Puc. 4.3.1

3°. PaccysK/ieHus, IPUBOJISILHE K PA3IOKECHUIO [ (z) B psn (4.3.1), OyayT HOCUTB TOT e Xapakrep, 4ro B naparpade 4.2. IIpo-
BeJIeM BHYTPHU KOJIbIIa OKPY>KHOCTH Y U ' ¢ LIEHTpoM B TOUKE z, TaK, YTOOBI z OKa3anach BHyTpPEHHEH TOUKOl B HOBOM KOJIbLE (T.€.
MEXIy Y U I'); MyCcThb ¢ — OKPY>KHOCTH (C LIEHTPOM B TOUKE Z) CTOJIb MAJIOT0 paJuyca, YTO Takxke pacronoxeHa mexxay y u I . Te-
nepsb 1o Teopeme Koum as1st MHOTOCBsI3HOW 00nacTH (orpaHuyueHHoi ¢, Y u I') umeem
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€CIIH TEOpeMy NPUMEHNTh K aHAJTUTHUECKOH (PyHKIUH

Mo unrerpansHoit Gpopmyne Ko

CJIeI0BATENBHO,

/(s)

S—Zz

f(s)ds—j ds |. (4.3.3)
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FE)=o] [

[peacraBum 1podb Ha okpy>xHoctd [ B Buze

1 1 1 1 z-z )
s—z_(s—zo)—(z—zo)_s—so l_Z—Zo _S_So,,:o S =2z ’

z—2z,
TaK KakK Mpu ¢ =
s =z,

nmeeM Ha I | q | <1, a 3Hayur

1 > n
l—q_gq '

[HomoOHBIM 0Opazom Ha vy :

I __lis—zom
Ss—z Z—2z 1 §—Zj zZ—Zy m=0 zZ—Z ’

Z—2Zy

s =z
TaK KaK ¢ =

o0JaaeT CBOHCTBOM | q | <1l Havy.
Z—2Zy

[Mounenno naTErpUpys B (4.3.3) momydeHHbIe psAAbl (000CHOBaHHE MOWICHHOTO HHTEIPUPOBAHMUS OBLIO MPHUBENEHO B aparpade
4.2), nomyaum:

f(z)=f[if—f(s) J~(z—z0)”+

2t e (S -5, )n+l



+i Lj( FAC RN N (4.3.4)

mo | 27 s=s0) " (z=zo)""

Ecnu Bo BTopoii cyMMe U3MEHUTH HyMepanuio 1o ¢popmyiie 7 =m+1 1 0603HaunTh

c, :LIL‘V)[]S- C —Lj.&ds

2mi - (s -5 )n+1 COTT . (s -5 )—n+l ’

TO MIPUXOJMM K JJOKa3bIBaeMOMY pa3ziioxeHuto Buza (4.3.2). Ilpu Boruncnenusx C, KOHTYPOM UHTETPUPOBaHUS (COITIACHO TEOpPEME
Komn 1 nBycBsi3HOM 061acTH) MOXKET ObITh BbIOpaHa J1r00ast OKPYKHOCTb ¢ (C LIEHTPOM B TOUKE Z ), PACIIOIOKEHHAs LIETUKOM B
JTAHHOM KOJIbIIE (BMECTO paHee PAaCCMOTPEHHBIX KOHTYpPOB ¥ 1 ).

HUrak, cornacuo (4.3.4)

o0

fz)=>.C,(z-z), (4.3.5)

rae

C, = L)lds; n=0,+1,£2,..  (43.6)
27 v (S—SO )n+

4°. TloctapnenHas 3ajaua pemesa: f (z) , QHUINTHYHAS B YKQ3aHHOM KOJIbIIE, MOXKET OBITh IpEJICTAaBICHA B BUJIE CYMMBI psija

(4.3.5), HazpiBaeMoii psioom Jlopana; k03hGUIHMESHTHI Psiia BBIYUCIIIOTCS 110 hopmyam (4.3.6).
Bripouem, HHOT/1a MOKHO TIPUMEHHTH IpyTHe, 60JIee MPOCThie TpUeMbL. [IpoeMOHCTpUPYEM UX HA PUMEpax.

1
5 Mpumep 1. OyHKIHIO | (z) = Py Pa3NOKUTh B PSJT TIO CTENIECHIM (z —1).
z+

P ew enue. llenTpoMm KombLa (MM KOJIEL), B KOTOPBIX OYZET NPOUCXOIUTh PA3JIOKEHHE, JOJIKHA ObITh, COTIIACHO YCIOBHIO,
Touka z, =1. Ocoboii Toukoil sBIsgeTCA 2, =—2, JeXalllasg Ha OKPYXKHOCTU C LEHTPOM z, paguyca R =3 (cM. puc. 4.3.1), T.e. Ha
OKPYXHOCTH | z—-1 | =3.

CriejoBaTenbHO, MPEICTOUT BECTH PACCMOTPEHHE IS |z—1| <3 mu |z—1| >3 otnenbHO. B KaxaoM ciydae BOCHOJB3yeMCS

CYMMO#1 OECKOHEYHOU IreOMETPUIECKON POrPECCUH:

nn

L g1y |g]<1

l+gq
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X
) 0 1 4
Puc. 4.3.1
B nepBom ciyuae npeacraBum
1 1
f(z)= =—. .
34(z-1) 3, 2-1
3
z—1
3nech |q | = ‘T <1 nns | z—1 | < 3 ; cliemoBaTebHO,

f(z):l-(l— z-1, (23‘21)2 _...+(_1)"ﬂ+...}

Bo Bropom cityuae




HHH|C]|= <1(aaTOBepHoan|z—1|>3)HMeeM
z—
78 TR U S A (e L
z—-1 z—-1 (z—l)z (z—l)"
Uraxk,
1 z-1 (z-1) . (z=1) .
4](‘(2)25—3—24-3—3—...4-(—1) 3”T+ B Kpyre |Z—1|<3,
f(z)= 1 __3 . ¥ —...+(—1)”L+... s |z—1]>3.
« -_1 (z—l)2 (2_1)3 (Z_l)n+1

1
Opumep 2. f (z) =z COSE PA3J0XKHTH IO CTEIICHSIM Z.
Pewenue Oyukius f (z) aHAIUTUYHA TIpH Beex z # 0, T.e. UIst | z | > 0. B 310i1 00651aCTH BOCIIOIB3yEeMCsl Pa3I0KCHUEM

Maxopena ¢pyskiun cosw (cum. (2.5.3)) mpu w=l :
z

cost =141 —...+(—1)";+....

z 2z 4t (2n) 22
Iloumenno YMHOXKas Ha 23 , [IOJIy4aeM Pa3JI0KCHUC
. 3 z 1 n 1 .
f(z)= RCTAT ~1) o +. | z|>0.

4.4. N30JIMPOBAHHBIE OCOBBIE TOYKHA

1°. OcoGast Touka zy GyHKnun f (z), T.C. TOYKa, B KOTOpO#l [ (z) HE aHaJUTHUYHA, HAa3bIBACTCS UZOIUPOBAHHOU, €CITH B HEKO-
TOPOI OKPECTHOCTH Z, HE CYIIECTBYET JPYTMX OCOOBIX TOYEK Il f (z) Jpyrumu cnoBamu, f (z) aHAIMTHYHA B HEKOTOPOI OKpe-
CTHOCTHU TOYKHU Z , HO HE B CAMOH 3TOM TOUKe.

OKpECTHOCTBIO TOUKH Z, CIYXHT "KOJbLO" Buaa R; < | z—zO| <R, , nust xotoporo R, =0. Paznoxenne Jlopana f (z) B 3TOM

"kosblie" Ha3bIBaeM psidom Jlopana 6 okpecmHocmu OAHHOU U30JUPOSAHHON OCOOON TOUKH.
Bynem Ha3wBaTh psif

Co+Ci(z=z9)+..4Cz =20 ) +... (4.4.1)
npasuIbHOU 4acThIO, a PAL
C_ C_ C_
L Ao+ I— .. (4.4.2)
2-2) (z-z) (z-2)
— enasHoll 9acThio psina JlopaHna
o0
v
fl2)=>.C,(z-2z)". (4.4.3)
n=-ow
Bo3MoxkHBI Takke cilydau:
a) Psan Jlopana (4.4.3) cocTouT U3 CBOE NMpaBUIbHOM YacTH, T.€.
C—l = C_2 ET C_n = e — O.
Torna Touky z, Ha3bIBaeM ycmpanumoli 0coO0H TOYKOH (M3 JalbHEHININX PAacCyKAEHUIl CTaHeT ACHO, MOoYeMy BBIOpaH Takol Tep-
MHH).
0) ['maBHas wacth psga JlopaHa COIEPIKUT TONBKO KOHEYHOE YHCIIO HEHYJIEBBIX WICHOB, HAIIPUMED, OHA UMEET BUJT
C C C
-1 -2 —n _ _
— >+ —, T.e. C () =C(py2)=...=0.
2-2) (z-z) (z-2)

B sTOM city4ae TOUKy z, Hasvigaem nomocom n-eo nopsAoKa; B YaCTHOCTHU, IPH 1 =1 — npocmuim noaocom.
B) eciu riiaBHas 4acTh (4.4.2) nMeer OECKOHEYHOE KOJIMYECTBO HEHYJIEBBIX WICHOB, TO TOYKA Zz, HAa3BIBACTCS CYUECMBEHHO

0cob0ii.
2°. PaccmotpuM cityuaii a). MimeeT MecTo



Teopema 1. Eciu B HEKOTOPOH OKPECTHOCTH O0COOOH TOUKH z, QyHKOUSA f (z) OTpaHUYEHA, T.€. CYLIECTBYET MMOCTOSIHHAS
M, Takas, 4TO | f (z)| <M BO BCEX TOYKaxX 3TOM OKPECTHOCTH, TO Z, — yCTPaHUMas 0co0ast TOUKa.
JdoxasaTtensbcTso. Jocrarouno qokasarts, uro C_, =0 mnsa Bcex n=1,2, ... . Imeem cornacHo (4.3.6) As mpou3BOIIb-

HOHM OKPYXXHOCTH { ¢ IIGHTPOM B TOYKE z, paguyca p (CTONb Maloro, 4To OKPYKHOCTb { LEJIUKOM PacIoJIoKeHa B yKa3aHHOH OK-
PEeCTHOCTH), ITO

(oI R S ) R P Y

— < 2mp = Mp",
2t / (Z ~z, )—n+1 21 p—n+1

ecI OBTOPHUTH paccysaennus 11. 5° maparpada 3.9. B cuity mpon3BONBHOI MANOCTH p BCe C_, =0, 4T0 U yTBEPKIATIOCH.

HTak, B OKpECTHOCTH yCTPaHUMON 0CO00M TOUKH Zz,

F2)=Co+Ci(z=2p)+..4C (z=2y ) +... (4.4.4)

Ecnu B TOouke z, moompenenuts GyHKOHIO f (z) CYMMOH 3TOTO psifia IPH Z =z, , T.€. HOJOXHUTb | (zo): Cy, 10 (4.4.4) xak cymma
CTEIEHHOTO PsAfa B Kpyre | z— zo| < R Oyzer aHanMTH4HA (B TOM YHCIIE, aHAMUTHYHA U B TOUYKE Z, ). TeM caMbIM MBI Kak ObI ycTpa-
HUJIM "0COOEHHOCTB" B TOUKE Z(, CAEIAB 3Ty TOUKY IPaBUIBHOM.

Hanpumep, npu z #0 u3 cootHomenus (2.5.2) nosryyaem

sinz z z (_ ),, z N
(2n+1)!

o o Sz
T.€. Touka z =0 sBIsgeTCS 0COOOM U YCTpaHHUMOU. I[OCTEITO‘IHO II0JIOKUTH
z

=1 npu z =0, 9TOOBI 3T TOUKA CTaAJIA IPABUIEHOH.
3%, PaccmotpuM ciydaii 6).

Teopema 2. Touka z, TOraa ¥ TOJBKO TOTJa SABISIETCSI IOJIFOCOM 1-TO TIOPSAKA, KOTZIA CYIIECTBYET aHATUTUYECKAsl B TOUKE
z, QyHKIUSA @ (z) , TaKas 4To @ (zo);t Omu

f(z)= % (4.4.5)

HJdokxazatensctBo. [Iycts z, — nomoc n-ro nopaaka, Toraa (1o onpeeaeHuo)

C_, c., C, > "
= +...+ + +>» C z— , C_, #0;
f(Z) (Z_Zo)n (2—20)2 z—z, E n(Z Zo)
ApyTruMH CJI0BaMH,
()=t (=20)Cyy 4ot Oy (=2 )

(Z—Zo)”

+(z=20)" Y. C(z=2,)" | (4.4.6)

n=1
Ilo YCJI0BHIO (TaK Kak f (Z ) B OKPECCTHOCTH TOYKH Z aHaJ'II/ITI/I‘{Ha), IIpaBuJibHas 4aCTb psAaa J'IopaHa - CXOHHMHﬁCﬂ (B OKPECTHOCTHU
TOYKH Z) CTETIEHHOM psA, CyMMY KOTOPOIO MOKHO CUMTATh aHAJIMTUYHOM M B TOUKE Z, AOOMpelenuB ee 3HaueHueM C, (cm.
1. 20). CrnenoBarenbHO, CyMMa, 3alicaHHasi B CKoOKax B (4.4.6), — 3T0 HEKOTOpasl aHAIUTHYECKash (QYHKIHS (p(z) , T.€. MBI IIPUIIK K

(4.4.5); mpu atom @ (z,)=C_, #0.
Ob6parHo, mycThb [ (z) nmeert Bux (4.4.5) n (p(zo);t 0. Pa3noxus (p(z) B psin Buaa (4.2.2), nmeem

FE)=— o+ Ce=20)+ o+ Cylz =20 ) + oz =z )" 5. =

(Z—Zo)

C C
0 L 4. +C, +Cpyy(z—29)+..s

= +

(Z—Zo)n (Z‘Zo)n

1
rae Cy =0 (z0 ) # 0 . TakuMm oOpa3om, B oiydeHHOM pasnioxenun Jlopana koaddunment C, nepen ———— OTIMYEH OT HYJIS, T.€.

@_%y

Z(y OKa3bIBACTC ITOJKOCOM 72-T'0 IOPAAKA. TeopeMa ITOJIHOCTBIO JOKa3aHa.



CornacHo (4.4.5), z =2z, — NONIOC n-TO NopsaKa And f (z) TOTa ¥ TOJBKO TOT/Ia, KOTZIA 3Ta TOYKA SIBIISETCS HYJEM A-TO IO0-
1
psaka 1 GyHKIAH —— .
/(z)
Teopema 3. Touka z =z, sABIAETCA MOJIOCOM (1-TO MOpsAAKa) GyHKINU f (z) TOTJIa ¥ TOJIBKO TOTJa, KOT/1a

lim | £ (z)] =+ .

Z—2Z
JdoxaszatenbcTso. CormacHo popmyne (4.4.5) B Touke z, SIBISAIOIICHCS MOIIOCOM 11-T'O TIOPSIIKA

lim|£(z)}= lim Lo _ .,

- >
zZ—>Z( Z*>Zo| Z_Zo|n

TaK KaK @ (Zo) CYLIECTBYET B CIUTy aHAIUTHYHOCTH (P B TOUKE Z, H (P(Zo) #0.
OO6patHo, ecin

lim|f (z)| =, 10 1imL=o,

2932 zoz| f

a TOrJa TOuKa z,, ABJIAIOTCS HyleM (HEKOTOPOro n-ro HOpsAAKa) A

g(z)=

l 71
—, T.e. (z—2zy) olz)=
e ma) o)
rie (p(z) aHAJIUTHYHA B TOUKE z; U (p(zo)¢ 0 (cm. cootHomrenue (4.2.8)).

Tenepb

rac —) aHaJIMTH4YHA B TOYKE Z, TaK KaK @ (ZO)¢ 0.

oz
CnenoBatenbHo, [ (z) umeeM BuJ (4.4.5), a Torga, o Teopeme 2, z =z, — MOJIIOC n-ro nopsaka. Teopema 3 noxazana.
4°, PaccmoTpumM, HakoHell, Cily4ail B) CYIIECTBEHHO 0COOOH TOUKH z = z . [loBenenue f (z) B €€ OKPECTHOCTH OIUCHIBAETCA
crenytomien Teopemoit Coxonkoro-Beiepmpacca.
Teopema 4. lnga moboro € >0 u 1000ro KOMIUIEKCHOTO YKclla B B KaXKI0H OKPECTHOCTU TOUKH z, HaljeTcs XOoTs Obl 0J-
HA TOYKa Zz , TaKas 4To

|f(z)—B|<8.

CMBICIT TEOPEMBI COCTOHUT B TOM, YTO B JIOCTATOYHO MAJIBIX OKPECTHOCTSIX CYIIECTBEHHO 0CO00i TOukU f (z) MOJKET NPHUHATH
3Hau€HUE, CKOJIb YTOJIHO OJIM3KOE K Hamepe 3aJlaHHOMY MTPOU3BOJILHOMY YUCTy B.
JokxaszaTenscTso. [Ipennonoxum NpoTUBHOE: Ul 3aJaHHBIX B U € >0 HaiineTcs Takas OKpecTHOCTb U TOUKHU z , YTO

|f(Z)—B|28 npu Beex zeU .

Ho toraa ¢hynkmus

1
g(z)=———— (4.4.7)
) f(z)-B
OIpeieNIeHa ¥ OTPaHUYEHA B YKa3aHHON OKPECTHOCTH TOUKHU Z, , TAK KaK
1 1
g\Z)|=—F~—=—.
| ( )| |f(z)—B| €

CrieroBaTeaLHO, COINIACHO TeopeMe 1, Touka z, SIBISETCS YCTPAHMMOM 0CO0OI TOYKOH s z). Torma npu z +#z Z) ecTh
0 0

CyMMa CTerneHHOro psijaa (4.4.4), T.e. paBHa HEKOTOPOU aHAIMTHYECKOW (PyHKIHH. [Ipr 3TOM HE MCKIIIOYCHO, YTO MEPBBIC HECKOIBKO
koaddummenros C,, C,... B (4.4.4) paBHBI HyIIO, T.€.

g(z): (z—zo)m(p(z) pu HekotopoMm m =0,1,...; (p(zo);t 0.

CornacHo onpeneneruto (4.4.7)

(4.4.8)



OyHKIWHSA 1 ABIIIETCS aHAJIUTUYHOU B OKPECTHOCTH TOUKH Z, . JleHCTBUTENBHO, BMECTE C (zo);t 0 BCe 3HaveHUS (z) U3 J0CTa-
o(z)

TOYHO MaJOH OKPECTHOCTH Z, OCTAIOTCS HEHYJIEBBIMH, IIOCKOJIbKY (p(z) AHAJIMTUYHA, a 3HAYUT W HETPEPHIBHA B 3TOW OKPECTHOCTH.

Cornacuo cootnomenuro (4.4.8) g m=0 f (z) OTpaHWYEHAa B OKPECTHOCTH TOUKHU Z, T.€. Z, — YCTpPaHHUMas 0cobas TOuka; Uil

m#0 (4.4.8) o3Hauaer, 4To z, — MOJIOC M-I0 NOpsaKa. B 06oux cirydasx momydaeM IPOTUBOPEUUE C YCIOBUEM TEOPEMBIL.

3HAYNT, YTBEPIKACHUE TCOPEMEI 4 YCTAHOBIICHO.
B uHoit dpopme Teopema Coxornxoro-BeliepiTpacca 3By4uT Tak: €ClIU z, — CYyLIECTBEHHO — oco0as Touka GpyHKIMU f (z), TO

JUIA JIF000T0 KOMITJIEKCHOI0 uncia B HaﬁﬂeTCH OCJIEAOBATEIIBHOCTD TOYEK Z; , TaKas, UTO Z;, —> Z; U
lim £ (z,)=B.
k—o

Haiinercs Takike M OCNENOBATENBHOCTD Z;, —> Z , TAKas, 4TO
lim|f (z; )] =+o.
k—

5°. I pumMep. Onpenenurts xapakTep KaKIoi 0coG0i TOUKH byHKIHH:

8) f(2)=7—"—5:0) f()=tgz; ») f(2)= 21 1) f(z)=n 2L
(zz+4) e —e z

Pewenue. a)3anumem f(z) B BHJIE

z z

(Z) = .
3 \3 \3
2 _
(22 —(20) ) (z—-2i)*(z+2i)
W3o0nnpoBaHHBIME OCOOBIMH TOUKaMU ABIAIOTCS z; =2i U z, =—2i . PaccmoTpuMm cityqail z, :

e 1z _ (P(Z) roe ¢olz)=——.
f( ) (2—21')3 (z+2i)3 (z—2i)3 ’ (p( ) (z+2i)3
2i

1
B Touke z; =2i ¢ynkums (p(z) AHATUTHYHA, TIPH STOM @ (z1 ) = = V) # 0 . Temeps, cormacHo Teopeme 2 (cM. (4.4.5)) Bumum,

YTO z; = 2i — HOJIOC TPETHETO MOPAAKA.

AHanoruyHo,
1 z
e , (] = —
/() Y (z).tne o(2) o)
— aHaJIWTUYHA B TOUKE z, =—2i U Y (— 2i ) # 0 ; TakM 00pa3OM M TOYKA z, = —2i — IOJIFOC TPETHETO MOPSAAKA.

sinz
0) f (z): tgz NOCTaTOYHO PacCMOTPETh MPHU |z | <7 B CWIy NEePUOJUYHOCTH TaHreHca. [lockonpky tgz=——, u cosz =0
cosz

v . (T
npu z = iE’ TO CJIEYET ONpPENIENUTh "KPAaTHOCTh'" yKa3zaHHBIX HyJel. Tak kak cosz = sin [5— zj , TO COTJIACHO pa3iokeHuo (2.5.2)

HUMEEM

3 2n+l1
T
n (2 _ ) (2 j
COSZ_[E_ZJ 3 +...+(—1) (2n+1)' =
T 1
= (——zj (p(z), rae (p(z) I_E(E_Zj +...,
IIpU 3TOM (p(z) aHAJINTUYHA JUIS Z, :g u (p(zo ) =1=#0.
3Hayur,
sinz sin
tgz =— (), rue \y(zo): =1
n_ q,(ﬂj
2 2
. T sinz
JUISL aHATUTUIECKON B TOUKE z, = 7 GbyHKIMH (z) = @ , TAK 4TO tgz = - Vv (z)

—=z

2



T . T
B cuny (4.4.5) z= Py SIBIISIETCSI TIPOCTBIM TOJIOCOM ISt [ (z); TOYHO TaK e, U3 MPEACTABICHUs COSz = Sin (z +5j HOJyYaeM,

T . T
4yTO Z = 5 npoctoil nomoc. C y4eToM NepruoAUYHOCTH f(z) (nepuon T =m) Bce TOUKM BUa z; :E+nk, k=0,£1,£2,... —

IPOCTHIE ToJItoca Uil f (z) =tgz.

B) f(z2)= e‘(e:l——l)’ rae cornacHo (2.5.1)

2 n
e 1={ 1+ Zl_'l +M+...+@+... —1:(z—1)[1+27_‘1+...j;

z! n!

