is equal to a difference of inflow  
qi–1(t) to the chamber and outflow qi(t) from the chamber; { VS,MB,AR,LH,∈i  

}.PVCPC,PA,RH,  
Balance of blood equation in model’s chambers differentially looks as follows [2] 

 

).()(1 tqtq
dt

dV
ii

i −= −                                              (1) 
 

In the modeling of dynamic 
processes in chambers of systemic and 
palmonary circulation the inertial 
properties of blood flow and flow 
resistance should be taken into 
account. The right and left chambers 
of the heart inertia can be neglected, as 
the blood moves in these cells without 
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Fig. 1. Chamber structure of blood circulation model 
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Fig. 2. Chamber of CVS model 
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any significant acceleration. The equations of motion for the flow are written as follows 
[2] i { }PVCPC,PA,VS,MB,AR,∈ : 

( ),)()(
)(

1)( 1 tPtP
tR

tq ii
i

i −= −

 

   i { }RH,LH∈ ;                         (2) 
 

( ).)()()()(1)(
1 tqtRtPtP

Ldt
tdq

iiii
i

i −−= −

 

                                (3) 
 

Resistance Ri, i { }PVRH,VS,LH,∈ is determined by the condition of the heart 
valves. The opening of the valve occurs at a time when there is an arbitrarily small 
differential pressure flow in the direction of opening. The valve remains fully open until 
the pressure drop remains in the opening direction of blood flow and, consequently, the 
direction of blood flow is positive. The closure of the valve is due to displacement 
(regurgitation) of a certain volume of blood through the valve in the incoming direction 
opposite to its normal capacity [3] 
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where iτ  – beginning of the period of time in which blood flow has a negative 
direction. 

With the increase in the volume of regurgitant backflow the resistance will 
increase from the value *

iR . Here, *
iR , i { }PVRH,VS,LH,∈  – the hydraulic resistance 

of the cells. In the presence of blood flow in the opposite direction of the conductivity 
of the "camera–valve" varies according to the law [5] 
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Variable resistance in the "camera–valve" is connected with the conductivity 
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Then, hydraulic resistance of the valves are defined as 
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The dependence of the pressure function Pi(t) for i { }PVCPC,PA,VS,MB,AR,∈  
on the function of volume Vi(t) is written as an equation of Frank [3, 4] 

 

( ).)(1)( ii
i

i UtV
C

tP −=                                                (8) 
 

To determine the dependence of Pi (t) from Vi (t), the model of heart is considered 
as the 2-chamber tank. For simplicity it is supposed that each chamber of heart is a thin-
walled sphere. The dependence of pressure in the chamber is defined by the law of 
Laplace for a thin-walled sphere, { }RH,LH∈i  [4, 5] 
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From the equations (9)–(10) it follows: 
 

),(
)(6

4)(
3

3 t
tV

htP i
i

i σ
π

=    { }.RHLH,∈i                     (11) 

 

To determine the function )(tiσ  the model of a cardiac muscle is considered. 
Four-element representation of a cardiac muscle is accepted [6]. The wall of the sphere 
(chamber) is represented as a cardiac muscle (myocardium).  

Pressure )(tiσ  in chamber wall is written as follows [5]:  
 

),()1()()( PESE tstst iii σ−+σ=σ    { }.RHLH,∈i             (12) 
 

Pressure in elastic elements SE, PE of i-th chamber is defined as follows [5]: 
 

( )[ ] ;1)(exp)( SESESESE −ε=σ tKEt iiii                              (13) 
 

( )[ ] ,1)(exp)( PEPEPE −ε=σ tKEt iiii                               (14) 
 

where )(SE tε  – relative linear deformation of  serial elastic element.  
From (11) – (14) follows, that pressure in i-th chamber is 
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The variables that characterize the linear dimensions of the myocardium strip, are 
associated with variable Vi(t) and ω i (t) [6].  

To determine )(tiω  in phase of relaxation we consider the rate of change of 

relative linear deformation of contractile element )(CE tiε , which satisfies the equation 
[5]: 

),()( SE
CE

t
dt

td
i

i σ=
ε

η    }.RHLH,{∈i                            (16) 
 

Equation (16) corresponds to the four-element representation of the myocardium 
[6]. 

As length 0
il  is equal to sum 0SE

il + 0CE
il of 0CE

il = 0
il – 0SE

il , then for the relative 
linear deformation of the contractile element is obtained }RHLH,{∈i  
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As a result of differentiation (16) in t using (13), (17) we obtain formula for the 
phase relaxation of the myocardium: 

 

( )[ ]1)(exp)(3)(ω SESE3 SE03 03 2
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For the description of a phase of reduction of heart the hypothesis is accepted [4]: 
 

( ),)(χ)(ω
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i ut
dt
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−ω=    { }.RHLH,∈i                         (19) 
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Linear approximation of law is written as follows [4], { }RHLH,∈i  
 

( ) .edsv
iiii uVkV −=                                            (20) 

 

In the model of a pulsating heart, the heart activity is seen as an alternation of 
phases of contraction (systole) and relaxation phase (diastole). The characteristics of 
this process are: the reduction of heart period T and duration of systole Tsys. The 
beginning of a cardiac cycle is the moment of change of a diastole on a systole. 
Generally T and Tsys can be different for different cycles, then the moments of the 
systole end tes(n) and the diastole end of ted(n) of n-th n = 1, 2, 3… are expressed by 
formulas:  

;)()()(
1

1
0syses ∑

−

=
++=

n

j
tnTjTnt                                  (21) 
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Throughout systole the myocardium is subject to equation (19) and throughout 
diastole it is subject to equation (18). Transition from a systole to a diastole occurs by 
change of these equations. 

Thus, closed system of equations (1)–(8), (15), (18), (19), (21) defines eight-
chamber CVS model from which functions of volumes )(tVi , pressure )(tPi  and blood 
flow )(tqi  in i-th chamber, { RH,VS,MB,AR,LH,∈i }PVCPC,PA,  can be determined.  
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Аннотация: Дано математическое описание модели сердечно-сосудистой 
системы с пульсирующим сердцем. Сердечно-сосудистая система представлена в 
виде последовательно соединенных восьми упругих камер.  
 
 

Modellierung der Hämodynamik des Herz-Kreislaufsystems  
mit dem pulsierenden Herz 

 
Zusammenfassung: Es ist die mathematische Beschreibung des Modells des 

Herz-Kreislaufsystems mit dem pulsierenden Herz vorgelegt. Das Herz-Kreislaufsystem 
wird in der Form von acht consequent verbundenen elastischen Kamerrn dargestellt. 
 
 

Modélage de la hémodynamique du système cardio-vasculaire  
avec un coeur pulsatoire 

 
Résumé: Est présentée une description mathématique d’un modèle du système 

cardio-vasculaire avec un coeur pulsatoire. Le système cardio-vasculaire est présenté en 
vue de huit chambres élastiques liées successivement. 
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