13 3TOTO MPEACTABJICHUA BBITCKACT, UTO

_ol2)
f (Z) - [ l B
rae ¢ (z) = (;_— AQHAJIMTHYHA B TOUKe z =1 H (p(l): é # 0. CnenoBarenbsHo, z =1 — npocroi nomoc GpyHKuuu [ (z)
e|l+—+ j

1
r) 3anumem f (z) B Buze f (z): In [1+—j . Bocrione3oBasucs pasnoxenneM Maxitopena (1. 5° maparpada 4.2) morapudmu-
z

. 1
4ecKoW (YHKIMH JUIs apryMeHTa — (BMECTO Z) UIMeeM
z

ln(1+1j:l— L1 ...+(—1)”;+....

z) z 227 38 (n+1)z"

Temeps MBI BuawM, uTo z =0 — cymecTBeHHO ocobast Touka s | (z)

6°. B CBSI3M C BO3MOYXHOCTBIO HpPECTABICHHs (DYHKIMII CTENICHHBIMH DPSAJAMH BBIIEISIOT KIACCH LETbIX M MEPOMOPDHBIX
GhyHKIHH.
Paccmorpum ¢ynknmo f (z), OJTHO3HAYHYIO W aHAJMTHUYECKYIO B JII0OOH okpecTHOCTH Hylnsi. Kak Ham u3BecTHO (maparpad

4.2), ee MOXKHO MPEJCTaBUTH B BHJIC CYMMEI Psijia TIO IENTBIM HEOTPUIATEIBHEIM CTEIICHSM z. BO3MOXKHBI City4dau:
a) xodddunmentsl psama (4.2.2) C;=C, =...=C, =..=0, 3HaueHus f (z) mpu Bcex z coBmagarT ¢ Cy;B 3TOM ciiydae
f (z) =const;

0) cpemu ko3ddunueHTOB psna (4.2.2) — U KOHEYHOE YUCIIO HEHYJIEBBIX; B 3TOM ciy4ae f (z) €CTh MHOTOWJIEH Pn(z) He-

KOTOPOU cTeneHu n, n € N;
B) cpenu ko3 duiueHToB psaa (4.2.2) — 0eCKOHEYHOE MHOKECTBO OTJIMYHBIX OT HYJISI YHCEIT; B 3TOM ciiydae f (z) Ha3bIBAIOT

yenou mpaucyeHOeHmHou QyuKyuel.
ScHo, yTO cirydail a) COOTBETCTBYET TOMY, UTO i [ (1/ z) Touka z =0 SBIIETCS YCTPAaHMMOH OCOOON TOUKOH, ciydail 0) —

TOMY UTO Jjisi | (1/ z) 9Ta TOYKa €CTh IOJIOC 1-T'O TOPSIIKA; B CIIyYae B) KIMEEM JICJIO C CYIIECTBEHHO 0CO00 TOYKOM.

Ecnu ¢pynkimro f (z) MOKHO TIPEACTABUTH B BUJIE YACTHOT'O ABYX LEJbIX (yHKIMI

(tme \y(z) HE paBHA HYJIO TOXJIECTBEHHO), TO [ (z) Ha3bIBaeTCs Mepomopghrot pyHkuueil. B yactHocTn, MepoMOp(GHBIMHU SIBIISIOT-
cs1 GyHKIUH Lenble (cirydait \u(z) =1) u paoHaJbHBIE (YaCTHBIE ABYX MHOTOYJICHOB).

Oco0bIMu TOYKaMu MepoMopHOH QyHKIHEH [ (z) MOTYT OBITh, OUEBHHO, TOJILKO HYJIM (DYHKIIHH \u(z) , KOTOpBIE OKa3bIBa-

sinz
FOTCSI TOJIFOCAaMu I f (z); YHCIIO TIOJIIOCOB MOXKET OKa3aThCsl M OECKOHEYHBIM: TaK, HalpuMep, GyHKms tgz =
cosz

HUMCEECT ITOJIIO-

caMH BCE HYJIU (byHKI_lI/II/I COS Z , KOJIMYECTBO KOTOPBIX OECKOHEYHO.

Mo>HO ToKa3aTh, 9TO MepoMopdHast GyHKIHsS, 00TIaaroas KOHEYHBIM KOJTUIECTBOM IIOJIFOCOB, TIPEJACTaBUMAa B BHJE CYMMBI
LEJION ¥ PALOHATIBHON (QYHKIIMH.

4.5. YIIPA’KHEHMUS K I'VIABE 4

1°. Pasnoxuts ganHyio GyHKIHIO [ (z) B psaf Teilnopa B OKpECTHOCTU JaHHOM TOUKH Z; , OJIb3YACh CTAHAAPTHBIMH Pa3I0AKe-

HHUAMU:

a) f(z)=(z+2)e"; zy=-2;



0) f(z):sinz; zg :g;
B) f(z)=In(z+2); z,=-1.
2°. Haiitu HyJH QYHKIMH U ONPECTUTh MOPSI0K KaXI0T0 U3 HUX:
2 f(2)=(2+9) 2 -1); 6) £(2)=(1-e)22
.2
B) f(z):sinzcosz; r) f(z)zsm—z.
3°. Pasnoxuts B psz JIopana nauuyio QyHKIuo f (z) B OKPECTHOCTH JJAHHOW TOUKHU Z() :

1
i—z

nﬂ; zo=0;

Q) fE) =i =4 6) f() =iz =2

B) f(2)=sin—"—sz =15 1) f(z)=2"1

5 2y =-1.

(41 cos—
m f(z)=(z+1) cosz+1

4°. HaiiTi M301MpOBaHHBIE 0COOBIE TOUKN JaHHBIX (GYHKIMI X yKa3aTh HX XapakTep (JUIs [OMIOCOB — YKa3aTh HX MOPSIOK):

L z
a) f(z)= [ 6) f(z)=e; B)f(z):( +3

. b 3 9
sin2z 22 +iz)

T z

r) f(z)= con fe)=—
(22+i)

1-cosz



Fmasa 5
BbIYETbI

5.1. OCHOBHASI TEOPEMA O BBIYETAX

1°. Tlycts z =z, — npasurbnas unu u30UPOEAHHAs 0COBAs MOYKA OJHO3HAYHON (GYHKIMH f (z) Torma f (z) AaHAJIUTHYHA B
HEKOTOPOH OKPECTHOCTU TOUKH Z,. BbiOepeM MPOM3BOIBHYIO OKPYKHOCTh Y C LIEHTPOM B TOUKE Z(;, LIEJIMKOM PAcIOJI0KEHHYIO B
YKa3aHHON OKPECTHOCTH M HalpaBlieHHEe 00X0/1a IIPOTHB YaCOBOW CTPENKH Ha Y .

Bennuuny
1
— | f(z)a= (5.1.1)
2mi
¥
Ha30BeM 6bivemom QyHKIUU f (z) OTHOCHUTENBHO TOYKU Zz, W 0003Ha4MM B Buae Bbru [f(z), zo]. [Ipu chopmMynupoBaHHBIX yCIIO-

Busx wHTerpai (5.1.1) cymecTByeT u, B cruty Teopembl Komm it MHOTOCBSI3HOW (MMEHHO, ABYCBs3HOM) obnactu (cMm. (3.7.3)), He
3aBHCHT OT BBIOOpa KOHTYpa HHTETPHUPOBAHUS Y , PACIIONIOKEHHOTO B YKA3aHHON OKPECTHOCTU TOYKH Z) .

2°. B pasnoxenuu f (z) B OKPECTHOCTH z B psx Jlopana
1
C = Bblq[f(z);zo] :—.jf(z)dz .

Torna nuist mpaBUIABHON MM YCTPaHUMOM 0c000M TOUKH z, MMeeM Bceraa Bera [ f (z); zo] =0. O6paTHOe, BOOOIIIEe TOBOPs, HEBEPHO,

TaK KakK B ClIy4ae HOJII0Ca UM CYIECTBEHHO 0000 TOUKH z, MoxeT okazatbest C_; =0.

1
3. MMpumep 1. Haiitu BBI‘I|:ZCOS—2; 0}.
z

1
P ew enue UcnonszyeMm paznoxenue (2.5.3), B3siB B KauecTBe apryMeHTa —- :

2
z
1 1 1
cos—=1- -t (=1) Foors
z? 2zt At =) (2n)1z*
TOI'Jla B OKPECTHOCTU TOUKHU z, =0
1 1 1 1
ZC0S— =2z — + =t (=) ——+...
2 220 4z7 1) (2n)1z4!

. .1 .
Tenepp MBI BUOUM, YTO Z, — CYLIECCTBCHHO ocobast ToUKa JaHHOH HKIIMH, HO YWICH, COACpXKAINUN — (CJIy4dau n =-1) B ee pazio-
] 0 ]
z

KEHUH OTCYTCTBYET, T.e. C_; =0 . 3HauuT, HICKOMBII BBIYET PaBeH HYJIIO.

1
Ipuwmep 2. Haiitu BBI‘I|: .;i]
Z+1

1 1
Peuwenue. Takkak B Touke z, =i QyHKIMA f (z): —— — QHAINTHYHA, (f(i): % U B KpyTe |z —i| <2 He COIepKUTCS
+i i

0COOBIX TOYEK I [ (z); YUTATEII0 PEKOMEHYeTC sl CIeNIaTh PUCYHOK), TO HCKOMBIM BBIUET paBeH HyJIIO.

4°, Tycts T' — 3aMKHYTbIA KOHTYp, TIaJKMil HIIM KyCOUHO-IVIAKHIA, OOXOIMMBIi IPOTHB YACOBOM CTPEIKH M OrpaHMYHBAIOLIMIA
OIHOCBS3HYIO 001acTh D , a GyHKIMA | (z) OJHO3HAYHA U aHANUTH4YHA Ha [, a Takxke B ob6macTu D 3a HCKIIIOUCHUEM 7 U30JIMPOBAH-
HBIX 0COOBIX TOYEK Z,Zy, ..., Z, . CIeAYIOMUIl pe3yIbTaT Ha3bIBACTCA OCHOBHOU MeOpeMOli O 8bIYemax.

T eopema. MMeer MecTO paBEHCTBO:

§f(z)dz = 2TCiZBbl‘i[f(Z); zk].
r k=1

HoxkaszaTenbcTso. PaccMoTpum n okpy)HOCTEH v, (k = 1,2,.., n) C LEHTPAMHU B OCOOBIX TOUKAX Zi,Zy, ..., Z, CTOJIb Ma-

JBIX PaZMyCOB, YTO KaXIbI U3 MIOJIYYEHHBIX KPYTOB COAEPKHUT POBHO OJHY OCOOYIO TOUKY (CBOH meHTp). OOX0q Ha KaXIOW U3 HUX
BBIOMpaeTCst MPOTUB YacoBOM cTpesiku (puc. 5.1.1). B cumy Teopemsr Ko aist cocTaBHOrO KOHTYpa MMEEM



nim

§f(z)dz =2mi Z%§f(z)dz = ZEiZBLIlI [f(z), zk],
k=t T k=1

r

4TO U YTBEPKIAJIOCh.

Puc. 5.1.1

5.2. BBIYET OTHOCHUTEJIBHO ITIOJIIOCA

1°. Mycts z = zy — npocmoi noatoc. Jlokaxem, 4To

Bora [ (2); zo]= lim(z—zy) £ (z). (5.2.1)

Z—Z()

Tak xak B OKPECTHOCTH TOYKH Z,

(6= rge),

Z—2Zy
rae ¢ (Z) — CyMMa CTEIIEHHOT'O psaa, ABJISTIOIIETOC HpaBI/IJILHOf/'I YJacCTbhIO pAaa HOpaHa, TO

Bbra [ f (2); z]=C =(z- z0) f(2)-(z-2) 0(z). (5.2.2)
Tlpu >tom mipezient @(z) mpu z — z, cymecTByeT (MeHHO, OH paBeH ¢ (z,)), Tak kak @(z) KaK CyMMa CTEMEHHOTO Ps/ia AHATHTHH-
Ha, a 3HAUMUT U HeTIPEePhIBHA B TOuKe z;,. Ho Torma

C,=1imC, = lim(z-z,) f(z)- lim(z-zy) (z)=

Z—)ZO Z—)ZO Z—)ZO

:Z]Lrg)(z—zo) f(Z)_O'(P(ZO)'

CoruacHo (5.2.2) teneps nomyyaem popmyiy (5.2.1).

2°. Ecmu f (z): (p((z)) , TIe (p(z) u \y(z) aHAJIUTHYHBI B TOUKE Z), (p(zo);& 0 u z, ABIACTCS HyneM nepeoeo NopsaoKa I
vz

) (Z) , TO HMECT MCCTO COOTHOLICHUE

Bora [/ (z), z,]= olz) (5.2.3)

JeticTBuTenbHo, cornacHo dopmyde (5.2.1)

Bera[ £ (z), z,]= lim (z—zo);‘;(é)) = lim— (z;p—(fv) Gy 629
Z—ZO

TTOCKOJBKY Y (zo ) =0 . IIpeaen uncnurens npodu B (5.2.4) paBeH @ (zo), npeaes 3HaMeHaTems

lim v(z)-v(z) =y'(z,)

z—z( z—2z

10 OTIPEICTICHUIO IPON3BOHOH. Clie10BaTEIbHHO,



YTO U YTBEPXKAATIOCH.
3°. Mpumep 1. Haiitu Boru [ctgz; O] .

u Touka z =0 — mpocTtoii nojiroc as sinz , mpudeM cos0 =0, To no opmyne (5.2.3) ume-

Boru [ctgz; 0]: COSZ, _ L%z
(sinz) z=0 COSz

nz

§ Ze dz,
VZ +16

cosz
Pewenue. TakKak ctgz =

Smz

M

=1.

z=0

IIpumep 2. Beraucourh

TA€ Y — OKPY>KHOCTb | z | =5, 00X0aMMast IPOTHB YaCOBOM CTPEIIKH.

Pewenue. Tak kak QpyHKIMS e aHAIMTHYHA IPH BCEX Z,

22416 = (2 - 4i)(z + 4i),

TO

nz

f(2)=m

HMEET JBa MPOCTHIX MOJIOCA B Kpyre | z | <5:z =4i, z, =—4i. Mbl HaMepeHBI UCIIOJIb30BaTh OCHOBHYIO TEOPEMBI O BBIYETAX, IO-

3TOMY onpeneinsieM (Ha ocHoBaHuH (5.2.3))

e‘IIZ eTEZ
nz
B 4;i =B L"’l 4i | = z+4i _ e _
sl (z). 4i = Bors 4 (2_4,-)’2:41‘ Z+4ilz=4i
M1 NN
e —g-i—z(cos4n+zsm4n)——§,
eTEZ eTEZ
B 4] =Bpw| 2240 gy |- z=4i 1 am 1
bI‘{[f(Z) l] bI4 44 1 (Z+4i), Sie ]

Teneps

mz

f— 16dz:2ni(BLIq[f(z), 4i]+BLItI[f(z),—4i]):2ni(—é+éj20.

z"+
Y

40. PaCCY)KI[CHI/ISI, HCII0JI30BaBIIME B II. 10, MOKHO IIPUMCHUTL U U1 HAXOXKACHHSA BbIYCTA (byHKIII/II/I f (Z ) . aHAJIUTHYHOU B OKpe-

CTHOCTHU TOYKH Z( , OTHOCUTEIJIBHO IIOJIIOCA n-TO NOPALKA Z = Z . B OKPECTHOCTHU 3TOU TOYKHU

__ ¢, C_n) ¢, o)
o T e R ey

rae cymma @ (Z ) HpaBHJILHOﬁ HacTu pdaa J'IopaHa SIBJISICTCS AHAJTUTUYICCKOM B TOUKE e VYMHOXHUB 00€ YacTu MOCJICAHETO paBCHCTBA

+o(z),

Ha (z—2z,)", nmeem

(z—zo)"f(z)z C_, +C_(n_l)(z—zo)+...+C_2(z—zO)"_2 +

n—1 n
+C_1(z—zo) +(p(z)'(z—zo) . (5.2.5)
IIpn z # z, B yKa3aHHOW OKPECTHOCTH TOUKH Z, PaBHBI MEXIY cOOOI M IPON3BOIHBIE 00EHX YacTel paBEeHCTBA:

((z—z0 )"f (z))’ = C_(n_1)+...+ C_, (n —2)(2 —zo)"_3 +
v =)=z ) + (o) 2=z )).



Hduddepernnpyst BTOpOH, TpeTuH, ..., U HAKOHEI, (n—l) pa3, nomydaeM, yto Kodddumment nepen C_; CTaHOBHUTCS PaBHBIM

(n=1)(n=2)..2-1=(n—1)!, a ocTambHbie wieHsI, ConepKaBIIHe MHOKHTEH (Z— 2, )k, k=1,2,..,n—2 B paBeHctBe (5.2.5), oOpa-

TATCS B HOJIb, TaK Kak k < n—1. CiemoBaTenbHO,

(=zoy s @) =0s (-1, +(0) -2 ))"". 5.2:6)

/1 7
INocnennee cnaraemMoe CONEPKUT MHOXKUTEIb (z - zo) , moatoMy auddepeHimpoBanme (n - 1) pa3 uieHa @ (z) (z - Zo) MPEBPaTUT €ro

o 3 o
B CyMMY IIPOM3BEICHUH, KOKI0€ U3 KOTOPBIX COIACPKUT MHOKUTEIIDL (z—zo) , k=1,.., n. Eciu Tenepp nepedTH K npepeny mnpu

z =z B (5.2.6), TO, COTIIACHO MOCIEIHEMY PacCyKIECHHIO, IMEEM
n-1
tim ((2)-(z—z,)" )" =0,
Z—)ZO

a Torza u3 paBeHcTna (5.2.6) noiaydaem

tim (-2, 7)) = (-1,

Z—)ZO

OTKyZa

Boru [f (2); zo]z(; lim ((z—zo )"f(z))(n_l). (5.2.7)

n—l)! 72

Dopmyiy (5.2.7) MOKHO paccMaTpuBaTh Kak obodmenue (5.2.1) Ha cimyyaif mostoca n-ro mopsiaka, n=2, 3, ...

K
5°. Mpuwmep. Haiirn BLI‘I|:( Zz_lj ;—1].
z7 -1
Pewenue HNmeem

7=

(2—1)3(z+1)3 ’

H03TOMY TOYKa z, = —1 sBisieTcs nomrocoM 3-ro nopsaka. ITo gopmyne (5.2.7) nonyyaem npu n =3 :

Beru [(ZZZ—__’J} —1} = ﬁ}i@{(ulf %J -

31 im EmCz20) gy 2020 3,

——1.

Zo5—1 (2_1)5 -32 8

6". PaccMoTpuM yHKIHIO [ (z) , QHAINTHYECKYIO B OJJHOCBA3HOW 00nacTi D M MpoCcTOH 3aMKHYTBIA KOHTYp L, TIAAKUi Win
KYCOYHO-TJIa KU, IETUKOM PACIOJIOKEHHBINA B D, B KaX/10i TOUKEe KOTOPOTro f (z) OTJIMYHA OT HyJisl. [IpH 3THX yCIOBUSIX GYHKIMS
f (z) MOXET MMETh BHYTPH JIMIIb KOHEYHOE YMCIIO HyJeH (Kak OKa3bIBaeTcsi, B IPOTUBHOM Cllydae IpenesibHas TOYKa MHOXKECTBA

HyJell Toraa 061 OKa3ajgachk Ha KOHTYpeE L, 4TO IPOTUBOPEUHIIO OBI YCIOBHIO f (z) # 0 Ha L). UnTerpan Buga

L f,(z)dz 52.8
zmlf@) (5.28)




(HanpaBiieHre 00X0aa KOHTYpa — IPOTHB YaCOBOM CTPEIIKHM) HA3bIBACTCS Jo2apu@dmuieckum videmom QGyHKIH [ (z) OTHOCUTENBHO
KOHTypa L; Ha3BaHHe O0BSCHSIETCS TeM, YTO MoJbIHTerpaibHast GyHkuus B (5.2.8) ects npousBoanas or Ln f (z)

JlokaxkeM crenyromiee yTBepkaeHue. Eciam Touka @ — Hydb KpaTHOCTH k GyHKIuH f (z) , TO @ — IIPOCTON IOJIOC (PYHKINH

() Bm; }k

Bo-1epBbIX, 110 ONPENENEHUIO HylIsl KDATHOCTH k uMeeM [ (z) B BUIE f (z) =(z-a kd)(z), <|)( )i 0, a moaromy

[(2) _ klz=af o)+ (—a) 0'(z) _ k+(z-a)@'(2)/0()

f(Z) - (z—a)kd)(z) - z—a

TP 3TOM 3HAYEHHUE YHCIUTENA TMOoCIeqHel Tpodu B Touke a ecTh uncio k. ITo ¢popmyne (5.2.3) BeIUUCICHHUS BBIYETa OTHOCUTEIHHO

/'(2)

k
IMpOCTOT0 MOJIF0Ca UMEEM 3HAYCHUE BI)I'-I{ ( ) , ai| PpaBHbIM T ,dTO U YTBCPKAAIOCh.
z

Ecmu Terreps uaTerpan (5.2.8) mpeacTaBuTh M0 OCHOBHOM TEOpEMeE O BBIUETAX, TO OH OKAXKETCS paBHBIM CyMMe (COCTOSIICH U3 1
cllaraeMbIX ) 3Ha4eHUH BceX k; , Tae k; ecTb KpaTHOCTb COOTBETCTBYIOLIETO HYNA z = z; (QPyHKIMHU f (z); i=1..,n

Urak, gucmo Hyned N ¢pyHKmm f (z) BHYTPH KOHTypa L (C y4eTOM HX KPaTHOCTH) €CTb JIoTapu(pMUIeckuil BerdeT (QyHKIIHN

OTHOCHTEJIFHO 3TOTO KOHTYpa.
7°. TlomydeHHBIH B IPEBITYIEM TYHKTE pe3yJILTaT

—[dLlaf(z)=N

2mi i

MOYET OBITh 3aIlUCaH B BHJC

N d(nf(2)|+iArgf(2)) jd

2m

Inf(z +zj d Arq f(z)] |.

(5.2.9)

[TepBbIit U3 cnaraeMbix UHTErpaioB (5.2.9) paBeH Hymo (MHTErpan ot AuddepeHnnana oMHO3HAYHON ICHCTBUTCILHO3HAYHON (YyHK-

MY TI0 3aMKHYTOMY KOHTYpY), @ BTOpPOW — eCTbh npupalieHue (mojiHasi Bapuanusi) aprymenra Arq f(z) npu 00xoze TOUYKOH z 3aMKHY-
TOro Kpyra L.

Wrak, moxa3zaH Tak Ha3bIBAEMEBIH npUHyUn apeymenma: YACIO HyJeH aHAIUTHIeCKoW QyHKIMHA f (z) BHYTpH KOHTYpa L (c yde-

TOM X KpPaTHOCTH) PaBHO JIJICHHOMY Ha 27 mpupamieHuio Arq f(z) mpu 00xo/e TOUKOI Z KOHTypa L MPOTHB YacoBOM CTPEIIKH.

5.3. BBIYUCJIEHUE HECOBCTBEHHBIX THTEI'PAJIOB

1°. Paccmotpum pymKIHIO f (z), KOTOpasi OAHO3HAaYHAa M aHAJIWTUYHA B BEPXHEH MOJIYIUIOCKOCTH Imz >0 3a UCKIIOYEHHEM
KOHEYHOI'0 YHCIIa U30JMPOBAHHBIX 0COOBIX ToueK. [IycTh TakiKe CyIIECTBYIOT NOJIOKUTENbHBIE unucaa M U R, Takue 4To BHE Kpyra

pagnyca R, C IEHTPOM B Hadaje KOOPIUHAT, T.€. IPH | z | > R, , AMEET MECTO OLIEHKA
M
| f (@) <—. (5.3.1)

O603naunM yepe3 [, MOITYOKPYKHOCTB | z | =R, Imz >0 B BepxHeii nomymiockocty (puc. 5.3.1).
Torna npu chopMyIHPOBAHHEIX YCIOBHIX HMEET MECTO PABEHCTBO
lim | f(z)dz=0. (53.2)

R—w
Iz

M
JeiicTBUTETHFHO, TaK Kak | f (z)| <— 1pH | z | =R,R>R,, B cuy cootHomenus (5.3.1), To
R

M M
rij(z)dz <o R=T (5.3.3)

rre mR — JUTMHA pacCMaTpUBaeMOi MOIYOKPYKHOCTH.

IIpu R — +oo mpaBas yacth (5.3.3) cTpeMHTCS K HYJIIO, a TOTAA CTPEMHUTCA K HYJIO U MOIYJb MHTErpaja, COIEpKallerocs B
(5.3.2). Cootnomenue (5.3.2) moka3aHo.

2°. Venosuio (5.3.1) ynosnersopsier Besikast GyHKIus f (z), nMeroImas pasnoxenue B psan Jlopana Buna

JelcTBUTENBHO, B 9TOM CITy4yae



f(z)=i2 c,+55 4 - ‘p(z), (5.3.4)
z z z
rae ¢ (Z) — CyMMa psaa, 3allMCAaHHOTO B CKO6KaX.

3ameTuM (OIycKas aKKypaTHOE J0Ka3aTeIbCTBO), YTO
limeo (z) =C_,

Z—>0

IO3TOMY (p(z) ocTaeTcs OTpaHWYCHHOW mpHu z — oo . CiemoBarenbHO, n3 cooTHomeHus (5.3.4) Oyner BeiTekath orenka (5.3.1), a

TOr/a ISt paccMarpuBaeMbix B 1. 2° GyHKImi cripaBeanmuBo yTeepxkacHue (5.3.2).
3°. Vreepxaenue (5.3.2) ClpaBeUIHBO TAKKE T PAYUOHANBHBIX (DYHKYUIL BUIA

f(Z)—Qn(Z),

rae B, (z) uQ, (z) — MHOTOYJIEHBI COOTBETCTBYIOIIUX CTeneHe, m<n—-2 u Q, (z) HE UMEET HyJIel Ha JIEHCTBUTENLHON OCH.
B camoMm nene, Bce nomockl GyHKIMK [ (z) — 3TO Hynu MHorouneHa O, (z) , ¥, CIIEIOBATENILHO, B BEPXHEN MOIIYIIOCKOCTH UX
KoHeuHoe uucio. [anee, Muorowien z>P, (z) UMeeT cTeneHb m+2, T.e. CTENeHb 1 3HAMEHaTeNs ApoOM ocTaeTcss OoJblIed MM

PaBHOM CTENEHU zsz (z)
25, (2)

Torza, BerumCIAsA npenen (Ipu z — o ) Ipodu ﬁ (TyTeM JiesieHHst Ha CTapIIylo CTeNeHb z" KaKIOTo YiieHa YHCITHTENs
n

1 3HAMEHATEJIs), ToTydaeM HeKoTopoe yrcio. ClenoBaTensHo, 3Ta Apo0b OCTAETCsI OTPAaHUIEHHOM IpH z — o0 :

Zsz(Z) < oKy ) = Pm(z) M
0,6y |< M el Gl g o=

Ycmosue (5.3.1) BBIOTHEHO, T.€. cooTHOMEHHE (5.3.2) OKa3pIBaeTCs CIPABEIINBBIM TaKKe U PACCMATPUBAEMBIX PaIlOHAIb-
HBIX (YHKIHH.

00
4°. HecoGcTBeHHBII HHTErpaT If (x) dx ompenenuM B BUJE Mpeena

—00

R
lim | f (x)dx, (5.3.5)

R—+0
-R

€CIIM yKa3aHHBIHM MpeieN CYIIeCTBYET (TaKoe ONpe/esIeHNe HAa3bIBAETCs OTIPEICIICHHEM B CMbICIIE TJIaBHOTO 3HAYCHUS).
Teopewma. Ilycts z|, z,, ..., Zy — W30IMPOBAHHBIE OCOOBIE TOUKU (GYHKLIUH f (z), PpacIoNoKEHHbIE B BEPXHEH MOITyILIoc-

KOCTH, IIPH 3TOM | (z) yrosierBopsier ycnoBuaM 1. 1° 1 He mMeeT 0coObIX TOUYeK Ha JCHCTBHTENBbHON och. TOrma HecoOCTBEHHbIH
uaTerpan (5.3.5) cymecTByer u

o0

N
I f(x)dx:2m'Zqu[f(z); zk].

—» k=1

JoxaszaTeunsbcTB o PaccMoTpum mnonyokpyxHocTs I, cToip Oombiioro paaumyca R, 4To Bce OCOOBIE TOUKH
Z|y Zy, ..y Zy PACTONOXKEHBI BHYTPH [ ; mycTs R > R, (cM. puc. 5.3.1). Ilycts Lp — KOHTYp, COCTOSAIINI U3 OTpe3Ka [— R, R] ocH

abcIyce 1 MoIyoKpykHOCTH ' ; 06Xo1 Ha L, BbIOMpaeM B HampaBlIeHUH NPOTUB 4acoBoif cTpenku. Toraa
R
If(z)dz+ If(z)dz = §f(z)dz,
-R Tx Ly

IIPY 9TOM Ha OTpe3Ke [— R, R ] umeeM z=x+0-i u dz=dx, T.e.

[1(x)dx == [ 1(z)dz+ § £(z) (53.6)



<Y

Puc. 5.3.1

CornacHO OCHOBHOM TeopeMe O BbIYETaX, IPUMEHHUMON K MHTETpally 1o L , uMeeM
N
j;f (z)dz=2mi Y B[ £ (2); z, ],
Lg k=1

TOTAa COOTHOIIEHHE (5.3.6) IpUHIMAaET BH]T

T f(x)dx = —J f(z)dz+2m'éBm [f(z);zk].

[lepeiinem B 3TOM paBeHCTBe K npeaeny npu R — o . B cuiy (5.3.2) umeem

0

I f(x)dx=0+2m’§: Bbm[f(z);zk],

» k=1

YTO U €CTh YTBEPKIECHHE TEOPEMBI.
5°. MosKHO I0Ka3aTh TAKKe, UTO JUIS YETHOH [ (x) TaKoH, 4ro f’ (z) yaoBeTBopsier ycnosusM 1. 1°, mMeer MecTo paBeHCTBO

o0

If(x)cosuxdx = niiBqu[ei“zf (2); zk], (5.3.7)

0 k=1
a 1714 HeyeTHoH f (x)

o0

ff(x)sinpxdx = nﬁ:qu [ei“zf(z);zk]; (5.3.8)

0 k=1
3gecs W >0 —moboe, a 0coOble TOUKH z;, (QYHKIMH f (z) JIEKAT B BEPXHEH MOIIYIIIOCKOCTH.
5.4. TIPUMEPBI BBIYNCJIEHUSA UHTEI'PAJIOB

®OYHKIOHUN JEMCTBUTEJBHOI'O IEPEMEHHOI'O
C IOMOIIbIO BBIYETOB

1°. Jloxaxem GopMyIst (a = const, | =const; a, L > O) :
na

2) ]3 cospx o _ e "
2 2 2 >
pd t+x a

o0 . _Ha
xsinux ,  me
6) £a2+x2dx— —

1

a’+x

B cirydae a) uconezyem popmyny (5.3.7); 3necp f (x) =

—qyeTHasd. QyHKIMS

e L e
OE) = = )

MMECET /1Ba IPOCTLIX IIOJIIOCA Z; = ai, Zy = —ai; B BerHeﬁ TOJIYIIJIOCKOCTH PACIIONIOKEHA TOYKA Z . CJ'ICJIOBaTeJ'H)HO,

© i N1 g
j CoSHY dszCi-BI)I‘I|:L; al}=ni- BBIH{M; ai}=
a® +x )

0 24 x? (z—ai)(z+ai z—ai
N1 iz
i (z+az) e,

(z—ai)

Ms1 Bocmions30Banuchk Gpopmyinoi (5.2.3) npu BEIYHCICHAN BHIYETA.

. -1 iu(ai) .
Nar+ai e m _
=1 ( ) — o Ha

= = €

z=ai 1 2ai 2a

me




B ciygae 6) npumensiem paBeHcTBo (5.3.8) mist HeweTHOH f (x): . Boruncsis, kak u BeIe, BhrueT GpyHKmun e f (z)

a’ +x*
OTHOCHUTENBHO z; = ai , TIONy4aeM pe3ynsTaT 0). Uurareno pekoMeHAyeTcs clielaTh BRIKIAAKU ToJpoOHee.

3amedaHue Mbl He OcTaHaBIMBaeMCsl Ha 000CHOBaHUU puMeHUMOocTH dopmyn (5.3.7) u (5.3.8) mis paccmarpuBaeMbIX
3nech QyHKIUHA [ (z)

2°. Belumcinm uHTErpa
o0
dx
I—; a#0.
0 (x2 + az)z

Nmeem pannoHansHy o (GyHKINIO
1

flz)=7———.
( ) ( ) ) )2
z° +a
Crenenp unciurens m =0 , 3HaMEHATENb IMEET CTeNeHb n =4, Tak 9r0 m < n—2 . [Ipu s3Tom
1
/()=

(c—ia)(z+ia)

ee TIOJIIOCHI BTOPOTo MOpsiAKa z; =ia U z, = —ia He Jexar Ha ocu OX. 3Hauur, f (z) ynosnerBopsieT ycnosusm 1. 3° maparpada 5.3,
¥ MOJKHO IPHMEHHTH TeopeMy TyHkTa 4° Toro e naparpada. B BepxHeii MOIYIIOCKOCTH PacIooxkeH MOMOC z; = ia (JUIs ompeie-
JICHHOCTH cuuTaeM a >0 ); Torga

T d : ,
Lﬁ:2m-qu m; ia

YkazaHHBII BeIUET Hainem mo gopmyne (5.2.7); n=2 . Umeem:

Boiu ;; ia :;hm (z—ia)z-; _
(z—ia)*(z+ia)? (2-1)t 2 (z—ia)*(z+ia)?
O et S
z—ia (z+ia zia (z+ia)3 8ia’ 4a3h

Temeps, B CHITy YE€THOCTH | (x):

[’e]

TLJIL_M.[_L,-)_L
o(xz+az)2 2 (x2+a2)2_ 4a* ) 4a*’

—00

3°. Honyuum dopMyIty IS BEIMHCIEHHS HHTErPATIOB BUIA

2n
jR (cost, sint)dt ,
0

rae R (u, v) — panmoHaNbHasA GYHKIH ASHCTBUTEIBHBIX IEPEMEHHBIX U, V, HENPEPBhIBHAS Kak (QYHKIHS (CIOKHASA) OT ¢ Ha [0, 27t].

Jlokaxkem, 4TO

21 N
IR(cost,sint)dt = 2112 BLI‘I[f(Z); zk], 54.1)
0 k=1

Ile Z; — BCE HOMIOCHI (DYHKIUH

rE) =1Lz l) L2t (5.4.2)
z 2 z) 2i z
BHYTPH OKPYKHOCTHU | z| =1. Umeem:

e 1 1 . el —e™ 1 1
cost=————=—|z+—|; SiNf=——=—| z—— |,
2 2 z 2i 2i z

rie z = e" — TOUKH OKPYKHOCTH | z | =1, 00xoaMMOI1 B HaNPaBJICHUH IPOTUB YACOBOH CTPEIKH.



it . . N 1
[ockonbky dz =e" -i-dt = izdt na 3Toit OKpYXXHOCTH, a, 3HAYHT, df =—dz , TO
iz

2n
JR(cost, sint)dt: J. R[l(z-i-lj; L(Z—ljj.ldz 21. (z)dz.
0 2 z) 2 z))iz i

‘z‘:l

ITo ocHOBHOI1 TeOpeMe O BbIUETaX BBIYUCISIEMBIM HHTETpal paBeH

| N
;ZniszI‘I[f(z); Zk]v

k=1

a 3To U ecThb yTBepxkaeHue (5.4.1).
3ameTuM, 9TO mMOCTpoeHne QYyHKIHH f (z) mo ¢opmyie (5.4.2) BecbMa HEYJOOHO MPH PEIICHIH KOHKPETHBIX 3a1ad; IMPOIIe

GBIBACT IOBTOPHTH BCE pacCykaeHus 1. 3°.
T

dt

2
4° TIpuwmep. Boruncauts J = —.
2 +sint

0

. 1 1 1
Pewenue. HNmeeMm sint = 2—(2 ——] U dt = —dz Ha OKPYXXHOCTHU | z | =1. CnenoBarensHo,
i z iz
1
- dZ
— 1z —
J= =2
21 2+

dz
z°—1 B zz+4iz—l'

2iz

=1

ITockonbky 22 +4iz—1=0 npu zy, =—2it~y-3 =i (2 i\/g ), a cpely ATHUX JBYX TOYEK TOIBKO Z, = —i (2 - ﬁ ) JIEXKUT BHYTPHU OK-

1
PYXHOCTH | z | =1, TO U1 MPOCTOTO MOJIIOCa z, (HYHKIMN a1 nMeeM
z iz —

J:2-2ni~BHq[ > ;_i(z_\/g)}:
z°+4iz—-1

4mi dni 2
I - __tn By

(22+4iz—1)’ z:—i(2—x/§)_ 2z+4i Z:_Zi”\EZZi\E \/3

YHPAKHEHUSA K I'VTABE §

1. HaiiTi BBIYE€THI OTHOCHTEIFHO TOUKH z =0 (pyHKITHIA:

1
- LT

a) f(z):e Z; 0) sin—.
z

2. HaiiTi BBIYETHI CIEAYIOMHX QYHKIIUH OTHOCHTEIEHO KaXKIO0TO U3 ITOIFOCOB:

2 nz .

z°+3 e sinz
5, 0) ——=: B) R

11— 42z zZ°+T (42 —T )

3. C moMoInipi0 OCHOBHOW TEOPEMBI O BBIYETAX BBIUMCIIUTH CIACIYIOIINE MHTETPAbl (Ha OKPY)KHOCTSAX BBHIOPAHO HAIIPaBIICHHE
00X0/1a IPOTHB YaCOBOM CTPEIIKH):

' L (z—i)dZ ﬁ
a) :fctgde, 0) Z_ff_l (zz+l)3 > B) z+if—3 z2 -1)z? r)il |

> r) tgg npu |z|<2n.

2
2

4. C TMMOMOIIBIO BBIYETOB BBIYUCIUTL CIICAYIOIINE HEeCOOCTBEHHEIE HUHTETpAJIbIL:

Txt+4 T d [ d
Y Jhdz; R J;O(x2+l))(x2+2); ) ;[ x4)-|c-1.

5. C moMOIIBI0 BEIYETOB HAMTH:

dx
-([ cosx—2



FmaBsa 6
NMPEOBPA30OBAHVE NAMINACA

6.1. OPUT'NHAJI

1°. Oyskmms f (t) HA3bIBAETCS KYCOUHO-HENpepbleHOl Ha UHTEPBae [O,oo), €CIIM OHa 00 HeTpephIBHA Ha [0, oo)’ oo nme-
€T TOYKH pa3pbIBa TOJBKO IIEPBOTO PoJia, IPHUEM B Ka)KIOM KOHEYHOM MHTEPBAJIE YKCIIO TOYEK pa3pbiBa — KOHEYHO.

Paccmorpenue f (t) WMEHHO TpH ¢ > 0 CBSI3aHO C TEM, 4TO MPU U3yYEHUH MHOTHX (PU3NYECKHX MPOLECCOB POJIb IEPEMEHHOM ¢
WTpaeT BpeMs, ¥ YAOOHO IpeanoaraTh, 4To Mmporecc HaunHaeTcsl B MOMEHT ¢ =0 .

2. Oynkups [ (t) Ha3bIBaeTCs opucunaiom (HadaabHOU (DYHKIUEH), CITH:

a) OHa KyCOYHO HETpephIBHA Ha [O, oo);

0) f(t)zO mpu ¢t <0 ;

B) CYIIECTBYIOT JCHCTBUTENbHBIC uncaa oo U M >0, Takue 9To

|f(t)|SMe°”, te[O,oo).

Kak mpaBuio, caMu 3HaueHHs: QYHKIMHU f JIEHCTBUTENBHOTO MEPEMEHHOTO { MBI CUUTaeM ACHCTBUTEIBHBIMHU YHCIIAMH; Hau-
MEHBIIIEE W3 BCEX BO3MOKHBIX 3HAYCHUHN Ol , IJI1 KOTOPBIX BBITIOHEHO YCIIOBHE B), HA3BIBACTCS NOKA3amenemM pocma OpurnHaa.
Cxematndeckuii Tpaduk OpUrHHANA TIOKa3aH Ha puc. 6.1.1; n3o0paxeH ciaydair o >0 .

y ya ya
y=Me"
//f y=n( y=n(t-a)
| J¢—— P
y=t(@® |
aQ a, >t 0 >t 0 a »t
Puc 6.1.1 Puc 6.1.2 Puc 6.1.3

OO0bI9HO, PYHKINH, BCTpEYAIOIINECs TP MOAEINPOBAHNN (PU3UYECKUX IIPOIECCOB, YOBIETBOPSIOT YCIOBHSM a)— B); IpH
paccMOTpeHHH

mporiecca BO BpeMeHH (T.e. Koraa ¢ >0 ) COBepIIeHHO He BaKHO, KaK IJOOMPENeNuTh f (t) mpu ¢t <0 ; Bcerma MOKHO €e CUMTaTh B

OTOM cCliy4ae paBHOﬁ HYJIIO. Ycnosuto B) YAOBJIECTBOPAIOT BCE OrpaHUYICHHBIC (l)yHKHI/II/I, Hanpumep, sinf U cost — JOCTaTOYHO BBbI-

T a0=0 u M =1. 3BecTHO Takxe, 9TO crermeHHas GyHKmus y =¢(s TET MEUICHH =e*, mma xaxmoro a >0,
6pa 0 u M =1. V3BecTHO TakXke, 4YTO CTEIIEHHA t*(s > 0) pacrer memieHHee o axaoro oo>0, a

Toraa mpu o =1 (1t gocTatoyHo 60IBIIOro M) UMEET MECTO OLICHKA B).

2
CyIIEeCTBYIOT, KOHEUHO, M (ByHKIUH, HE YIOBIETBOPSIONINE YCIOBUIO B), HAPUMeEp, V=€’ u Jp.

3°. BaxHBIM MPUMEpPOM OPHUTHHAIA CITy’)KUT TaK Ha3bIBaeMasi eOUHUYHASA YHKYUS:
(t) 0, ecmu t < 0;
‘|"l =
1, ecmm ¢t >0,

rpaduk KoTopoil n3o0pakeH Ha puc. 6.1.2; yciosue B) BoinonHeHo npu oo =0 u M =1. bonee obmmii ciryyait — 3To "cMmemmeHHas"
enuHMYHAs QyHKIus (puc. 6.1.3):
0, ecmut<a,

t—a)= a=const>0.
T]( ) 1, ecnmut > a;

4°. OGo3HaueHHs YIOMSHYTHIX BbIe GYHKIMIT y =sinf, y =cost, y = * u JIPYTUX 3/1€Ch U B NAIbHEHIIIEM (B COOTBETCTBHH C
ycrmoBueM 0)) OyayT ynoTpeOnaTscs B ciaydae (yHKIUN BIIA, COOTBETCTBEHHO:

| (t)sint, n (t)cost, n(e), ...

Ennanunyro GyHKIMIO yoqoOHO yrnoTpeOaTh s 3alliCH B BHE OJHOTO aHAJUTHYECKOTO BBIPAXKEHHS Pa3pbIBHOIO OpUTHHANA.
Tak, Hanpumep, ecnu
f(t)— fl(t) npu ¢ < a;
fz(t) npu ¢t 2 a,
TO B MOMEHT BPEMEHH { =a CJEAyeT "BBIKIIOUUTE" QYHKLIHIO fl(t) U "BKIIOUUTH" f, (t) "BeIxitoueHue" JoCTUraeTcsl BHIYUTaHHEM
fl(t) w3 £,(¢) B MoMeHT £>a, T.c. BIUMTAaHHEM T (t —a) fl(t) , a "BKIItoueHue" f, (t) ee IpuOaBIeHUEM K ITOJIy4YEHHOMY BBIPaXKEHUIO

£i(t)=n(=a)f;(¢) c amoro e momenTa = a , 1.¢. npuGasneruem 1 (¢ —a)f;(¢). Crenoarensro,



S )= 10)-nl-a)(O)+n(-a) /). (6.1.1)

AHaJTOTHYHEI pacCyXKJICHUS U B 00IIeM citydae (CM., Hanpumep, puc. 6.1.1): eciu
fl(t) nput<a;
t)opua, <t<a,;
I ( t) _ / 2( ) pua 2

f3(t) npu a, <t<as,

) f0)=£)-nl-a)f6)+nle-a) ()~
-nlt—ay) f5(e)+nlt—ay) f3(0)- ...

5°. Vines Tak Ha3BIBAEMOTO ONEPAYUOHHO0 UCHUCTCHUA, HIEMEHTHI KOTOPOTO MBI PACCMATPHBAEM B 3TOH M MOCIIE/IyIOMIeit T1a-
B€, COCTOMT B PACCMOTPEHHH HE CAMHUX OPWUTHHAJIOB, a MX HEKOTOPHIX "0Opa3oB", momydaeMbIx myTeM 'mpeoOpazoBanms Jlammaca"
(onpenenenus Oyayt nanel Huke). [lepexon k TakiuM oOpazam o0Jsier4aeT Kak MaTeMaTHYeCKOe MOJICITUPOBAaHIE HEKOTOPBIX MpPOLeC-
COB, TaK M pelICHHE MaTeMaTHYEeCKUX 3a/1a4.

6.2. ONIPEJEJEHUE ITIPEOBPA3OBAHUSA JIAIIJIACA
1°. Kaxcomy opurunany f =f (t) IIOCTAaBHM B COOTBETCTBHE (YHKYUIO KOMNIEKCHO20 NEPEMEHHO20 p BULA

0

F(p)=[ rlt)ear. (6.2.1)

0

Wnterpan (6.2.1) Ha3pIBaeTCs uzobpasicenuem opurnHana f (t) WK unmeepanom Jlannaca, a caMo COOTBETCTBHE I BUJa

1) F(p),

L]
OTpeNIeNICHHOe Ha KJAacCe BCEX OPHIHMHANOB, — npeobpasosanuem Jlanaaca. YTOTpeONAOT Takke o0O3HaueHue f (t):(p),
L]

FOL(0) .
2°. CdopmynupoBanHOe onpeneneHue GyeT KOPPEKTHBIM, €CJIH Mbl JIOKaKEM CYIIECTBOBAHHE (CXOIMMOCTB) HECOGCTBEHHOTO
nHTerpana (6.2.1) ans Besskoro opuruHana f (t) B HEKOTOPOW 00J1acTH 3HaUeHHH p. [l 3TOro yCTaHOBHM, YTO

flr e

Kak u B ciyyae ¢yHKIMH C JCHCTBUTEIbHBIMU 3HAYCHUSIMU, OTCIOAA OYyIET ClIeIOBaTh CXOAMMOCTbh HECOOCTBEHHOTO WHTErpaia
(6.2.1), koTOpast B 3TOM Cllyyac Ha3bIBaCTCs a0OCOIFOTHOM CXOAMMOCTHIO. IMEHHO, ClIpaBeInBa.
Teopewma. Ilycts [ (t) — opuruHain. Torga uaTerpan Jlanmaca (6.2.1) aGCONMIOTHO CXOIUTCS MPU BCEX 3HAUCHUSX p, YAOBIIE-

dt <. (6.2.2)

TBOPSIOIIMX yCIOBHIO Rep > o, Tie o — nokasatens pocta f (¢). B ykasanmoii o6nactn F (p) anamuriuma.

B cirydae o > 0 moxymiiocKocTh TeX p, A KOTOpEIX Rep > o, m300paxena Ha puc. 6.2.1.

1
7

0o/

4

Puc. 6.2.1

Jloka3zaTenbCTBO. YCTAHOBUM CXOJAMMOCTh HecoOCTBeHHOTO MHTerpana (6.2.2). Ecnu p =c+ip, TO

e P = e (cospt +isinpt),

=e " Jcos? pr+sin’ pr =,

TOrJa

—pt

E

T.C.



f| 7 (e

di={| 1 (t)]edr. (6.2.3)
0

Ipu sToM, cornaco ycnosuio B) . 2° naparpada 6.1,
| £ (e)|<Me*, rne o —nokasarens pocra.
[onpaTerpansras Gynknus B (6.2.3) Torna He MPEBOCXOAUT
Me* oo = Me(u—cs)t ’
a MHTEerpas rnociegHel pyHKINN NMEET BH]
o B (a—o)t

j MV gr = tim [Me® )V ar = pr - 1lim &
0 B—w 0 B—oo o.—0O

B_

M lim (1—6(0‘_0)3): M ,
O — O B-x o—a

TaK KakK

lim (@B = ¢ s Rep=c>a.
B—w

Uraxk, Beipaxenue (6.2.3) MaxxopupyeM cxomsamumcs mpu Rep > o mHTErpaniom

TMe(a_c)t dt,
0

, CJIEZIOBATENBHO, B YKa3aHHOH MOTYIIOCKOCTH abcomroTHO cxommtces (6.2.1).

Takum o0pa3oM, IS KaKIO0ro OpUruHaia f (t) B obmact Rep > o ompenerneno ero uzobpaxenue (6.2.1).

AnanutudHocTh F (p) o3HavaeT ero AuGGepeHIPYEMOCTD MPH KXKAOM U3 yKa3aHHBIX p. [I0CKOIbKY, KaK TOJIBKO YTO OBLIO
JIOKa3aHo,

T‘ £ () e |dr< TMe("H‘)tdt <oo,
0 0

T.e. uHTerpan Jlammaca "Maxopupyem" CXOISIIMMCS MHTETPAIOM, TO BO3MOXKHO qu(depeHIpoBaHue MO 3HAKOM HHTerpaia (3to
CBOMCTBO JIOKa3bIBAETCs C MOMOIIBIO TEX K€ MJEH, KOTOPBIC HCIIOJB3YIOTCSI MPU J0Ka3aTeNbCTBE IOWICHHOH nuddepeHmpyeMoctu
PaBHOMEPHO CXOASIINXCS PSAOB):

F'(p)=|(~t)f(t)e " dr. (6.2.4)

O ey 8

Ocraercsl 10Ka3aTh CyIIeCTBOBaHUE F '(p) MMEHHO TIPH TeX p, AT KOTOPBIX Rep >o . A 3T0, B CBOIO OYepenb, BHITEKACT U3
OLICHKH

T‘ tf(t)e P |dt < M Tte(“_c)tdt =
0 0

B: M <o
P

B (a—o)t (a—o)t
= M lim [ relVde = M lim | E—— -
Baooo B—x oO—0 (OL—G)

O3HAYaloILeH CXOMUMOCTh uHTerpaia (6.2.4); UCHOIb30BaHHOE 3/1ECh COOTHOLICHHE lim “oals

=( yCTaHaBJIMBAETCS C IOMOILBIO Pa-
B—ow o

Buna Jlomuramns.
30, Urak, npeoOpaszoBanue Jlammaca CTaBUT B COOTBETCTBHE KAXKIOMY OPUTHHAIY SIUHCTBEHHOE M300paxeHue F (p) Cmpa-

BCAJINBO U 06paTHO€Z mpu ONPCACICHHBIX OIrPaAHUYCHUAX HA aHAJIUTHUYCCKYIO F(p) OHa ABJIACTCA I/I306pa)KGHI/ICM HCKOTOPOTO OpH-

THUHaJ1a. HpI/I OTOM OKa3bIBACTCs, YTO ABAa HENMPEPBIBHBIX OPUTMHATIA, UMECIOIINX OHO U TO K€ I/I306pa)I(CHI/Ie, TOXIACCTBEHHO PABHBI.

6.3. IPOCTEMIIUE CBOMCTBA ITIPEOBPA3OBAHUSA JIATIJIACA.
N30BPAKEHUS OCHOBHBIX QJIEMEHTAPHBIX ®YHKITAN

1°. Jluneiinocmy. Tycts f (t) =F ( p), g (t) =G ( p) U A, L — IPOM3BOJIbHBIC ([IEHCTBUTENBHBIC MITH KOMIUIEKCHBIC) YUCTIA.

Teo peMa. HmMeeT MecTo COOTHOIICHHE

L0 ng () 21 (p)+uG ()



JokaszartenasbcTs o Ilpexae Bcero 3ameruM, 4yro F (p) u G(p) CYILECTBYIOT B NOJIYIUIOCKOCTH Rep >ov, rme

o = max {(Xl , OLZ} a o U Oy, —COOTBCTCTBCHHO, ITI0OKAa3aTCJIM pOCTa OPUTHMHAJIOB f (t) ung (l) .B YKa3aHHOM MOJIYTIIIOCKOCTH

0 g )= [0 () g )edr =] 7 )i+ g (e et

O 8

a 3TO U €CTh YTBEP)KACHHUE TCOPEMBI.
2". Teopema nodobus. JInst 11000r0 MOCTOSHHOTO A >0 CHpaBeIMBO COOTHOIICHHE

f) = F (%]

CyTb yTBEpP>KICHUS COCTOUT B TOM, YTO YMHOXEHHE apryMEHTa { OpPUTHHAJIA Ha MTOJIOKUTEIBHOE YUCIIO A TPHUBOIUT K AEIECHHIO

apryMeHTa p U300pakeHust U camoro F ( p) Ha TO K€ YUCIIO A
JokaszaTenbcTBoO. 3aMeHAS B HECOOCTBEHHOM HMHTErpalie 10 ¢ € [0,00) NIepeMeHHyI0 0 (GopMyiie T=Af, TaK 4TO

TE [0,00) udt= %dr, HUMEEM:

%Ifm ”"dt—J'f T di=

_100( _ﬁtd_le
=5 [ Ge ra=gF ()

0

YTO M YTBEPIKIAIIOCH.
3". Teopema cmewenus (3amyxanus). JIns 10O0T0 AEHCTBUTENHHOTO WM KOMITIEKCHOTO YHCIIAa @ UMEET MECTO COOTHOIIICHHE

e“ f(t) TF(p—a).
“ MPUBOJMT K CMEUIEHHIO HA BENUYHMHY ¢ apry-

CyTb yTBEpKJICHUSI COCTOUT B TOM, YTO YMHOXXCHUE OpPUTHHAIA HA (PYHKIHUIO e
MEHTa p u300paxeHus F ( ) Ecnu a — peiictButenbHoe uncio U a <0, To TepMuH "3aTyxaHue" o3HadaeT yObIBaHUE (C TCUCHUEM

BpeMeHH) MHOXHUTEN e’ .
HJoxaszaTennbcTBo. Umeem

e £ (1) we"’f —P’dt—jf kg~ F(p-a),

0
YTO U YTBEP)KAATIOCH.
W3 nokaszarenbcTBa TEOPEMBI CIIEAYET, YTO CAMO CYIECTBOBaHHE [ ( p- a) HUMeEeT MecTo, ecnu Re ( p a) >0, Iae o — NoKa3a-

Teb pocTa f (t)
4°. Teopema 3anazovieanusi. J1ji 11000T0 MOCTOSHHOTO T >0 MMEET MECTO COOTHOIICHHE

L]
_
n(-7) fe-7)=e7"F(p).
L]
CyTh YTBEpKACHUS COCTOHWT B TOM, YTO HAdYaJO MpoIlecca B MOMEHT T (B CPAaBHCHHH C MPOIECCOM, HAUYMHAIONINMCS B MOMCHT

t =0 u omUChIBaEMbIM OPUTHHAIOM [ (l )), T.€. €ro 3ara3/ipIBaHie Ha BPEMs T , BJICUET 38 COOON yMHOKeHne n300pakeHns Ha e ¥'

JleByto yacTh hOpMyIIBI HACTO 3aMUCHIBAIOT TAKXKE B BUIE [ (t - )

Jloxka3zaTtenbcTBo. Umeem

Tn(l—r)f(t—r)e_ptdt =]‘)n(t—'t)f(t—r)e_ptdt,

n(t=1)f (=)

0

TaK Kak MpH ¢ < T 3HAYEHMS HNOABIHTETPATbHON (QYHKIMU paBHBI HYJIIO. Tereps 3aMeHsieM epeMEHHYI0 110 opMyIe s =¢—T ; Toraa

t=s+1t u dt =ds.CrnegoBareibHo,
Jn (s)f (s)e_p(SH)ds = e_prj‘f(s)e_l”ds =e 7' F(p);

0

n(e-7)f (-7

0

B [TOCJIEAHEH LIETIOYKE PABEHCTB MBI YWIH, YTO M (s) =1 npu s 20 . Teopema noxazaHa
Paccmotpum, nanee, n300pa)xeHusi OCHOBHBIX 3JIEMEHTapHbBIX (yHKIMN
5°. Eounuunas GyHKIWS HMEET CIeAyIolIee N300paKeH e:



° 1
n()=—. (6.3.1)
°p
HdokaszaTtenscTBo. Umeem
o ® e—Pf
n(e)=[1-ear="—"=
% -p 0
1 (rio)t|o I _ . % 1 1
=R o2 0 (cospr —isinpr)| = ——(0—1)=—
p o p © p p
31eck mpeanoaaraioch (CM. II. 30 naparpada 6.1), aro 6 =Rep >0 u OBUIO HCITOTHF30BaHO OYCBHTHOE COOTHOIICHUE
.2 2
. _ . . .1
lim | e~ (cospt —i smpt)‘ S T L oL T Y
t—wo f—>0 o PR
6". MIMeeT MeCTO COOTHOLICHHE
. —ap 1
n(t—a)=e“? — (a>0). (6.3.2)
y P
OmHo BeITeKkaeT u3 (6.3.1) u TeopeMbl 3ama3AbIBAHMUS.
7°. CrpaBeuTHBBI COOTHOLITCHHST
° 1
e = ; (6.3.3)
. p —a
sinat = ; (634
s p?+a®
cosat =%; (6.3.5)
*p +a
shat =— " (6.3.6)
L] p _a
chat =—2— . (6.3.7)
L] p p— a

B atux dopmynax a =const — AeHCTBUTENEHOE MM KOMIUIEKCHOE YHCIIO.
HokaszaTtenscTBo. Umeem

« X 0 —( — )t
* 0 0 p-a p-a

eciin Rep > Rea . Ilpu 3TOM pe3ynbTaT MOCTaHOBKH o0 (BMECTO f) paBEeH HYJIO Ha OCHOBAaHHUHU PACCYXKACHUI THIIA T€X, YTO MPHUBEE-
bl B 1. 5°. 3aMeTHM, 4TO TIpH JelicTBHTENbHOM ¢ >0 hopmyina (6.3.3) BeiTekaeT Takoke 3 (6.3.1) M TEOPEMBI CMEIICHHSL.
Janee,

) 1( . . 1( . .
smat:—.(e"”—e "”) " cosatzz(e"” +e ’“'),

a II03TOMY Ha OCHOBaHHHU TEOPEMBI JIMHEHHOCTH U cooTHomIeHus (6.3.3) momydaem:

Sinat:— 11 B 2ai a
* 2i\ p—ia p+ia 2i(p2—i2a2) pr+a*’

°1 1 1 2p p
cosat =— —+ — | = =5 3
e 2\ p—ia p+ia 2(p +a ) p +a

Cootnomenus (6.3.6) u (6.3.7) s runepOonIeckux GyHKIHiA

eat _e—at eat +e—at
shat = T U cosat =————

MTOTyYar0TCS TOYHO TaK e (B CHITYy TeOpeMbI JuHeHHOCTH U (6.3.3)), kak u (6.3.4), (6.3.5).
8°. Il p umep. HaiiTh u306paeHne eHHUYHOTO HMITY/IbCA, ACHCTBYIOMIETO B IPOMEKYTKE BPEMEHH [0, r] :

0, ecou £ < 0;
(p(t)z I, ecin 0<t <1

0, ecmu t > 1.



P e w e nue. Pa3poIBHBIN OpUTHHAI (p(t) (cM. prc. 6.3.1) MOXHO B CHILy pacCysIeHUH, MPUBEICHHBIX B 11. 4° maparpada 6.1,

3amrcaTh B BHJC

Puc. 6.3.1

Torna Ha ocHoBanuu cootHomeHuH (6.3.1) u (6.3.2) 1 TeopeMbl IMHEHHOCTH UMEEM

(p(t):%—%e_rp :%(l—e_”’).

6.4. TAMMA-®YHKIMS DUJIEPA U
N30BPAKEHUS CTENIEHHBIX ®YHKIIAA

1°. Tamma-pynxyueii Diinepa nasviBaeTcst yHKIMS BHAA

r(x)= j £ letdt, x> 0. (6.4.1)
0

x-1
e

Jokaxem cxoaumocth uHTerpana (6.4.1). ITonoxum cHavana x >1, torna GyHkuus f (t)=t HeTpephIBHA Ha [0, oo) U

< Me™ TIpH KaxI0M o >0 ¢ HeKoTopoit mocTosHHO#H M >0 (cM. 11. 2° maparpada 6.1). B3siB oo = — , HMeeM MaXOPaHTHBIM [

!
2
(6.4.1) HecOOCTBEHHBIN MHTETPAI:

1 ‘

jMe?e*’dt =M (=2)e 2[7=2M .
0

CrenoBarenbHO, 110 U3BECTHOW TeOpeMe O CpPaBHEHMH HECOOCTBEHHBIX MHTETPalIoB (IPUMEHMMON 37eCh, TakK Kak f (t)z 0) cxonms-
mMMcH siBisieTcst uaterpai (6.4.1), x>1.
Ecmu 0<x<1,10 ! >0 npu t > +0, 1.e. f (t) HMEET Pa3pbIB BTOPOro poaa B Touke ¢ =0 . 3anucas
1 ©
T(x)= [ e di+ [£7e ar, (6.4.2)
0 1
UMEEeM BTOPON MHTETpall CXOAAIIUMCS, €CIIM MPUMEHHUTD TOJIBKO YTO NPUBEACHHBIE paccykaeHus ( f (t) SBJISIETCSI HEMPEPBIBHOM TPH
te [l, + oo)).
B nepsom unTerpane B (6.4.2) e’ < ¢’ =1, torna
1 1
J't"*le*tdt < J‘tHdz =
0 0

(l):%<oo (0<x<1).

tx
X

Urak, o6a cmaraemblx mHTerpaia B (6.4.2) SBISIOTCS CXOMSIIUMHUCS, Y€M W JOKa3aHO CYIIECTBOBAHUE F(x) mpu 0<x<1.

OxoHuaTenpHO uMeeM: nuterpai (6.4.1) — cxopsmuiics npu Bcex x > 0.
2°. JlokaxeM creyioliee BaKHOE CBOHCTBO raMma (yHKIHii:

[(x+1)=x(x), x>0. (6.4.3)
3ameTuMm, Mpexe BCero, 4To
lim—=0; (6.4.4)
t—)ooet

3TO CBOMCTBO (POCT CTEHEHHON (DYHKIMH — MeHee OBICTpbIH, YeM POCT MOKa3aTeNbHbIH) ynomuHanock B 1. 2° maparpada 6.1; ero
aKKypaTHOE JI0Ka3aTeIbCTBO COCTOUT B ITOCIIEAOBATEIILHOM NPUMEHEHNH TpaBuiia Jlonurans n pas, rae n — enas 9acTh 9ucna x+1.
ITosToMy, Ha OcHOBaHMH (OPMYJIBI HHTETPUPOBAHMUS 10 YaCTIM, UMEEM

:+ x J-txflefldt =0+xI(x),

[(x+1)= J-txeftdt =—t'e”
0 0

YTO M YTBEPIKJAJIOCh.



3°. BBIYHCIINM OT/IENbHbIE 3HAYCHHS raMMa-(yHKITHH

[ [] j—dt j dr=n

a) I'(l)= je—’dt -, 6T
0
A€ UCIIOJb30BaHa ITIOCTAHOBKA T \/_ (TaK qTo [ = T u dt = Z’Cd‘f ) 1 XOpOoLIO M3BECTHOC 3HAYCHUEC UHTCIpajia HYCCOHa

0
4". TlocnenoBarenbHO MpUMeHsIst popmydy (6.4.3) mpu niesoM x =n—1 (n =23 ), NOJLy4aeM
n-2)(n-3)=

U (n)=(n-1)T(n-2)=(n-1)(
=(n-1)(n-2)..20(1)=(n-1)!

nocKonbKy I (l):l (em. . 3°, a)). Urtax
C(n)=(m-1), n=1,2,..; (6.4.5)
B ciryuae 7 =1 (opMmyia ocraeTcst BepHOH, Tak kak 0!=1=T (1) .
Ecmu (6.4.3) u cBoiictBo 6) 11. 3° mpuMenuTs B cydae I’ ( j TO MOJy4YaeM
NENRTSUNIR OIS
2 2 2 (2 2
AQHAJIOTHYHO
5) 3 .(3) 3n
I'—|==TI'|=|=—— wutn
2) 2 \2 4
£ = F(S:ll), §>0 (6.4.6)
L] p‘

5°. Jlokaxxem, 4T0
OrpaHnguMcs pacCMOTPEHHEM YaCTHOTO CITydas: p — NEHCTBUTENFHOE IOJIOKUTEIBFHOE YHCIIO; OJHAKO COOTHOomeHue (6.4.6)

OCTAcCTCA CIpPaBCAJIMBBIM U IPU KOMITJICKCHBIX p, IJI1 KOTOPBIX Rep > 0. Umeem
L]
ts - pt

1 1
), t=—1 u dt =—dt . CefoBaTeIbHO,

ITonoxum pt =1, Torna re[O
p p
ST Y T 1
=—||—t| e dt= HIJ.re dr:TF(s+l),
*PY\P P ‘

YTO U YTBEPIKIATIOCH.
HUMEEM, COTJIACHO COOTHOMICHUM (6.4.5) u (6.4.6)

Ipu s=n=1,2,...
o ; n!
. n+l
p
3aMeuanue Oyakmus f (t): t* mpu —1<s5<0 mepecraer ObITH OPUIMHAIOM, TaK KaK UMEET OECKOHEYHBIA pasphiB B
touke ¢ =0 . OgHAKO PACCYXACHUS, UCIIOIH30BAHHBIC TOJBKO YTO, TOKA3BIBAIOT, YTO MpeoOpazoBaHue Jlammaca BEITOJHIUMO W B 3TOM
(mockomeky s+1>0, 10 T (s + l) cymectByet). CienoBarenbHO, cooTHOMeHue (6.4.6) B

b
r (S + 1)
ciydae U IPUBOJIUT K Pe3yIbTaTy —
p
TOJIBKO YTO YKa3aHHOM CMBICIIE, CIIPaBEUINBO [UId BceX s > —1. B wacTtHOCTH (CM. TT 3%, 6))

) e

1
L;& k3
Vi Jp i e\p’

=e“t® . Ilpumenss (6.4.6) 1 TeopeMy CMEIIEHHUS, IMEEM

6°. Haiinem, HanpumMep, n3o0paxenne GyHKun f (t



a2 Lls+l)
*(p-aft’

npuieM, COrjiaCHO 3aMCYAaHUIO B II. 50, pe3ynbpTaT CupaBCAIMB IIPHU BCEX § > -1.B YYaCTHOCTH,

e

attn — n'

e —_—.
. (p _a)rH—l

7°. Tl p u M e p. Haiitn u306paskeHue OpurnHania

f(r)={

P ew enue. 3anmmewm BepaxkeHUe i opurnHana B suze (6.1.1):

t, ecmm 0<tr<2;

3e', ecmm 2 <t <o,

fe)=t-nm(-2)t+n(-2)-3¢" =
—t-n(t-2)[(t-2)+2]+3n(—2)e 212 =
=t-n(-2)(t-2)-2n(t—2)+3e’n(t-2)"
UCTIONB3YS TEOpeMy 3ala3IbIBaHus M COOTHOIIEHH (6.4.6), (6.3.3), momyunm

f(t)z%—efz”%—Ze’Zpl+3e2e’2pL.
*p P P r-1

6.5. JMOOEPEHIIMPOBAHUE U THTEI'PUPOBAHUE
OPUI'MHAJIOB

1°. Tiyers f(¢) — opurnman u f(t); F(p)

Teopema oupgepenyuposanus opueunana. IMeer MECTO COOTHOIICHUE

f(6)=pF (p)-1(0).

B wactHOCTH, ecitt f (0) =0, 10

0= pF (p),

T.e. qudepeHnnpoBaHe OpUrnHaia MPHUBOAUT K YMHOKEHHIO €r0 H300paXeHUS Ha TTapaMeTp p.
HoxazaTenscTBo. CIOMONIBIO HHTEIPUPOBAHHUS 10 YACTSIM IIOJIYYaeM:

O [0 = (e o p] e -
0 0

=—f (O)+(}Lrgf(t)e_ptj+ PF (p).

Ocrajock A0Ka3aTh, 4TO

limf(t)e " =0.

t—0
Ecmn o — mokazarens pocta f (t) W, KaK 00bIYHO, G = Rep > o, To (cM. paccyxenus B 11. 2° maparpada 6.2)
| /(@)

YeM YCTaHOBJICHO paBeHCTBO (6.5.3), a 3HauwT (B crity (6.5.2)) u yrBepxaeHue (6.5.1).
2°. Haiiiem n306paskeHue BTOPOii MPOM3BOIHOI OPUTHHAIA, HCIIOIB3Y YK HalIeHHOe cooTHOMmEHHE (6.5.1):

<Me“e™ =Me ™ 50 mput o,

’

£0=(70) = pL(r0)-110)=
= p(pF (p)- 1 (0))-1'(0)= p*F (p)- pf (0)- 1" (0).

Urak, ecmn ' (t) SABIIACTCS OPUTHHATIOM (yIOBIETBOPSCT yciIoBHaM a) — B) m. 2° maparpada 6.1), To

£"6)= p*F (p)-p (0)- 1'(0).

(6.5.1)

(6.5.2)

(6.5.3)

(6.5.4)

AHaNOTWYHBI pacCyXICHUS TS TOTyYeHUS H300pakeHUH TPEThEei 1 MOCIIeAyFONIHX MPOU3BOIHBIX; TaK, €C f (t), A (t), 1" (t) -

OpUTrHAJIbI, TO



£7(e)= pL(f"(t)- £7(0)=
st n-o¥i npOM3BOJHOMN MOJIy4aeM COOTHOLUEHUE:

P°F(p)-p*1(0)-pf"(0)-1(0).

102 p"F(p)= " 10)-p £ (0) s 0)

B Clly4dae, €CJih Ha4aJIbHbIC 3HAYCHUA f (f) 1 €C MMPON3BOJHBIX PABHBI HYJIIO, T.C.
TO

1(0)

7'(0)=...

f(")(t)f p"F (p);

T.€. 1 — KpaTHOe HudPepeHIMpOBaHNE OPUTHHANA NP YCIOBHH (6.5.5) IIPUBOIUT K YMHOKEHHIO HA p” ero H300paKeHHus.

= r(0)=0, (6.5.5)

3°. PaccmoTpuM Bompoc o peobpasosanuu Jlamiaca nepBooGpasHoit

ol0)= [ 1(2)ds

(6.5.6)

0
opuruHana f (t) [Ipexxne Bcero oTMETUM, 4TO (p(t) YIIOBJIETBOPSIET BCEM YCIIOBHSIM CYyILIECTBOBaHMS OpHrHHaina. J[efcTBUTENbHO,
[0) (t) =0 npu t <0 (mepBooOpazHas OT HyJIeBOH (HYHKIIMK PaBHO HYITIO), (p(t) — KYCOYHO HETIPEphIBHA BMECTE C [ (r) U, HAKOHEI,

t
|(p(t)| < .([Memd'c =%(e°" —I)S %ew,

ecny cuuTath o >0 (a 3To MOKHO NpejnoaaraTs 6e3 orpaHUYEH s OOIHOCTH, YBEINYHB, €CIIM TPEOYETCs, MOKa3aTellb POCTa).
L]
Teopema. Ecm f(t)=F(p), 0
L]

jf(r)dr;lF(p) (6.5.7)
0 * P
HokxazaTtensbctso. Ilycts ® (p) — w306paxenue opurunana ¢ (7). Tora ¢’ (t); p®(p)-(0), mpu 31om (cm. (6.5.6))
0
9(0)=[G)dr=0.
0
re. ¢'(0)2 p0(p). Ho 0'(1)=£ (). . 10)

T.c. © (p): M

HJIF, 9TO TO K€ CamMoc @ (t)
p

p®(p), u, onHospemento ¢ stum, f ()= F(p). Cnenosatenso, F(p): pdD( ),
Fp) , 9TO ¥ YTBEPXKIAJIOCh.
p

6.6. JTU®PEPEHIIMPOBAHUE U UHTEI'PUPOBAHUE
N30BPA’KEHUU

1°. Tyers f(t)= F (p). Boime yxe oTMeuanach aHamuTHIHOCTh F (p) B NojIyIiockoctd Rep >a. .
.
Teopema 1. Mmeer MecTo cooTHOLIEHHE

F'(p)f-tf(f)-

Taxum 06pasom, muddepeHnmpoBanie H306pakKeHus BIeUeT 3a cOG0H yMHOKEHH e opurnHaia Ha ().
Creznyer OTMETHTb, 4TO (— t)f (t) — 3TO OPUIUHAIL

pa3oM, U YCIIOBUE B) BBITMOJIIHEHO.

Venosus a), 6) 1. 2° naparpada 6.1, 04eBHIHO, BHIMONHEHBI. B cHiTy TOro, uTo cTeneHHas (yHKIHS pacTeT MeUIeHHEe MOKa3a-
TENBHOM (MMEHHO, f < e npu Jr06oM B> 0 ), moxydaem |(— t) f (t)| < Mel@B) , TIe B — CKOJb YyromHO OJIM3KO K HYJIIO; TAaKUM 00-

JlokazaTenbpCcTBO TEOPEMBI COACPIKUTCS B COOTHOIICHNH (6.2.4).
CnepnctBue. MMeer MECTO COOTHOILICHUE

JeiicTBUTENBHO, TIOCIIE BTOPOTO UG GEPEHIIMPOBAHUS OPUTHHAT (— t) f (t) YMHOXHUTCS (coritacHoO TeopeMe 1) Ha (— t) ,T.€

F(p)=1 (o).



Paccyxnast monoOHBIM 00pa3oM U ganee, IIPUXOJUM K YTBEPIKACHUIO CIICACTBHSL.
2°. PaccMOTpHM BOTIPOC O TOM, YTO TIPOM3OMAET C OPUTHHATIOM | (t) ecn u3oopaxkenue F (p) MPOMHTETpUpoBaTh. [Ipu 3TOM
(©) T
OyzeM mpenmnonaratb, 4To th ynosnerBopsier ycnosrem a) — ) 1. 2° maparpada 6.1 u uTo MHTErpa jF (q)dq — CXOJSIIHHCS.

p
Crnenyrolee yTBepKIeHHE IPUBEIEM 0€3 J0Ka3aTeIbCTRA.
Teopema 2. NMeer MmecTo COOTHOIIIEHHE

. sint
3°. Ipu M e p. Haiiti n3o6paxenne opuruHana — .
t

Pewenue. Ilockonpky sint =
.
P

, TO ICJICHUE OpUIrrHaja Ha ¢ IPUBOJUT K HHTCIPUPOBAHUIO I/I306pa)KCHI/I$I (TeopeMa 2)

ﬂl? ! dp,T.e ﬂ:arct - _arct
t',,p2+1p"' ;e8P Ty 8P

HO IIOCJIEeIHEE BRIpaKCHUE paBHO arcctgp . I/ITaK,

Sin
—— =arcctgp .
t .

3aMeuanue. JanHas Gpyskius umeer paspbi npu ¢ =0 . UToObI yOeAUTHCS B €€ OTPAaHUYCHHOCTH B JIFOOOW OKPECTHOCTH
9TOW TOYKH, JOCTATOYHO HAWTU COOTBETCTBYIOIIUMN TPEIC:
. sint
lim— =

t—>+0 ¢

1.

B CBOIO OuepeIb, OrPaHHYECHHOCTh JAHHON (DYHKIMH B OKPECTHOCTH f=( O03HAYaeT BHIONHHMOCTE Ui Hee TpeGoBamus B) 1. 2°
naparpadga 6.1, KoTopoe HCIOIB30BaJIOCh B TEOpEME 2.

6.7. YIIPA’KHEHUSI K I'JTABE 6

1. Haiiti m300paXeHUs] OPUTHHAJIOB:

. 3
a) SIZ?t ; 6) %; B) Vi-17:1) (1-2)*.

2. Haiitu n300pakeHue OpUTHHAIIOB:

a) chz-sin2¢; 06) ¢sh7z.

VYka3zaHue: BEIpa3uTh (Ha OCHOBAHHUH OIPE/ICIICHHS) TUIIEpOOInIecKie (PYHKIMH Yepe3 oKa3aTelbHbIC.
3. Haiitu n3o0pakeHre OpUTHHAIIOB:

COS4t
eSt

t .
a) cos’—; 6) e 'sin’3¢; B) )
8
YKa3aHHe: TOHU3UTH CTEIICHH TPUTOHOMETPUYESCKUX (DYHKIIHH.
4. Haiitn m300paXxeHNE OPUTHHAJIOB:

a) 4sin8tcost ; 0) cosécos%; B) cht-sin3¢-sindz .

VYkazanue: npeobpa3oBaTs B CyMMY (pa3HOCTH) MIPOU3BEACHUE TPUTOHOMETPHUYECKIX (DYHKIINH.
5. Haiitin n300pakeHNe OPUTHHAIIOB:

2

n(t—Z)Hth<4; t—t°, 0<t<1;

a) f()=4t"—-1 npud<t<5;6) f(t)=12-1, 1<t<3;

e nput > 5. sht, t>3.



Fmaesa 7

OBPALLEHUE MPEOBPA30OBAHUA JNNAMIACA.
NMPUNOXEHUA ONEPALNMOHHOIO UCHUCTIEHUA

7.1. TEOPEMA OBPAIIIEHUA

1°. PaccmoTpum 3amady, o6pamuyio HaxoxkIeHHIO MHTerpana Jlanmaca: mo sadaunomy usobpaxcenuio F (p) 80CCMAHOBUMb

opueunan f (t) [Tycts 0o — mokasarens pocta opurnHaina (cM. maparpada 6.1).
(7.1.1)

Teopewma. EcnuBobnactu Rep > o dynkuus F (p) SIBJISIETCS N300pakeHHEM OpUruHaia f (t), TO
.1 X+io0
f@) === |e"F(p)dp
o 2mi

X—10

BO BCEX TOYKaX #, rue f (t) — HenpepbiBHA. [Ipu aToM mHTerprpoBanue B (7.1.1) mpou3BoaMTCS MO HMPOU3BOJIBHON BEPTUKAIBHOM

npssmoit Rep=x,1me x>a.
[pencraenenwne (7.1.1) Ha3BIBAIOT popmynou Mennuna.

2°. B mynkre 1° M1 npemonarany, uto 3agannas F (p) — yKe SBISETCS N300paKeHHeM HEeKOTOPOro OpuUruHaia. Ykaxem (6e3
JI0Ka3aTebCTBa) T€ JOCTATOUHbIE YCIOBHUS, IIPU KOTOPBIX 3aaHHas (QYHKIMSA KOMILIEKCHOTO EPEMEHHOTO NEeHCTBUTENBHO SBIACTCS

U300paKeHHEM:
a) F ( p) — aHAJIMTHUYHA B obsacTu Rep > o mpu HEKOTOpOM o ;
0) B ykazaHHOI oOmactu F (p)—) 0 (paBHOMEpPHO OTHOCHUTENIBLHO argp ), €Ciu | p | —> 0,

B) U BCEX p, TAKUX, UTO Rep =x > 0. MMEeT MecTo COOTHOLIEHHE

X+io0

“ F(p)|dy <o (rne y=Imp).
X—ioo
[Tpu chopmynupoBaHHBIX YCIOBHAX [ (t) BOCCTaHaBIIUBAETCst 1O popmyie MesuiHa.
3%, PaccMoTpuM Bompoc o ewiuucaenuy unmezepana (7.1.1), ecnu BHIIONHEHO ycnosue F (p)—> 0 mpmu | p| — o (cM. ycioBue
6) B m. 2°). Iycts F (p) MMEeT JIMIIb KOHEYHOE YHCIIO OCOOBIX TOUYeK (CKaXKeM, n MTYK). Toraa BepTUKaNbHYIO NMpsMylo Rep =x
MOXKHO BBIOPATh TaK, 4TO BCE OCOObIE TOUKH Z;, PACIONIOXKEHBI JIEBee ee: cIeayeT BhIOpaTh X JocTaTouHo OonbmuM. Kak okasbiBaer-

Cf1, U3 OCHOBHOM TEOPEMBI 0 BEIYETaX OyJIeT TOra CIEN0BaTh, 9TO
X+i0 n
f F(p)edp = ZTEiZBLI‘I lF(p)ep’, sz,
k=1

(7.1.3)

X—i0

rae t >0 — npousBonbHO. [ToaTOMy, cormacHo dopmyne MermnnHa,
n
f(t)ZZBbI‘l lF(p)ept, sz.
k=1

7.2. HAXOXJEHHUE OPUT'HHAJIOB
JJIAA JPOBHO-PAIIMOHAJIBHBIX ®YHKIIUN

1°. Mpumenenne popmyasr Memmuna (ee caenctsus (7.1.3)) make 1uis TaGIMUHBIX H300PaKEHHH YaCTO NPHBOIUT K JOBOIBHO
CJIOKHBIM BbIKJIankaM. OmHaKo, s [poOHO-pallMOHAIBHBIX F ( p) MOXXHO BOCIIOJIb30BaThCs MPUEMAMH JIOCTATOYHO JIEMEHTapHOTO

Xapakrepa.
1
2°. Ipocmeiiwas opobs F (p)= —
p-+ap+b
B pesysbTare BbiieNneHus OJHOTO KBaipara MPUXOUM K MPECTABICHHIO
F(p): , TIe iw2=b—%.

2

a 2

+—| to
[p 2

Nmeem



¥ TIpUMEHHAM Teriepb Gopmydsl (6.3.4), (6.3.6) maparpada 6.3. CoriacHO TeopemMe CMEIIeHHs, apTyMEHT p+% MOT BO3HUKHYTH 32

a
-t
CYET YMHOXEHHsI COOTBETCTBYIOIETO apryMeHTa Ha e 2 , T.c.

. _a . a

F(p)=—e 2 sinot wm F(p):—ej shot
L0 L O]

COOTBETCTBEHHO 3HaKy "+" umu "—" nepen o,

3°. Ipocmeiiwas opo6s F (p):ch—er (c # O) MOXeT ObITh ITpeoOpa3oBaHa K BUILY
p-+ap+b
J c(p+gj—azc+d

cp+

F(p)= 2 = N2
+-| +o? +-| +o?

(” 2) (p 2)
ac
O6o03HaunB h=d 5 MOy IHM
pre
Flp)me— st 0
®

2

a 2

+—| fo
(” 2)

B ciryuae 3naka "+" nepen ®” , COTIIACHO TeopeMe CMEIICHUS, TIOTyIUM

a a
. -t —t
2 h '
F(p): ce  Ccos®t+—e  SInwf.
. ®
n_n

B ciyuae ke 3HaKa "—" TpUroHOMeTpHYECKUe (QYHKIHH 3aMEHSAIOTCS Ha COOTBETCTBYIOIIIE THIIEPOOIHIECKHE.

4 TMpumep. F(p):Lpz. Haiitu opurunan f(t)
3+8p-2p
Pewenue. Ilpusenem apoOb K BUIY, pPACCMOTPEHHOMY BBIIIIE:
1 3p+2 1 3p+2
pPodp->  Z(p-2'-
2 2

1
1 3(p-2)+6+2 3 p-2 4] 2
2 TR , [ [u , [
—2)2 - —2)2 - — (p-2)%-,]—
(p=2)" =5 (=25 2 (P23

C yaetoMm dpopmyi (6.3.7), (6.3.6) maparpada 6.3. 1 TCOPEeMbI CMEIICHUS ITOTyYacM:

F(p);—ze%ch Ht—ﬂe”sh Et.
. 2 2 Wil 2

5°. Ecmu F ( p) — NPABUIbHAS PAYUOHATBbHASA Opobb, TO TIYTEM €€ Pa3lIoXKEeHUS B CyMMY IMPOCTEHIINX ApoOer 3amady O BOCCTa-
HOBIICHHH OPUTHHAIA MOKHO CBECTH K 3a/a4aM THITa paccMOTpeHHbIX B . 2°, 3°.

7.3. PELIEHUE JUHEWHBIX JUOPPEPEHIIUAJIBHBIX
YPABHEHUM

1°. Oneparmonnslii Metox (npeoGpasopanue Jlammaca) MOKeT ObITh IPUMEHEH K HAXOX/ICHHIO YACTHOTO PELICHUS IUHEHO20
OOBIKHOBEHHOTO UM pepenyuaibHo20 YPasHeHUus ¢ ROCMOSHHbIMU KO(guyuenmamuy ¥ HA4aIbHBIMU yciIoBUsAMU B Touke "0". Unest
COCTOHMT B TOM, YTO CYMTAs UCKOMOE PCLICHUE OPUTHHAIOM y = y(t), MBI npumensiem npeobpazoganue Jlannaca k obeum vacmsm

ypasnenusi. B pe3ynbTare 3TOro ypaBHEHHs CTAHOBUTCS allreOpaniecKuM OTHOCUTENBEHO U300pakeHust ¥ = Y( p) . Haiins Y, ocraercs
BEPHYTHCS K COOTBETCTBYIOIIEMY OPUTHHATY ) = ) (t)

2°. HauHeMm paccMOTpEHHE C ypaBHEHHS nepeo2o NopaoKa

y’+ay:f(t), a = const, (7.3.1)



B Cllydyae y (0) =¥y, e Y, — 3anaHHoe uucio. [Tycts f (t)— OpHTHHAII, UIMEIOIINHA n300paxeHne F ( p). [Ipumensis kK 06enm gacTsm
ypaBHeHus (7.3.1) mpeoOpazoBanue Jlarmmaca u  momb3ysick ¢GopMmynod aiust n3zoOpaxkeHHs mpow3BogHoH (cMm. (6.5.1))

y'(¢) = pY (p)-y(0), nveenm

pY (p)-y(0)+a¥ (p)=F(p),
OTKyJa (p+a)Y(p)—y0 = F(p), a 3Ha4YUT

Y (p)= yo+F(P)'
a+p

OcraeTcs BOCCTAaHOBUTD 110 Y(p) OpPHUTHHAN y =y (t), KOTODBIN M OyIeT peleHneM yka3saHHoH 3agaun Komm; npuemsl oOparieHns
Y (p) paccMoTpeHsI Beiie (cM. maparpadst 7.1, 7.2).

3°. Tor xe croco6 IPUMEHHM JUIsl peneHus 3adauu Kouww JUIs ypaguenus 6mopozo nopsaoxa:

Yy +agy= £ (0);
¥ (0) =Yo>
y'(0)=y}

1 B OoJee 001IeM cirydae npou3gonbHoco (1n-20) nopsaoxa:

y(") + an_ly("_l) +otay' +agy=1 (t);
y(0)=yop;
' (0)= yp: (73.2)
y(n—l)(o): y(()n—l).
B npocreiiuiel cutyaumn y, = yy =... = y(()”_l) =( pe3ynbTaT NpHMEHEHMS MpeoOpasoBanus Jlamiaca kK 06eUM YacTsAM ypaBHe-

Hus (7.3.2) NPUBOIUT K alireOpandecKoMy YpaBHCHHIO

p"Y +a, \p" 'Y +..+a,pY+a,¥ =F(p),
OTKyZa

rue
n n—1
T,(p)=p"+a,p" " +..+ap+a,
— TaK Ha3bIBACMbIH XapaKTePUCTHUYECKUH MHOTOYICH yisl ypaBHeHus (7.3.2). 3amaua cBenach K oOpamieHuo npeobdpazosanus Jlarna-
ca.
-1
4°. Ecu uncnma yy, ¥j, ... y(()" ) cuurars NPOU3BONLHLIMU HOCMOAHHLIMY (B 9TOM CIydae UX yJ00HO IepeoO03HauUTh uepes

C,, Cs, ..., C, , COOTBETCTBEHHO), TO IPUMEHEHHUE K ypaBHEHHU!O (7.3.2) ¢ HauaJIbHBIMU YCIOBUAMHU

y(0)=¢y, y'(0)=Cs, ..., y(”‘l)(()): C,

OTIEPAIIOHHOTO METOAa MPHBOIMT K MOMYUCHHIO obujeco peuienus. Haiinenusie opurumamst y = y(t; C, ..., C,) obpamarorcs B
HOJb 1pH £ <0 .

C TouKH 3peHHs 33129 (PU3UKH, MBI MOIydaeM HHGOPMAIHIO O TEUCHHH Iporecca ¢ MoMeHTa ¢ =0 . Eci ske HauanbHBIC YCIOBHS
3a/1al0Tcs B TOUKE #; # 0, TO BBLIEICHUE COOTBETCTBYIOIIETO YaCTHOIO PEIIEHHS U3 MOIYYCHHOIO OOIIero IPOUCXOIUT OOBIYHBIM CIIO-
co0O0M (HamrCcaHue U PEIICHNE CHCTEMBI AJIreOpandecKuX JIMHEWHBIX ypaBHeHNH oTHOCcUTensHO C), C,, ..., C,)).

5 Mpumep 1. Pemmnrs 3amauy Koum

{y!_3y:e4[;
y(0)=1.

Pewenue. Ilycts y(t); Y (p). Torna (cm. m. 2°)
* 1
y'=pY—y(O):pY—l upy-1-3Y=——,
. p—4
OTKyJa

+1 umm Y:p—_:;:(p—S)zL.

_3)y =
(p-3) p— >4 -



CJ'Ie}lOBaTeJ'II)HO, y (l) = e4t — UCKOMOC pCIICHUC.

IIpumep 2. Pemuts 3anaqy Komm

2, 0<i<l
"_ ’: $l > 0: !0:().
Y-y {t_l’lg@o’ »(0)=»'(0)

P e w enue. Tlpexae Bcero, 3anuuieM (cM. naparpad 6.1) mpaByro yacTh ypaBHEHUsI B BUJIE
f6)=2=2n(t=1)+n(-1)-(~1);

ee n300pakeHue UMeeT BUJ (CM. TEOpEeMY 3ara3/IbIBaHus)

[Mpumensis npeodpazoanue Jlamaca kK 00eUM YacTsIM ypaBHEHHS, TOJyYaeM IIPU HYJIEBBIX HAYaJIbHBIX YCIOBUIX

P (L_LJ

P p p
NN
2 _opi-
(pz—p)Y:——2epp 3p’
p p
T.C.
2 2e7 7
Y= —
p(p-1) p’
3anuiieM
Lo _1=pt+p? () 11 11
p(p-1)  p(p-1) pX(p-1) p-1 p p* p-l
CrenoBareibHO,
2 2 2 2
e e B P =o2-0r+2e + (-1 m(e-1),
p p- P p°

€CJIM BOCIIOJIb30BATHCSl TEOPEMOM 3ara3/IbIBaHus IPUMEHUTENIBHO K IMOCNIeHeMY ciaraemMoMy. Mrtak, pemenue 3aaaun Ko umeer
BU]]

y(t)=-2-2t+2¢" +(t=1)7 n(e-1).

7.4. PELIEHUE CUCTEM JUHEWHBIX JJA®PPEPEHIIUAJIHBIX
YPABHEHHNU OIIEPAIMOHHBIM METOA0OM

1°. TIpeo6pazopanue Jlamnaca MOXeET OBITh HCIOIB30BAHO M JUTA PEIICHHS CHCTEM JTHHEHHBIX AH(BPEpPeHIHANbHBIX YPaBHEHHIT
C TTOCTOSTHHBIMU KO3 QHUIIMEHTaMH, €CJIM HavyalbHble YCIIOBUS 3a1aHbl B Touke ¢ =0 . [IpogeMoHCTpHpyeM MeTo[] Ha CIIy4ae CHCTEMBI
BUJIA

X:a1x+b1y+clz+f1(t); x(O)sz;
y=ax+byy+cyz+ f, (t); C Ha4aJIbHBIMH YCIIOBHUSIMH 1 ) (0) =05
z':a3x+b3y+c3z+f3(t) 2(0):20.
31ech al-,bj,ck (i, Jj, ke {1, 2,3}) — IOCTOSIHHBIC UHCIIA; fJ = fj(t) — 3aJJaHHbIC OPUTHHAIIBI, X = x(t), y=y (t), z=1z (t) — HCKOMBbIE
pelenus;; X, y,z — UX MPOU3BOIHEIE.
IMonoxum fj(t)% F; (p), x(t)% X (p), y (t)% Y(p), z(t)% V4 (p) [Tpumensist mpeodpazoBanue Jlarmraca Kk 00erM yacTsM Kax-
JIOTO YPaBHEHHUS, TTOJTyYHM:
pX —xy=a; X +b)Y +cZ+F;
pY—yo=a, X +b,Y +c,Z+F;
PZL—zy=a; X +bY +c3Z + F;.

Nmeem Teneps cucTeMy anreOpandecKuX JTHHEHHBIX ypaBHEHUH OTHOCUTENBHO X, ¥, Z:



(a,-p)X +bY +,Z =—(xy + F);
a2X+(b2 —p)Y+ch = _(J/o +F2);
a3X+b3Y+(c3 —p)Z = _(Zo +F; )

Haima X (p), Y (p), Z (p) ,BOCCTAHOBUM COOTBETCTBYIOLINE OPHIUHAJIBL.

2°. OmneparuoHHBIIT METOJ MOKHO TIPUMEHHTH U JUIS CHCTEM YpaBHEHHIA, COIepIKAIMX POM3BOIHBIE BBICIINX MOPsAKoB. [Tpo-
JEMOHCTPHPYEM 3TO Ha CIEAYIOIEM IpHMepe.
I[Ipuwmep. Pemurs 3amauy Komm:

{;:ij x(0)=y(0)=x'(0)=y"(0)=0.

L]
P e w enue. Tlpumenum npeodpazoBanue Jlamnaca k kaxaomy ypaBHenuto (mpu atom 0 =0, tak xak uHTerpan Jlamiaca ectb
L]

HWHTETpaj OT HyleBor GpyHKuun). [lomygaem:

pPrX+Y=0; Y=-p°X;
1 T.¢ 1
X+p?Y=—, 1—p4)X=—,
p p
T.C.
1
X = :
pli-p?)+)
P
Y =-
(-27)(+ )
PacknazpiBast 1poOu Ha MpOCTEHIINE, TTOTYYHM:
At op 1op Lop Lop
p 2 pP-1 2p*+1 2 pP-1 2p*+1

BosBpamasice kK oOpuruHanam, moryJaem:

x(r)=1 —%cht—%cost;
y (t) = %(cht - cost).

7.5. YIIPA’JKHEHUA K I'/TABE 7

1. Haiiti opuruHam, COOTBETCTBYIOIINN 3aJaHHOMY H300pasKEeHUIO:
14 1 2 1
a) — ; 6) >3 B) 55 T >3
pr-10p+1 3-2p-p 4p-3p (p+6)

p-1 3p+4 7-3p

2 € » )T :
p--3p p +8p+15 2p°—4p+5
2. Haiitu opurnHan, n3o0pakxeHHeM KOTOPOTO CIYKUT 3aJaHHast palioHajIbHas 1po0s:

)

1 p+2 1-p 2p—1
a) ; 0) ;B) ;1) ;
(p—l)zp p3—3p2+3p—1 pz(p2+l) p3+4p2+5p
2 2
-p-1 -4
0 p -p p—ap

P (

p2+3p+2) p2 7 (

p2+9)(p2—7p+12) .

3. HOJ'IL?,yHCL TeOpeMOﬁ 3amnasbIBaHus, HaWTH OopurnuHali, COOTBeTCTByIOIJ_II/Iﬁ 3aJaHHOMY I/I306pa)i<eHI/IIOZ

e*r(p+1) el +e? e*? e 1 2p

; 6) ; B ; ;
p2+6 p2—8p p2—6p+10

a)
p*-5

1427 o e_2P+ 3e*” .
ppr-1) T 3T (p2e)

4. Pemmts 3amauy Kommm mis cneayromiero audGepeHIManbsHOr0 YpaBHEHHUS IIEPBOTO MOPSIIKA:

)



2

, 3t
4 = L. 2 - =3t_1, ! = — 1 :
! {y(g)4—yz- o {yy(O)—y—z- w7

y B ) y(0)=0,
2t .
e”, 0<5r<1; 0, 0<r<l
r /_2 — ] ] I /+3 —
) V=2 {1, t>1; ) Vi3 {cht, t>1.

5. Pemmts cnemyronryio 3agady Komru:

o ]L0<t<1
y"—y=sht; V' —4y' +4y=2-¢"; ey {O,tZI
2) 17(0)=0:  6) {y(0)=1 B) 17(0)=0;
y'(0)=1 ' (0)=0; y(0)=0;
y'=5y"+6y=-3; Yyt =3eT
n 1r(0)=1 o 17 0)=0
r0)=-t vio-o
y'(0)=-2.

6. Pemute 3amauy Komm aist cucteMsl mudepeHIraibHbIX YPaBHCHUI:

X+x—-y=1
0)=-1, y(0)=1;
o 00

X+ y =sht;
0
T 0002

+2 2;
B L YT x(0)

e
-

K y+x+y=5, y(0)=0;y'(0)=

x-y—z=0
my-z-x=0; x(0)=1 y(0)=-1; z(0)=0.
z y=0



FmaBsa 8
OONMOJIHUTEJNbHbLIE CBEAEHUA O YACITIOBbLIX U ®YHKLUMUOHAJBbHbBIX PAOAX

8.1. YMCJIOBBIE PS1JIbl. OCHOBHBIE ITIOHSITHUSI.
MPOCTEALIUE CBOMCTBA

W3noxum noxpoOHee OCHOBHBIC MOHATHS U (haKThl TEOPHU YHCIIOBBIX PSJOB, HA KOTOPbIC Mbl B 3HAUUTEIBHOW CTETICHN ONUpa-
JIUCH B IIaBe 2.

1°. TTycts nama GeckoHewHas MOCIEOBATENLHOCTD KOMILTEKCHBIX YHCET Wy, Wy, Wy, oy W,

s - - POPMABHO COCTaBIICHHAsI Oec-

KOHE€YHas CyMMa BHUJa
W W, F Wy Lt w,

WIIH, KOPOTKO,

dw, (8.1.1)

Ha3bIBAETCS YUCIIOBBIM PAAOM; OOIINIA WIeH MOCIeJ0BaTeIbHOCTH {w, } Ha3bIBaeTcs oOmuM wieHoM psiza (8.1.1).
0O003Ha4MM uyepe3

S, =w+wy +wy+..+w,

n-10 4aCTU4HYI0 cyMMy psiza (8.1.1); mpu 3ToM, 1o onpezeneHuro, S; = w; .
Ecnu cymectByet npenen Buzia

S=1limS,,

n—>0

TO yrcoBOil psix (8.1.1) Ha3BpIBaeTCA CXOAAIINMCS, a B IPOTUBHOM CIIy4ae — PaCXOAAIIHMCS.
Yuciio S Ha30BeM CyMMOH CXOASIIETOCS psifia; TOBOPSIT Takxke, uTo psix (8.1.1) cxomures k cymme S ¥ IPUMEHSIIOT 3aIKCh

I'maBHas 3aJa4a, KOTopasd p€acTcsa B TCOPUU YHUCIIOBBIX PAAOB — CXOAUTCS WU PACXOAUTCH )IaHHLIﬁ paa; BOIIPOC O €ro CyMME
MOJXHO CTaBHUTh JIMIIb TOT'JIa, KOrjga A0KadaHa CXOAUMOCTbD. CyMMy KE CXOOA1IeTOCs psada BCErja MOKHO BBIYMCIIUTD HpI/I6J'II/I)KeHHO,
B3sB JOCTAaTOYHO 0OJIBIIIOE KOJIMYECTBO # YICHOB B COCTaBE €ro YaCTUYHOMN CYMMBI Sn , IPU 9TOM TOYHOCTH BBIYMCJICHUSA YBECIINYNBA-

€TCsl C POCTOM .
[Ipumep 1. Jloka3zaTs cCXOAUMOCTB piaa

= i
Zn(n+l)

n=1

U HAlTH €T0 CyMMYy.
P e w e nue. Bocnonb3yeMmcs onpeieneHleM CXOIUMOCTH psiia M €0 CyMMBI, IJIsl 4eTO BBIUUCIMM YaCTUYHYIO CyMMY ITPOM3-
BOJIBHOTO (1-T0) mopsiaka. IIpeoOpazyem oOmtwii wieH psaaa K BULY

i :i(n+1)—n:i(l_ 1 j
n(n+1) n(n+1) n n+l

" CJIOXKUM IMCPBLIC 11 YJICHOB. HpI/I 9TOM MbI 06Hapy)KI/IBaCM, YTO WICHBI, HAYMHAasA CO BTOPOTO U KOHYAd MPEANOCICIAHUM, 6y[[yT B3a-

WMHO YHUYTOXKAThCS:
S, =i 1—l + 11 +..+ L + 1.1 =i|l- ! .
2 2 3 n-1 n n n+l n+l

Tenepb BbIYMCISAEM CIEAYIOINN TPEIET:

lim S, = limi|1- ! =i.
n—»o0 n—>0 n+1

Takum 00pa3om, psij] OKa3aucs CXOIMMCS U ero cymma S =1 .
[MIpumep 2. HccnemoBath CXOAUMOCTH psifa

Peuwenue. I[aHHLIﬁ pAaa COCTOUT U3 HeﬁCTBHTeﬂbHBIX YHUCCJII; UCCIICJOBAHUC pa306B€M Ha HCCKOJIBKO 3TaIloB.



1. TloBeneHUe YaCTUYHBIX CyMM psifia ONPENEITUTCS CICAYIOIICH OLIEHKON ero 00IIero uieHa:

l>1n(n+1)—1nn.
n

2. I[OKaBaTCJ'ILCTBO JTOU OLICHKU OCHOBAHO Ha HCPABCHCTBC

In(1+x)<x, x>0, (8.1.2)

KOTOpPOE MBI ceiiYac YCTaHOBHM (UHTATEII0 PEKOMEHAYETCS M300pa3uTh TPa(UKH JICBOW W MPaBOW YacTH HEpaBEHCTBA). PazHoCTh
JIeBOM U mpaBoi gactei (8.1.2)

y(x)=In(l+x)—x

1
— y6biBarorast pyHKIHMS, TIOCKONIBKY y'(x) = —1—1 <0 mpu x>0.
X+

Kpowme Toro oueBnano, uto »(0)=0; 3HaUUT pa3zHOCTh y(Xx) ocraercs orpuuarenbHou: In(l+x)—x <0 mpuBcex x>0.3T0 U

YTBEPkKAAIOCh B cooTHOLIeHuH (8.1.2).

3. Boibupas x = 1 B (8.1.2), uMeeM HepaBEHCTBO
n

l>1n[1+lj=1n’“rl ~In(n+1)—Inn,
n n n

JUTS OOIIETO WIeHa PsAfa, KOTOPOE MBI M XOTENN YCTaHOBUTb.
4. Tenepp yacTU4YHAsE CyMMa 1-T'O TOPsAKA

n

S, =l+—+—+..+
2 n-1 n

HUMCCT OLICHKY CHU3Y

S,>(n2-Inl)+(n3-In2)+...+
+(Inn—-In(n—-1))+(n(n+1)—Inn) =In(n+1),

OTKYJa BBITEKaeT, uTo S, —> o0 BMecTe ¢ In(n+1) mpu n—> .

Wrak, uccnenyemslil psa pacXxoguTcsl.

3amMeuaHue. YKazaHHbIN psil Ha3biBaeTcs rapMoHuueckuM. Hibke Oyner paccMoTpen Oosiee oOInuii ciay4dail Tak Ha3bIBae-
Moro psna Jupuxiie (MHa4e Ha3bIBaeMOro 0000IIEHHBIM TaAPMOHHYECKHUM PSIIOM).

2°. YcTaHOBHM HEKOTOpBIE CBOMCTBA CXOAAMMXCS pstoB. I1yCTh 1aHb! MPOM3BOJIBHBIE KOMIUIEKCHBIE YHCIA T, P M CXOMSIIHECS

YHCJIOBBIC PSAOBI

iun, ivn, (8.1.3)
n=1

n=l

CYMMBI KOTOPBIX paBHbl U U V' COOTBETCTBEHHO.
Torna psn

3 (tu, +pv,) (8.1.4)
2

CXOIUTCS U ero cymma pasHa tU +pl .
Jloka3aTenbeTBO JIETKO CIERYeT U3 ONpPeAeICHUH CXOAUMOCTH B CyMMBI psina. Mckmrounm u3 paccMoTpenus cnydail t=p=0, B

KOTOpOM
YTBEPIKICHUE CTAHOBUTCSI OYEBUIHBIM (CyMMa psijia, COCTOSIIETO M3 HyJIeH, paBHA HYJIIO) U 3allUIIEM A-F0 YaCTHYHYIO CYMMY HCCIie-
nyemoro psiaa (8.1.4):

S, =(uy +pv) + (tuy +pvy) +...+ (T, +pv,) =

=t(u +uy +.+u,)+pv,+vy +...4+v,)=1U, +pV,,

rae U,, V,, —9acTHYHBIE CYMMBbI COOTBETCTBYIOMMX PAa0B (8.1.3). B cumy ux cxoanmMocTy nMeeM

lim §, = lim tU, + lim pV,, =tU +p/V.

n—o0 n—>x0 n—>x0

Uraxk, psinx (8.1.4) okazaics (Ha OCHOBaHHMHM OIIPEAEIeHHs) cxoasmmmMmces kK cymme tU +pV.



B gactHocty, npu p=0, t# 0 momyyaeMm 4To psg
0
S,
n=1
HMEET TO XK€ MOBEJCHHE, UTO U
o0
2t
n=1

Ecnu ncxomHsIi psii ObIT CXOMSIIMMCS, TO €0 CyMMa YMHOXKHTCS Ha T.
3°. Hycts w, =u, +iv,, n=1,2, ..., Tak 9TO u, — JEHCTBUTENbHAA, a v, — MHUMAs yacTH w, . Psn (8.1.1) Torma MoxHO 3a-

mUucaThb B BUAC

0
Z(un +iv,).
n=1

[Ipumensist noka3aHHoE B 1. 2° cBoiicTBoO, MIOJIy4aeM CIEAYIOIIEE YTBEPKICHUE.
Ecnu cxonsrcs paasl

iu”, ivn, (8.1.5)
n=1 n=1

COCTaBJICHHBIE U3 ICHCTBUTENBHBIX U MHIMBIX YacTeH MOCIEI0BATENLHOCTH W, , TO cxomutes u psaf (8.1.1).

Bepno u obpatroe: ecnu cxoxutces psx (8.1.1), To mMeeT MecTo cXxoauMocTh o0oux psamoB (8.1.5); yTBepxkaeHue (Kak, BIpOUeEM,
U TpeAblayliee) BhITeKaeT U3 CBOWCTB M. 2 U 3 maparpada 2.2, OCKOJIbKY MOCIIEI0BATEILHOCTH YaCTHYHBIX CyMM (7-TO TIOPSIKA)
psnoB (8.1.5) npeacTaBasioT co6010, COOTBETCTBEHHO, IEHCTBUTENIBHYIO U MHUMYIO 4acTh CXOMAIIEHCS OCIe0BaTENbHOCTH S, .

4° Tlo 3alaHHON OECKOHEYHOU MOCIIE0BATENbHOCTH {W, } TIOCTPOUM Tenephb P BUIA
Wysl T Waio +ees (8.1.6)

roe N =1,2,... u Ha3oBeM ero N-m octarkoM psiaa (8.1.1); nabimu cioBamu, N-it ocrarok (8.1.1) ecTs psij, HONy4YeHHBIH 0TOpachIiBa-

HHEM NEPBBIX N YJIEHOB.
O0o3HauuM npu 1> N depe3 Sy, 1-10 YACTUUHYIO CyMMYy psna-ocrarka (8.1.6)

Syn =Wyt t W,
U, B CIIy4ae ero CXoquMOCTy, 4epe3 R = Ry — CyMMy 3TOro psja, T.e.

Ry =1lim Sy .
n—>0

HoxaxeMm, uto pso (8.1.1) cxooumes moeda u monvko moeoa, Koeoa cxo0umcs Kaxcowviil e2o psod-ocmamox (8.1.6). Ipyrumu
CJIOBAaMH, YCTAaHOBUM, YTO 0mOpAculéaHue uiu 000aeieHue KOHeuHo2o yucia (nepevix) uieHos He GIusiem Ha CXOOUMOCMb OAHHO20
psoa.

[eiictBuTtensHo, ipu 7 > N yactudHasg cymma psga (8.1.1) ects

Sy =Wt twy twyg ot w, =Sy + Sy,

OTKyZa clenyer, uto S, u Sy, OTINYaIOTCAd Ha (PUKCUPOBAHHYIO BEIMYUHY S , @ 3HAUUT OJHOBPEMEHHO MMEIOT WU HE UMEIOT
nipenen npu 1 — oo . Wrax, psnst (8.1.1) u (8.1.6) cxonsarest uim pacxoasaTcsi OAHOBPEMEHHO.
YCTaHOBUM TakXkKe CIEIYIoee CBOMCTBO ocTaTKa: eci (8.1.1) SABisieTcss CXOIAIMUMCS, TO

lim R, =0.

N—>ow

JeHCTBUTENBHO, €CIIU TIEPEUTH K NPEAENTY IPU 72 —> 90 B TOJIBKO YTO yCTAHOBJIEHHOM paBeHCTBE S, =Sy + Sy ,, TO NOTy4nM
S-Sy =Ry, tne R, cymma N-ro ocrarka. Teneps, ycrpemiisii N — 00 B IOCJIEAHEM COOTHOIIEHUHN M ITOIL3YICh CXOIUMOCTBIO (K
N N N

cymme S ) psiaa (8.1.1), umeeM cTpemileHHE K HYJIIO [TOCIEA0BATENbHOCTH Ry , YTO U YTBEPIKAAIOCh.

5°. B uensix MONHOTHI H3I0KEHHs IPUBEIEM 371eCh elie pa3 GopMyTHPOBKH HEOOXOAMMOTO MPH3HAKA CXOAMMOCTH PSAA M 10C-
TATOYHOT'O MPU3HAKA PACXOIUMOCTH, JOKA3aHHBIX B maparpade 2.3.

Heobxooumvlit npusnax cxooumocmu psioa. Eciu psn (8.1.1) cxoauresi, TO CyIIECTBYET mpees (P # —> 00 ) ero 00IIero uie-
Ha W, , IpHYeM

lim w, = 0.
n—»0

OOpaTHOE yTBEpKIECHHE HEBEPHO.



Hocmamounwuii npusnax pacxooumocmu. Eciu

lim | w, |0 (8.1.7)

n—>»0

(Wi eci| ATOT MpeJelT He CymecTByeT), To psix (8.1.1) pacxomutcs.
6". CyMMa reOMeTpHYeCKOil POrPEeCCHH.
[TycTh @ ¥ g — HeHyNIeBble KOMIUIEKCHBIE Yrcia. PaccMOTprM OECKOHEYHYIO FEOMETPHUYIECKYIO TIPOTPECCHIO

2 n
a,aq,aq”, ..., aq , ...,

Ps, COCTABIEHHBIN U3 €€ YICHOB
o0
a+aq+aq2+...+aq”+...=Zaq”, (8.1.8)
n=0

" UCCJICAYEM €ro CXOAUMOCTb.

Cnyuait 1: |q|>1;BoTOM ciyuae |aq” |=|a|-|q|">| a|. MoryTr npeacTaBuThCs ABE BO3MOKHOCTH: JIMOO

lim | aq" |
n—>0

HE CYILECTBYET, JIMOO OH CYIIECTBYET U COIJIACHO HEPaBEHCTBY | ¢ |>1 ero 3HaueHuHe He MeHblIe uucna | a |> 0. B oboux ciyyasx,
[0 JOCTaTOYHOMY MPH3HAKY PACXOAUMOCTH psija, moixy4daeM, uto (8.1.8) pacxogures.
Cnyuaii 2: |q|<1;B23TOM ciy4ae n-s yacTH4Has cymma psiza (8.1.8) nmeer Bun
n

_a(-q")

S, =—"
1-¢

(opmyna cyMMBI IEPBBIX WICHOB I€OMETPHUYECKOIN IPOrPECCUH M3BECTHA U3 IIKOJIBHOIO Kypca, IIPUYEM €€ J0Ka3aTeIbCTBO COXpa-

HACTCA U JIA nporpeccm‘/i C KOMIIJICKCHBIMH ‘lHeHaMI/I).
Brrunciaum TCHEPb MPCACI MOCIACAOBATCIIBHOCTH YaCTUYHBIX CYMM

lim S, = L(l— lim q"j.

n—oo = q n—ow

[Mocnennuii mpeen CymecTByeT, Tak Kak 04eBUAHO, 4to lim ¢" =0 mpu | ¢|<1. Teneps
n—w

. a
lim S, = ,
n—m 1- q
T.€. PSII OKA3aJICS CXOISIIUMCS K CyMMe
a
S= .
1-¢

Urak, M1 ycraHoBmid, 9to paf (8.1.8) ¢ a # 0 sBisercs cXoOsMImuMcs TOTAA M TOIBKO TOTAa, Kornaa | ¢ |<1 u Hamum B 3TOM

cllyyae ero Cymmy.

8.2. CXOANMOCTbD PAAOB C INTOJIOKUTEJBHBIMHA YWIEHAMHA

1°. PaccmoTpuMm ciyuaii, Koraa psia
Da, (8.2.1)

COCTaBJICH W3 ACHCTBUTEIBHBIX IOJIOKHTEIBHBIX YHCEIN, T.€. TMOPOXKAEH IMocienoBaTelbHocThiO {a,}, a, € R,a, >0, n=1,2,...;
TaKOH psAA HAa3bIBAIOT 3HAKOMOJIOKUTENbHBIM. O003HaUUM uepe3 S, JacTUYHYIO CyMMY psia #1-To IOpsiIKa.

B Bomnpocax uccieoBaHuUs 3HAKOIIOI0KUTENIBHBIX PAZOB HOTPeOyeTCsl CleqyIOee BCIOMOTaTeIbHOE YTBEPKICHUE.
Jlemma. Ecnu nocienoBarensHOCTh {S,} orpaHndeHa cBepxy, To psax (8.2.1) cxogurcsi.

HJoxazatenbcTBOo. C pOCTOM 1 MOCIENOBATENBHOCTD {S,} BO3pAcTaeT, TaK KaK B YACTUYHOH cymMMe OyayT JOOaBIIATHCS

ITOJIOKUTCIIbHBIC YJICHBI. KpOMe TOT'0, IO YCJIOBHIO, 3Ta MOCJICAOBATCILHOCTL OrpaHUYCHA. HO, KakK M3BCCTHO M3 aHaliu3a, BCAKas

BO3pacTaroniad orpaHu4CcHHasd mocjaca0oBaTCIbHOCTb UMECT MPCACII; B HAIIEM CJIy4ac CyIICCTBYCT (KOHe'-IHBIfI) npeaci Buaa lim Sn .
n—»o

3T0 1 03HaYaeT CXOIUMOCTh psiaa (8.2.1).

2°. OnuuM U3 COCOBGOB HCCIIEOBAHMS CXOAMMOCTH 3HAKOMOKUTEILHOIO PAa ABIACTCS CPaBHEHHE €ro oOLIero wieHa ¢ 00-
IIMM YICHOM HEKOTOPOTO Psijia ¢ M3BECTHBIM moBeneHUeM ('3TamoHHOoro psiaa'). [IpuMepoM STalOHHOTO SABJISICTCS PAI, COCTABJICH-
HBIIl 13 4JICHOB OECKOHEYHOH reoMeTpudeckoid nporpeccuu (1. 6 maparpada 8.1). [Ipyrue npuMepsl CMOTPUTE B KOHIIE HACTOSIIIIETO
naparpada.



Teopema 1 (cpaBHeHus). IlycTp JaHbI 1Ba 3HAKOMOIOKUTEIBHBIX Psilia

Da, (8.2.2)
n=1
u
>b,, (8.2.3)
n=1
U IpH Bcex n =1, 2, ... IMEET MECTO HEPABEHCTBO
a,<b,. (8.2.4)

Torma: 1) ecu cxomutes psx (8.2.3) (x HeKoTOpOit cymme B), To cxomutes u psf (8.2.2) (K HEKOTOPO# cyMMme A); TP 3TOM IS
UX CyMM UMEET MECTO COOTHOIIeHne A< B ;

2) ecnm psn (8.2.2) pacxonuTes, TO pacxoautcs u pan (8.2.3).

3ameuanue. CormacHo cBOUCTBY m. 4 maparpada 8.1 (oTOpachiBanne Wi 100aBlIeHNE KOHEYHOTO YHCIIa YICHOB HE BIIMSET
Ha CXOJMMOCTD PsiJia) YTBEPIKICHHE TEOPEMbI UMEET MECTO, €CJIA COOTHOIIEHHE (8.2.4) BBIMOTHICTCS HE MPH BCEX /1, a JIUIIb HauuHas
C HEKOTOpOro HoMepa N.

HJoxkaszartenncTBo. 1) Ecmm psn (8.2.3)cxomurcs, TO mOCIE0BaTeNbHOCTh {B,} €ro 9aCTWYHBIX CyMM (KaK CXOZSIIASCST

MIOCJIEI0BATENILHOCTE) OTPaHUUYECHA CBEpXy HeKoTopoil moctosiHHoW C: B, < C . Ecnu Takxke {An} — MOCJEI0BATENbHOCTh YaCTHY-
HBIX cyMM psafa (8.2.2), To u3 HepaBeHCTBa (8.2.4) BBITEKAET, 4TO

A4,<B,<C (8.2.5)

npu Beex n. CrieioBaTesbHO, MOCeI0BATEILHOCT {An} OrpaHUYEHA CBEPXY, a Toraa 1o Jemme 1. 1 psaa (8.2.2) cxomaurcs. [lepexost k

npezneny B HepaBeHCTBe (8.2.5), momydaem takke 4 < B . YTBepxkaenue 1) ycTaHOBIEHO.
2) Ecmu psan (8.2.2) pacxoaurcst, To (8.2.3) He MOXKET OBITH CXOISIIUMCS IO JI0Ka3aHHOMY YTBEpIKAEHHIO 1): TOT/a, COrJIacHO
(8.2.4), 06s13an ObL1 ObI cxonuThes 1 psif (8.2.2). Teopema 1 momHOCTHIO TOKa3aHa.
3°. Teopema 2 (cpaBHEHMs B HpeebHOM (popme). IIycTh NaHBI Ba 3HAKOIOIOKHUTENBHBIX psina (8.2.2) u (8.2.3), npudem
CYIIECTBYET MpeJiesl BUaa
a}'l

L=lim=e, 1>0, (8.2.6)

n—0

Torpa psiast (8.2.2) u (8.2.3) cxomsTcest MM PacxosTCsl OAHOBPEMEHHO.
JHoxazarensctBo. CormacHo (8.2.6) u onpeneneHuro npeaena, i kKaxaoro € >0, e < L cymiectByer HoMep N , TaKO# 4TO He-

paBeHCTBO

G _

<eg

n
UMeeT MecTo Ipu Beex n > N . M3 nmociaeqHero cooTHomeHus! (IpH yKa3aHHbBIX /1) BHITEKACT, UTO

a
—s<b—”—L<£,

n

Wi, OJHOBPEMCHHO,

a, <(L+g)b

(8.2.7)

n’ n n*

b, < !
L
CornacHo BeIOOpY € mMeeT MecTo orleHkn L+&>0 u L—¢> 0. Torma mo cBoiicTBy 1. 2 maparpada 8.1 psim ¢ oOmmm wieHoM

(L—¢)a, Bener cebds Tak xe, Kak (8.2.2), a pan ¢ uneHamu (L +¢)b, — xak (8.2.3). Teneps, B cuily TeopeMs! 1, iepBoe HEPaBEHCTBO

B (8.2.7) Oyner o3Havarh, uTo U3 cxoauMocTH (8.2.3) BeITeKaeT cxoquMocth (8.2.2), a u3 pacxoaumocTH (8.2.2) — pacxoauMocThb
(8.2.3). AHanornuHble yTBEPXKICHUS CIEAYIOT U3 BTOPOTo HepaBeHCTBA B (8.2.7), ecnu "momensaTh poisiMu” (8.2.2) u (8.2.3). Takum
o0pazom, moBeneHue psaoB (8.2.2) u (8.2.3) — OAMHAKOBO, YTO U YTBEPIKAATIOCH.

IMIpumep 1. UccnenoBath CXOAUMOCTS psifa

Pewenue. OueHuM cBepxy OOLIMIA WIEH psia:

(2 (1) (1)
2"n n n)\2 2

Pan Buna



0 1”
235

n=l

. 1
COCTaBJICH U3 WICHOB I'COMETPUUCCKOU MPOrpeCCrU C MECPBLIM YICHOM d = 3 W 3HAMeHaTeseM q= E , MCHbIIIUM C€AWHUIIBI; CJICO0Ba-

TEJIBHO 3TOT psAxA cxoautcs. 1o Teopeme 1 cpaBHEHMs TOTAa CXOANUTCS U AAHHBIN pA.
IIpumep 2. HccnenoBaTh CXOAUMOCTH psfa

i#

5 .
wo o +3n+1
Pewenue. Ilpu GonpImx 3HAUCHHUAX /1 IOBEJCHNE OOIIETO WICHA Psia

n
a

e
n® +3n+1
OIIpeIeTIsIeTCsl TIOBEICHUEM CTapIIMX CTEIEHEH MmapaMeTpa /1, YT0 HABOJUT Ha MBICIb PACCMOTPETh MOCIE0BaTeIbHOCTh {b,} C 00-

UM YICHOM

¥ CpaBHUTH (Ha OCHOBAHWM MPU3HAKA B MPENEIbHON (hopMe) TaHHBIN sl C

9
n=1 n

HOCHGHHI/Iﬁ (FapMOHH‘IeCKHfI) psAd, KaK YCTAHOBJICHO BBIIIEC, SABJIACTCS paCXOAAIUMCS. Hmeem

.a . n 1
L=1lim-2= hmz—:—:
n—>0 bn n—w p +3}’l+1 n

. n? . n’
=lm———=lm————————=
no>opn® +3n+1 oo p(14+3/m+1/n")

T.e. L+ 0, OTKyIa 3aKiIfo9aeM, 9TO IMOBEICHIE CPABHUBACMBIX PSIIOB OJMHAKOBO, a 3HAYNT JAHHBIN PSI PACXOIHUTCS.

4°. Vicnonb30BaHHEe TPU3HAKOB CPABHEHHS 3HAKOMOIOKHTENBHBIX PAIOB MPEANONAraeT HAIMYME HEKOTOPOTO JTATOHA JUIA
cpaBHeHUsl. BbUIO OBI TIOJIE3HO JOMOIHUT CIMCOK IMPU3HAKOB TAKUMH, KOTOPBIE TO3BOJISUTH OBl MCCIIEI0BATh MOBEJCHUE Psi/ia, HCXO-
ISl TAIIb U3 BUA ero o0riero wieHa. Takue mpu3HaKy MPEeNIaraloTcs B HACTOSIIEM U CIEAYIONIEM IIyHKTaxX maparpada.

[TycTp nan 3HAKOMOMOXKHUTENBHBIN paf (8.2.1).

Teopema 3 (pagukansHbiii mpusHak Kommwm). [lycTs cymiecTByeT npenen Buaa

K = lim%/a, . (8.2.8)

n—»0

Ecmu K <1, to psin (8.2.1) cxomurcs; eciu ke K > 1, TO psiJi pacXOTUTCS.

3ameuanue. B cnyuae K =1 npusnak Komm He gaeT oTBeTa Ha BOIPOC O CXOJUMOCTH Pslia: CYIIECTBYIOT IPUMEPHI Kak
CXOJIAIINXCS, TaK ¥ PACXOIAIINXCS PSIIOB, s KOTOPHIX K =1.

HoxazatrensrcTBoO. CormacHo (8.2.8) u onpeaencHuIo npenena, s kaxaoro € >0 cymecTByer Homep N , TAKOH 4TO He-
paBEeHCTBO

|‘n\lan _I<|<8

HMEET MEeCTO Ipu Bcex #> N . M3 mocneHero cooTHOmeHus (IpH yKa3aHHbBIX /1) BHITEKACT, UTO

K—-e<%a, <K+e. (8.2.9)

Cnyuaii 1: K <1.Bsuny npousBoipHOCTH BBIOOpa € monoxuM 0<g<1-K u obo3HaunMm ¢ =K +¢, Tak uto 0<g<l1.
U3z (8.2.9) BrIte-
KaeT Torma, uto a, < (K +¢)" wim a, <q" npu Bcex n> N . [TocKoJIbKy CyMMa YICHOB TEOMETPUYECKOU MPOTrpeccHn
»
R
n=N+1

SIBIISICTCS CXOMSAIIMMCS PSIJIOM, TO 10 TIEPBOI TeopeMe CpaBHEHUS (CM. TaKkXkKe 3aMedaHue K Heil) cxoaures u psix (8.2.1).
Cnyuai 2: K>1.B stom ciyqae BeiOepeM € Tak, 9o 0 <e <K —1 u obo3nHaumm Q=K —¢, tak uro O >1. U3 (8.2.9) BHI-

TeKaer Torxa, uto a, > (K +¢)" wnmu a, > Q" npu Bcex n > N . Ho B 3ToM citydae uieHsl psija (8.2.1) He MOTYT CTPEMHTBCS K HYJTIO



U PSIA PACXOJUTCS 1O JOCTATOUHOMY IPU3HAKY PACXOAUMOCTH.

Teopema NONMHOCTHIO JOKa3aHa.
Teopewma 4 (npusHak Jlamambepa). IlycTh cymecTByeT mpesesn Buaa

D = lim 2L (8.2.10)

n—>0 an

Ecmu D <1, to psin (8.2.1) cxomurest; ecmu ke D > 1, TO pSI pacXOTUTCA.
3ameuanue. Bcemyyae D=1 (momo6Ho mpusHaky Komrn) Teopema 2 He JaeT OTBETa Ha BOIIPOC O CXOJMUMOCTH PsIa.

JlokazaTenbCcTBO MBI HE IPUBOJIUM, HO €0 MJes Ta )K€, YTO U B ciydae TeopeMbl 1. OTMETUM TONIBKO (3TO MOTpedyeTcs B Aaib-
HeimeM), 9ro mpu D >1 pacxoAuMOCTb psAlja UMEET MECTO BBHY HapyIIEHHs HEOOXOAMMOro MPH3HAKa CXOJUMOCTH — JIOCTATOYHO-
To IpU3HAaKa PacXoAUMOCTH (CM. ToKa3aTelbcTBO npusHaka Komm).

IIpumep 3. UccnenoBaTrs CXOAUMOCTH pAAA.

2
n
i n+1
n

n=1

Pew enue. VMeeMm 3HAKOIOIOKUTEIBHBIN P ¢ OOIIAM YWICHOM
2
n
_(n+1
a, = s
n

B KOTOPOTO HABOJAUT HA MBICJIb UCIIOJIB30BAaTh IPU3HAK Komm. meem

K =lim %a, = lim(n+1j =e.

n—» n—»0 n
IMockoneky K =e=2,71...>1, TOo naHHBIA ps paCXOJUTCS.
5°. Crenyrommii Npu3HAK MO3BONSET CBECTH BOMPOC 06 HCCIEIOBAHHH CXOIMMOCTH 3HAKONOJNOXKUTEILHOIO psia K Gojiee 3Ha-

KOMOI1 3a71a4e 00 HcCe0BaHUN CXOAMMOCTH HECOOCTBEHHOTO MHTETpaJIa.
PaccmoTpuM aHanMTHYECKOE BEIpaXKeHHE 001ero wieHa «, (($popMmyiy, KOTOpoi oH 3amaH) psna (8.2.1) n 3aMeHuM B Hell n Ha

x . B pesynprare nmomyunM HeKoTOpyto GyHKIMIO a(x). IlycTs 3Ta (yHKIMS HETIpephIBHA U yOBIBAECT HAa IPOMEXKYTKE [1,+ ©) .

Teopema 3 (uaTerpanbublii npusHak Komm). Ecin HecoOCTBEeHHBIN MHTETpall
0

I a(x)dx (8.2.11)
1

cxoautcs, To cxonutes u pax (8.2.1); ecnu sxe uaTerpai (8.2.11) pacXoautcs, TO pacCXOIUTCS U PSI.
JlokazaTrenbCTBO OCHOBAHO Ha CJIEAYIOLIEM HEPABEHCTBE:!

S,—a < [a(x)dx<s,. .
1

UTtoOBI ero I0Ka3aTh, UCIIONB3YEM CIEIYIONINe pacCyKICHNS TeOMEeTpHIecKoro xapakrepa (cm. puc. 8.2.1).

E.
y=a(x)

Puc. 8.2.1

n
3HayeHue Ia(x) dx ecTh TIIONIA]b KPUBOJIMHEHHOW Tpanenny, OrpaHUueHHON CBEpXY rpakoM ) = a(X), OCHOBaHHEM KOTO-

1
poti siBisiercst oTpe3ok [1,n]. Touku ¢ koopauHatamu (#n,a,) pacmoyioKeHsl Ha rpaduke y =a(x), a



S

ITepBoe ciaraemoe a, =1-a, YHCICHHO PAaBHO ILIOIIAIH MPSIMOYTOJIBHHUKA, OCHOBAaHHE KOTOPOTrO €CTh O0Tpe3ok [1,2] ocu abce-

n—ap=4ay +a3 +...+an.

IIMCC, a BBICOTA /i paBHA a, ; BTOPOH WICH — IUIOMAAN HPSMOYTOJBHUKA ¢ OCHOBaHWEM [2,3] M BBICOTOH /= aj;...; TOCIEIHUNA
YIEH CyMMBI @, YUCIEHHO COBHAJAET C IJIOIIAJABI0 IPSIMOYTOJIbHHUKA, HIMEIOIEr0 OCHOBAHUEM OTPE30K [n—1, 1] U BBICOTY, paBHYIO

, - Ilomyaennas ctynendarast ¢urypa (cM. puc. 8.2.1), cocrodmmas u3 yKa3aHHBIX IPSIMOYTOJIBHUKOB, SIBISETCS BIMCAaHHOW IO OT-
HOIIICHUIO K KPUBOJIMHEIHOHN TpaIelyy, a 3HAYUT UMEeT IUI0IIalb, MEHBLIYIO, YeM KPUBOJIMHEHHAs Tpallels, TaK YTO HEPaBEHCTBO

S,—a; < Ia(x)dx

JTIOKa3aHo.

AHanoru4Hel paccykKIeHUs B Cllydyae BTOpOro HepaBeHCTBa: cymma S, =1-a,+1-a, +...+1-a,_; 4ucCIeHHO paBHa ILUIOIAIU
OIMCAHHOH CTyTIeHYaToi (GUTYpHI, COCTOAIICH U3 MPAMOYTOJIFHIKOB, OCHOBAaHUS KOTOPEIX — oTpe3ku [1,2], [2,3],...,[n—1,n], a BeICO-
TBI PaBHBI, COOTBETCTBEHHO d;, d;, ..., d,_; , TAK 4TO IUIOMIAb 3TOH (GUryphl O0JIbIIE, YeM IUIOIIaAb KPHBOIMHEHHOH TpanenuH.

B ciydae cxoquMOCTH HECOOCTBEHHOTO MHTErpalia M3 HePaBeHCTRA

S, <aq +Ia(x)dx< a +Ia(x)dx
1 1

MOTy49aeM OTPaHMYCHHOCTD MOCJIEI0BATEIFHOCTH YaCTUYHBIX CYMM H, CIIEAOBATEIBFHO (HAa OCHOBAHUHM JIEMMEI II. 1) ee cxoauMocTs. B
Clly4ae ’k€ pacXOANMOCTH HECOOCTBEHHOTO MHTETpaNIa M OLICHKH

n
8,1 > [a(x)dx
1
HMMEEM HEOTPaHW4YEHHOCTb §,,_; , @ 3HAYUT, PACXOAUMOCTD Psifa.

Urak, psin Beaet cebst Tak ke, Kak HecoOCTBeHHbIH mHTerpa (8.2.11), uTo u TpeboBaIoCh T0Ka3aTh.
IMpumep 4. Paccmorpum psiz (HazeiBaeMbli psiioM [upuxiie)

0

zip, peR. (8.2.12)

n=1"7

Hoxaxem, gro psix (8.2.12) cxogures mpu p >1 U pacXOAWUTCS TIPH OCTANBHBIX TEHCTBUTEIBHBIX 3HAYCHUAX D .

Haunewm co cnyuast p >0, p#1 u npumMeHnM HHTErpaibHbIM npu3Hak Komu. 3aMenss B 3amucu o0IIero wieHa psjga #» Ha X,

1
noxyuuM QyHKOuio a(x) = —,» X€ [1,+ ) . fIcHO, 4TO Ha yKa3aHHOM MpoMexyTKe GpyHKuus a(x) HemnpepbBHA U yObIBaeT. Mccre-
X

JyeM Terepb HecoOcTBeHHBIN uHTerpan (8.2.11).
Ecmu p>1, 10

Ta(x)dx = Tx%dx =

1

1

T |T
lim -1|= .
1—pTo+o T-r p—1

lim [xPdx= lim 2
T+ t T—+0] — p|

Urak, uccieayeMblii HHTETpall 0Ka3aJcsi CXOASIUMCS, OTKY/Ia U CIeTyeT CXOTUMOCTh psa (8.2.12).
Ecmu 0< p <1, To TOT K€ MHTErpa BEIYUCIISETCS B BUC

o0

Ia(x)dx= 1_1

1

lim (7177 —1) = +o,
T—+o

OTKYyZa CIeIyeT PacXOIUMOCTh Psijia.

. 1
B ciyqae p =1 cHoBa mpuMeHsieM WHTETpaibHbIH mpr3Hak Komm ¢ a(x) =—:
X

ja(x)dx = I— = lim (Inx)] = lim In7T = 4o,
1 1 X T—+0 1 T—+0
Tak 4To psx (8.2.12) pacXxomurcs; TeM caMbIM ellle pa3 YCTaHOBJIEHA PACXOJUMOCTh TapMOHHYECKOTO PsAa.

Haxorer, ipu p <0 uMmeeM a, =n 7 21, Tak 4T0 OOLINI WICH psiia HE CTPEMUTCS K HYIIIO, & TOTAA PSII PACXOIUTCS IO HOCTa-
TOYHOMY MPHU3HAKY PACXOAUMOCTH.

3amevyanue. Ecau x rapMoHnYecKoMy psity IpUMeHHTH npru3Haky Komm n [lanamGepa, To, Kak HETPYIHO ITPOBEPHUTH, O-
nyuntcsi coorBeTcTBeHHO K =1 m D =1. B 10 %€ Bpems ycnoBus K =1 u D =1 BBITONHSIOTCA W AJIS WICHOB cxojsmerocs (p > 1)
pana Jupuxie. [IpuBeneHHbIe MpUMepbI MIOATBEPIKAAIOT paHee CeTaHHbIi BBIBO, YTO MO OJHOH TONBKO MHpopMalmu Buga K =1 u
D=1 o moBeneHny psifa CyIUTh HEJb3s; CIEAYET IPOBECTH AOMOIHUTEIBHOE HNCCIEIOBAaHNE: HAPUMEpP, IPUMEHHUTh JpyTHE MpH-
3HAKH.



8.3. ABCOJIIOTHAS ! YCJIOBHAS CXOANMOCTD

10. PaCCMOTpI/IM 3HAKOIIOJIOKUTCIIbHYTO MOCIICA0BATCIIbBHOCTD

{a,}, a, €R, a,>0, n=1, 2, .... (8.3.1)
Pan Buna
aj-ay+ay—..+(-1)""a, +..= Y (-1)"q, (8.3.2)
n=1

Ha3bIBAETCs 3HAKOUEPEAYIOIMMCs. J[0CTaTOUYHBIM PU3HAKOM €T0 CXOAMMOCTH SIBJISAETCS CIEAYIOmunil npu3Hak JIeiOHna, KOTophIi
MBI IPUBOANM 0€3 10Ka3aTeIbCTRa.
Teopema 1. Ecnu nocienoBarensHocTs (8.3.1) siBisiercst yObIBaromei n

lima, =0,
n—>0

TO 3HaKouepexyoumiics psx (8.3.2) cxogurces.
HHpumep 1. PaaBuna

1 1
l——+—— . 4+ (=D —+... 833
>3 (=D " (8.3.3)

. 1
SBJISIETCSA CXOIAAIINUMCS, ITIOCKOJIBKY BBITTOJTHEHBI 00a ycCJI0BUs TIPU3HAKA .HeI/I6HI/II_IaI IMOCJICA0BATCIIBHOCTDb {— ABJIACTCS, OUCBUIHO,
n

yOBIBaIOIIIEiT U MIMEET MECTO COOTHOIIICHHUE
1
lim —=0.
n—o n

20, PaccMoTpuM psn U3 NeMCTBUTENBHBIX YACENT

iu,,, (8.3.4)

n=1

Cpe/r YJICHOB KOTOPOTO MMEIOTCS KaK ITOJIOKHTENbHbIE, TaK M OTPHULATENbHBIE YMCIIa; TAKOW PSJ Ha3bIBAeTCs 3HAKOIEPEMEHHBIM.
PaccMoTpuM Takke psifi, COCTAaBICHHBIH M3 a0COMIOTHBIX BENWYMH WwieHOB (8.3.1):

D, (8.3.5)
n=1

ByneMm cunTath, 9TO KOIMYECTBO KaK MOJOXKHUTENBHBIX, TaK U OTPHUIIATEIFHBIX WICHOB B (8.3.4) sBIsieTcss 6ECKOHEYHBIM, TaK KaK
B MPOTHBHOM CJTydae BOIIPOC O CXOAWMOCTH CBOJHTCS K CIIydaro 3HaKOIOJIOKUTENbHBIX psiioB. B camom zerne, eciu, HanmpuMep, Ko-
JIUYECTBO MOJIOKUTEIHHBIX WIEHOB B (8.3.4) oka3bIBacTCA KOHEUHBIM, TO, HAUMHAsI C HEKOTOPOTO HOMeEpa, BCe WJIeHHI psna OyayT oT-
punarenbHBIMA. Tora MOBeAeHUE psAAa ONMpenessieTcsl MOBEACHHEM 3TOro octaTka (cBoiicTBo m. 4 maparpacda 8.1), cocrosiero
TOJIBKO M3 OTPHLATENBHBIX WICHOB. ECiM jke M3MEHHTh 3HAaKN BCEX WICHOB psiia — OCTAaTKa Ha MPOTHBOIOJIOXKHBIE, T.€. YMHOXHUTH
BCe WieHbI Ha (—1), TO ero moBeneHUEe He U3MEHHUTCS (CBOWCTRBO 11. 2 maparpada 8.1). Takum 0Opa3oM, BOIIPOC CBEACH K HUCCIICAOBA-
HHIO CXOANMOCTH IIOJIy4€HHOT'O 3HAKOIOJIOKUTENBEHOTO PAfa.

Teopema 2. Ecou cxomurcs psx (8.3.5), To cxomures u psx (8.3.4).

CxomumocTs psiaa (8.3.4) B 3TOM ciydae Ha3bIBaeTCsl a0COMOTHOM.

OO0paTHOe yTBepKICHHE HEBEPHO: 3HAKOIIEPEMEHHBIN PSJi MOXKET OBbITh CXOoAsImMMcst, Torna kax (8.3.5) — pacxoasuuiics. [pu-
MepoM cayxuT (8.3.3), T KOTOpOTo psi u3 aOCOMOTHRIX BEIMIHH — 3TO pacxomsmmiics (maparpad 8.1, m. 1) rapMoHHYECKHiA psiz.

JdoxazatenbcTBO Teopemsl 2. ITycTs

S, =u +u, +...4+u, (8.3.6)
— n-s YacTH4Has cymMMa psina (8.3.4), a
G, =luy | +|uy | +.+]u, | (8.3.7)

— 1~ YaCTUYHAs CyMMa psizia n3 abCOMIOTHBIX BenmuuuH (8.3.5).

Beigenum B (8.3.6) CyMMy BCeX TOJIOKUTENBHBIX YWIEHOB, H 0003HAYNM €€ 4epe3 S, , a CyMMy aGCONIOTHBIX BEJTMYMH BCEX OT-

pHIIATENBHBIX WIEHOB (B cocTaBe S, ) 0603Haunm vepe3 S, . Cymmsr S, u S, , COCTABIEHHBIE U3 MOJNIOKHUTENBHBIX YHCEN, BO3PAC-

TaloT ¢ pocToM n. Toraa, 0O4eBHIHO,



S, =S, -S,,06,=S,+S,.

[MocnenoBarensHOCTE (8.3.7) MMeeT mpenen (BBUAY cXoauMocTH psina (8.3.5)), a 3HAUHT ABISETCS OTPAaHUYCHHOM, T.€. CYIIeCT-
Byer nocrosuHas C >0, takas uto o,<C npu Bcex n. SIcHo, uro Torma S, <S;+S, = =o0,<C, W, TOYHO TaK iKe,
S, <6, <C. 3naunrt, mocnenoBarenbHocTd S, W S, , Gydydd BO3PACTAIONIMMH U OTPAHMYEHHBIMH, UMEFOT KOHEYHBIE TIPEIEBI.
Torna umeer npexaen ux pa3HOCTh S, , UTO ¥ 03HAYAET CXOAUMOCTS psiaa (8.3.4).

3°. BepHeMcs K pacCMOTPEHHIO P C KOMILIEKCHBIMH WICHAMH

D W, (8.3.8)
n=1
OAHOBPEMECHHO pacCMaTpuBas COOTBGTCTBy}OIHI/Iﬁ psaa U3 Moz[yneﬁ

0

Do w, . (8.3.9)

n=1

PaccMoTpuM Takxke 1Ba psAa, COCTaBIEHHBIE U3 JEHCTBUTENBHBIX YaCTE U MHUMBIX YacCTEH MOCIE0BATEIbHOCTH {wn} :

0 00

D s D Vs (8.3.10)

n=l1 n=1

n=1,2,...

B maparpade 2.3 (Teopema 1. 4) n0Ka3aHo, 4To ecau cxooumcs psao uz mooyuet (8.3.9), mo cxooumces u pso (8.3.8).

B sTOM ciyuae roBopsT, uTo (8.3.8) cxomurcst abCoTOTHO.

Berie mokaszano (Ha mpuMmepe psiaa u3 AeHCTBUTEIBHBIX YHCENT), 9TO YMCIOBOM PSA MOXKET CXOIUTHCS, TOTAA KaK PsiIl U3 MOMY-
neit pacxoaurcs. B atoM cimydae cxopumocTs psana (8.3.8) Ha3bIBaIOT YCIIOBHOM.

Teopema 3. Psn (8.3.8) aGCoMIOTHO CXOAUTCS TOTIa U TOIBKO TOTIA, KOT1a aOCOIIOTHO cxoaaTcs oba psaaa (8.3.10).

HdoxazatenscTBo. [Ipn mokazaTenscTBe TeopeMsl 1. 4 maparpada 2.3 yxe yCTaHOBIEHO, YTO U3 cxoaumMocTH (8.3.9) BBI-
TeKaeT abCOIIOTHAsI CXOAUMOCTH 000uX psanoB (8.3.10). OcTaeTcs ycTaHOBHTH 00paTHOE yTBEPXKICHNE. 3aMETHUM, UTO IIPH KaXKIOM 7

HauOoJblIee U3 AByX 4ucel |u, | U | v, | HEe IPEBOCXOAUT UX CYMMSI |u, |+|v, |, a Toraa

roe u, =Rew,,v, =Imw

n’

[y [ 1 +v2 <sf(max{u, |, [ v, 1) +(max{]u, |, | v, [})? =
= (max {| u, |, | v, IDV2 < (u, [+]v, DV2.

Ecmu teneps abcomoTHO cxomsatcst 06a psiaa (8.3.10), To OyaeT CXOIAIIMCS | P
Dty | +1v, D2
n=1

(cM. mpocTelinue CBOMCTBA CXOMAIUXCS PsIoB, 1. 2 maparpada 8.1). CornacHo TeopeMe 1 cpaBHeHUs OyaeM MMETh TOTJa CXOMU-
MocTb (8.3.9), uem u 3aBepiaeTcs J0Ka3aTeNnbCTBO TEOPEMBI 3.

4°. Kak creyer u3 pe3y/ibTaToB MiL. 2, 3, JOCTATOUHBIE YCIOBHS CXOAMMOCTH Psija W3 MOyl (8.3.9) sSB/IsI0TCS OHOBPEMEH-
HO W JIOCTaTOYHBIMH YCJIOBHSIMH CXOIMMOCTH psiia KOMIUIeKCHBIX dncen (8.3.8). [loaTomy mpH3HaKM CXOJMMOCTH 3HAKOIOJIOKH-
TENBHBIX PSAIOB, KOTOPHIM MBI BBIIIE YASIWIN CTOJb 3HAYNTEIIbHOE BHUMAaHHE, BBICTYTAIOT 3/IeCh NPU3HAKAMHU CXOANMOCTH (abco-
JIOTHOM) PSJOB C KOMIUIEKCHBIMU YJI€HaMH. ¥ TOYHUM HOCIIETHIOIO MBICITb.

[Tycte cymecTByeT npenesn BUIa

K=1im2|w, |
n—»0

(6ynem HazbiBath ero unciaoM Komm). Ecmn K <1, to psan (8.3.8) cxomutes abcomorHo. Ecim ke K > 1, To psin (8.3.8) pacxoaurcs.
Crout oT™MeTHTbh, uTo TIpH K >1 psig u3 moxyneit (8.3.9) pacxoaurcst BBUAY TOTO, YTO HE BBIIOJIHEH HEOOXOIMUMBIH MpPU3HAK
CXOAMMOCTH (CM. I0Ka3aTeJIbCTBO TeopeMsl 3 maparpacda 8.2), HO Torja He MOTYT CTPEMHTHCA K HYIIO U WICHBI W, ; TAKUM 00pa3oM
u psn (8.3.8) okazbIBaeTCsl pacXOASIIUMCS.
AHanornyao oocrout aeno u ¢ "yuciaom Jlanambepa"

D= lim |Wn+1 | .
e |w, |

eciim D <1, to psn (8.3.8) cxomurest abcomoTHO; ecnu xe D > 1, 1o (8.3.8) pacxomutes.
[Ipumep 2. Hccaenoars CXOIUMOCTH psijia

> T
(i—1)" sin—.
20



Pewenue. Nmeem oOmmii uiieH psizia B BHIE

.
w, =(-1)"sin—
2n

|i—1|=\/5, sini>0;
21’!

T o
NOCJICAHCE HEPABCHCTBO UMECT MECTO, TAK KaK IPpU 71 = 1, 2, ... 3HAYCHU apryMcHTa n NpUHAJIC)KAT MCPBOU YE€TBEPTU TPUTOHO-
2

METPUYECKON OKPYKHOCTU. 3JHAUUT,
LW
[, = (J2)"-sin

a rorga umncio Janambepa

n+l
D= limw= lim—2=\/§1im—
n—o |Wn| n—»o (ﬁ)n ~sin21n n—»o sinl

>

2

s
tim 2 Y2,
n—o TU

2"

BBIYUCIIAA HOCJ'ICI[HI/Iﬁ npeacii, Mbl BOCITIOJIb30BAJIMCh DKBUBAJICHTHOCTBIO OECKOHEYHO MallbIX Sint u ¢ npu ¢t —> 0B Cllydasx, Korjia

T
2)1+l u on :

3Ha4eHMs { BBIOpAHbI PABHBIMU

2 .
Urak, D= 7 <1, OTKyJa CleIyeT, YTO JaHHBIN psi CXOAUTCS aOCOTFOTHO.

[Ipumep 3. HMccnegoBarh CXOAUMOCTD psizia

‘S l-ni
Pewenue. Nveem
W, | n._ . n_ _ n _ 1
o e n\/1+1 \/1+1’
n n

1 Tenephb JIETKO 3aMETHTh, YTO | W, | HE CTPEMHTCS K HYIIO:

lim | w, [= 1.
n—o0

CornacHo OCTAaTOYHOMY MPU3HAKY PACXOAMMOCTH, TAHHBIA PsiI OYAET pacXOmsIIMCS.

8.4. PABHOMEPHAS CXOJJUMOCTDb ®YHKIHNOHAJIBHOI'O PAJA. CTEIIEHHBIE PSI/IbI

B Hacrosiem naparpade Mbl JOKaKeM yTBEPIKISHHUS], Ha KOTOPBIE JIENAlIUCh CCBUTKH B naparpadge 2.4.
1°. Tycte S(z) ecth cymMMa (PYHKIMOHANBHOTO psija

iun (2) (8.4.1)

n=1
Ha SaMKHYTOfI OIpaHquHHOﬁ obnactu G u TIpU KaXXJI0M 71 CYIIECTBYET HauOoJIbIIEe 3HAUECHNE MOIyJId YKIIOHCHUSA Sn (Z) oT S(Z)

p, =max|S,(2) =8|, n=1.2, ..

Hamomuum, uto psiz (8.4.1) HaspIBaeTcst paBHOMEpHO cxomsmmMcsi Ha G k cymme S, (z), ecnu



limp, =0,

n—>0

1 JOKakeM c(OpMyIHPOBaHHEIH B maparpade 2.4 1ocTaToYHBIH NpH3HaK BeiepmTpacca paBHOMEPHON CXOIUMOCTH.
Teopema. Eciau cymecTByeT 4ucioBasi MOCIEN0BATENBHOCTE {0, } , Takas 4To Ui BceX z€ G, n=1,2,... UMEIOT MeCTO
OIIEHKH

lu,(z)|<a, (8.4.2)
U psig

o0

D, (8.4.3)

n=1

— cxonsmmuiics, To psx (8.4.1) paBHOMepHO cxoautcs Ha G .

[Tpu BBIONHEHNN yCIOBUI TeopeMbl 1 roBopsrt, 4to psx (8.4.1) mascopupyem Ha G, a 3HAKOTIOJNIOXKUTENBHBIHN psx (8.4.3) Ha-
3BIBACTCS MANCOPAHMHBIM. B 9THX TepMHUHAX TeopeMa MOXeT OBITh CPOpMYyJIHPOBaHa TakK: Madxcopupyemviii Ha G QyHKYUOHATbHDBII
pA0 cxooumces pagiomepro Ha G .

OTMeTHM Takke (He TPHBOJS 3/1€Ch COOTBETCTBYIOIINX ITPUMEPOB), UTO YCIOBHE Ma)KOPHPYEMOCTH SIBIISICTCS JIMIIb JOCTaTOY-
HBIM JUT PaBHOMEPHOM CXOJUMOCTH, HO HE SIBIISIETCS] HEOOXOIMMBIM.

JlokazatenscTBo. BBUmy coorHomenus (8.4.2), BoimosHeHHOTO HAa G, IMeeM abCOIIIOTHYIO cXxoauMocTh (Ha G ) psna (8.4.1) x
HEKOTOpoil cymme S(z) ; mpHu 3TOM

S(z)-S,(z)=r,(2), (8.4.4)

rae 7,(z)— cymma psima-ocrarka (cM. 1. 4 maparpada 8.1).

ITo ompeneneHuo CyMMBI psiia ¥ BBULY COXpaHEHHS TSI (PYHKIMH KOMIUIEKCHOTO MEPEMEHHOTO MPUBBIYHBIX CBONCTB IPEIEIIOB
(npenenbHBIH Mepexo Mo 3HAKOM MOJYJISI U NIPeJeIbHbIN IePeXo/l B HEPaBEHCTBE) IMEEM

@ 1 (00 + 1, (D)= B0 (11,0050, (2) | <
< lim (Ju, (2)|+.+]u,(2)|) < lim (a,,; +...+Q,,) .
m—>ow m—0

CyMMa O0J 3HAKOM MOCJICAHETO HATMCAHHOI'O IIpeaciia MpeaACTaBIsACT c00010 Mm-10 YaCTUIHYI0 CYMMY 71-T'0 OCTAaTKa YUCJIOBOIO ps-

"
na (8.4.3), a 3HaUeHME mpesiesia — CyMMa ero /-TO 0CTaTKa, KOTOPYIO MBI 0003HAUMM 4epes 7, :
*
In (2T,

Beuny cxomumoctu psina (8.4.3) umeem (1. 4 maparpada 8.1) r: — 0 npu n—oo. Cornacho (8.4.4), B onpeeicHUH PaBHO-
MEpPHOH CXOJAMMOCTH (DYHKIIMOHAILHOTO PsiJia IPU BBIIIOJIHEHUH YCIOBHUS TEOPEMbI TOT1a HMEEM
«
P, = max | Sn(z)_S(Z) |: max | S(Z)_Sn(z) |: max | rn(z) |S "
zeG zeG zeG
H, CTIeIOBATENBHO,

limp, =0,

n—>0

YTO ¥ 03HAYaeT paBHOMEpHYIo (Ha G ) cxoauMmocTs psina (8.4.1).
2°. Teopema 2. Ecim pan (8.4.1), cocraBneHHblii n3 GyHKIMiA 1, (z) , HEMPEPHIBHBIX HA 3aMKHYTOH OrpaHIYEHHOH 06IaCTH

G , paBHOMEPHO CXOANTCS Ha 3TOW 00JacTH, TO ero cymMMa S(z) HenpepbIBHA B KaXI0# Touke z, € G, T.€.

lim S(z) = S(z,). (8.4.5)

z—=2Z(

JokaszarteanbcTBo. Onennm | S(z)—S(zy)| . Umeem, B cuy (8.4.4),

18(2)=8(z9) [=[(S,(2) +71,,(2)) = (S, (20) + 1, (29)) [<
<(18,(2) =8, (z0) [+, (D) [+]7,(29) D <[ 5,(2) =5, () [ +2max [ 7, (2) |=

:| Sn(z)_Sn(ZO) | +2pna
(8.4.6)

e, IO ONPEAEICHUI0 PABHOMEPHOH CXOIUMOCTH psja, p, — 0 mpu n —> o . Ilockonbky KoHeuHas cyMMa S, (z) HelmpepbIBHBIX (Ha
G ) byHKIWMIA ABISIETCS. HETTPEPBIBHOM, IMEEM

lim S,(z)=S,(z,) wm lim|S,(z)-5,(z,)|=0,
Z—Z()

Z—Z()

a Torna B cuiy (8.4.6),



lim | S(z)—S(z,)|< lim | S, (2)=S,(z0) | +2p, = 2p,. (8.4.7)
Z—)ZO Z—)ZO

JleBast wacth (8.4.7) He 3aBHCHUT OT 1 U, CJIEIOBATEIBLHO, COXPAHSAET CBOM BHI IIPU NMpEeIbHOM nepexoze (1Mo 7 ), Toraa Kak
mpaBasi CTpeMHTCS K Hymo. [lepexons k npeaeny npu n — o B 00enx yacTsx (8.4.7), momydaem

lim | ()~ S(z) =0,
Z—)ZO

oTKyna u cieayer (8.4.5).
_ 85. CTEHEHHBIE P/bI:
CJIYYAU JEUCTBUTEJBHOT'O MEPEMEHHOI'O
1°. PaccMoTpeHHe HauHeM C OGIIMX CBOHCTB PABHOMEPHO CXOJAIIMXCS PAIOB DYHKIMIA fu(x)(n=1,2,...) neficTBUTEIBLHOIO

TIEPEMEHHOTO X . [[pUMEHUTEIFHO K 3TOMY CITydaro (JOPMYJIUPOBKH BHITJISIAT CIICTYIONIAM 00pa3oM.
1) Pan

D fux) (8.5.1)

n=1

HA3BIBACTCS PAGHOMEPHO CX00suUMCsl Ha OTpe3ke [a, b] k cymme S(x), €Clii IMEeT MECTO COOTHOIIICHHE

lim max | S(x)-S,(x)[=0.
n—w xela,b]
2) Ecmu psin (8.5.1) masicopupyem na otpeske [a, b], ToO OH 00JaIaCT pasHOMEPHOU CXOOUMOCMbIO HA 3TOM OTPE3KE.
3) Psan (8.5.1), cocraBneHHbIi U3 QYHKIWMIHA, HenpepbieHbix Ha OTpe3ke [a, b] u pasnomepho cxooswuiics Ha [a, b] , obnadaem

HenpepvleHOU HA IMOM OmpesKe CYMMOU U OONYCKAem 803MOICHOCTb NOYJIEHHO20 UHMe2pupo8anus 1o Beskomy [, Bl < [a, b].
4) Ecmu psper (8.5.1) n

D fu(x) (8.5.2)
n=l1

00IaNIat0T PABHOMEPHOU CXOOUMOCHbIO HA OTpe3Ke [a, b], M CyMMBI HX paBHBI, COOTBETCTBEHHO, QYHKIIIM S(Xx) # ¢ (x), TO cymma

S(x) psina (8.5.1) ougppepenyupyema ipu Bcex x € (a, b) ; mpu stom S'(x) = ¢ (x), x € (a, b), T.c.

o0

D fr(x)=5'(x).

n=1

YrBepxkaenust 2) u 3) SBISIOTCS YaCTHBIMH CIIy4asiMH TEOPEM, YCTAHOBIICHHBIX BBIIIE: CM. pU3HaK Beiiepmtpacca, goka3an-
HBIA B 1. | maparpada 8.4, cBOICTBO HENPEPHIBHOCTHA CyMMEI Psifia M BO3MOXKHOCTh MTOWICHHOTO WHTETPUPOBAHIS, YCTAHOBIICHHEIC B
n. 2 naparpada 8.4 u 1. 3 maparpada 4.1.

Ocraercs moKka3aTh yTBepxaeHHe 4). Beuny paBHOMepHON cxoanMocTH pana (8.5.2) MOXKHO MPOU3BECTH €ro MOWIEHHOE HHTET-
pHUpOBaHHE IO HEKOTOPOMY OTpe3Ky [, x] < [a, b]. UmeeMm

M
Q ey

S
Il
—_

Sa(x)dx = T(b(X) dx. (8.5.3)

ITockonbky
jﬁ;(x)dx = f;z(x)_fn(a)ﬁ n= 192a"'a

TO JIEBasd 4aCTb MOCJICAHETO0 COOTHOLICHUA €CTh PA3HOCTh 3HAYCHHUH CYMMBbI S(x) , BBIYUCJICHHBIX B TOYKax X M O :

S(x)—S(a) = j o(x) dx.

Hpozlmb(bepeHuI/IpyeM TEepb 00e Jactu MOCJICAHETO COOTHOLICHUA W BOCHOJIB3YEMCA CYHICCTBOBAHNEM HpOPI3BOﬂHOI>i HUHTC-
T'pajia ¢ ICPEMCHHBIM BECPXHUM IIPEACIIOM; B HAIIEM CJTy4dac

’

Ud)(x) dx} = (x), x €(a,b).

B pesynbrate nonydaem angdepeHnpyeMocTb S(X) U COOTHOLICHHUE
S'(x) = (S(@) = ¢(x), x e (a,b);

mpu 3ToM (S(a))' =0, Tak KaKk o — IOCTOSTHHAS BEJMYIMHA. Y TBEPKICHUE TOKA3aHO.



2°. Pacemotpum psiz

ag+ax+a,x* +..+a,x" +.., xeR (8.5.4)

¢ JefcTBUTENbHBIMU KO3 dunuentamu a,, n =1, 2,...; OyneM ynorpebiiaTh TakKe 3aluch
o0
n
S,
n=0

[lepeceuennem kpyra cXoguMocTu {z: |z |< R} cremeHHOro psina (2.4.2) KOMIUIEKCHOW MepeMEHHOH ¢ OChI0 abCIHCC SIBIAETCS
nHTepBan (—R, R) , mostomy mus psina (8.5.4) cnenyeT BecTH pedb 00 HHTEpBale CXOANMOCTH, BHYTPH KOTOPOTO OH CXOAUTCS abco-
JIIOTHO, @ BHE KOTOPOTO pacxoauTcs. Pamuyc uHTepBaia (paJnyc CXOJUMOCTH) MOXKET OBITh, OUYEBHIHO, U 31€Ch Hali/IeH 110 OHOHN W3

1 1
¢dopmyn (2.4.5) R= Ve wm R= o’ IrZie, COOTBETCTBEHHO ciyyaro (8.5.4),

K=1lim¢4|a,|, D= fim /9| (8.5.5)
n—>0

CTOUT OTMETHTB, YTO OOLIAst TEOPHsI HE TIO3BOJIIET CYAUTH O IMOBEJCHNUH TAKOTO PsiZia B KOHLEBBIX TOYKAaX MHTEPBaja, M JUIs Ka-
JKJIOTO KOHKPETHOTO CTENIEHHOTO Psijia HCCIIEI0BaHNE B 00€MX KOHIIEBBIX TOYKaX IPOBOJIAT AOTIOJIHUTEIBHO.

3°. U3 pesynsrato m. 1 maparpapa 4.1 BEITeKaeT, YTO CTeHeHHON psn (8.5.4) MakopupyeM Ha BCAKOM OTpe3Ke BHJA
[-p, pl < (R, R), a 3HAUUT, paBHOMEPHO CXOAUTCS Ha 3TOM oTpe3ke. OTCIo[]a BHITEKAEeT BO3MOXKHOCTh IOWIEHHOTO MHTETPHPOBA-

HUSA PsAa 10 BCIKOMY OTpE3KY, paciiojoXeHHOMY BHYTPH HHTEpBaia CXOIUMOCTH (CM. 1. 1 HacTosero naparpada).
Bo3moxHOCTS ke mowneHHoro auddepeniupoBanus OyneT obecrneueHa paBHOMEPHOH CXOIUMOCTBIO PAZIa COCTABIEHHOTO M3
NPOM3BOJIHBIX; CM. YTBeprkAeHHe 4) HacTosiero naparpada. JIocTaTo4HO MO3TOMY YCTaHOBHTH MaKOPUPYEMOCTb psijia

(a) +(ayx) + (a,x?) + ...+ (a,x") +...,
T.C.

> na,x"! (8.5.6)
n=1

Ha JI000oM otpeske [—p, p] < (=R, R). Jloka3aTenbCcTBO MaKOPUPYEMOCTH MPOBEICM B MPEANMOIOKEHUH, YTO CYIIECTBYET Mpeaed,
. 1
o0o3HaueHHsbI yepe3 D B (8.5.5); cneqoBarensHo R = o
OnpenennM pagnyc CXOTUMOCTH R psna (8.5.6). CootBercTBytomIee uncio JJarambepa uMeeT B

- 1
D= tim D e [ gy L N [y

n—w n | a n—wo 7 n—w | a, |

Hl

~ 1 ~
clemoBaTeNlbHO, R = o Takum obpa3om, R = R, M HHTEPBaJIBI CXOMUMOCTH psiioB (8.5.4), (8.5.6) copmagaror. OKOHYATEIHHO, HME-

eM MakopupyeMocTh psina (8.5.6) Ha BcsikoM oTpeske [—p, p] < (—R, R), a 3HAYUT U BO3MOXKHOCTh MOWIECHHOTO TuddepeHimpona-

HUS HICXOJHOTO CTENEeHHOTO psia (8.5.4).
4°. Ecnu paccyxaeHus M. 3 IPUMEHNTH K PATY U3 TIPOM3BOIHEIX (8.5.6), TO MOTyuaeM BO3MOXKHOCTb 1 €ro MOuIeHHOro qudde-

peHImpoBaHus B HHTepBane (—R, R) . [loBTopsis n nanee yka3zaHHBIC PacCyKICHUs, IPUXOAUM K CICAYIOIIEMY BaKHOMY BBIBOIY:
cmenenHol pso, obnadarowull cymmot S(x) 8 HeKomopom uxnmepaane cCXxoOUMOCHU, MONCHO NOUIEHHO OuggepeHyuposams cKoib
V20OHO MHO20 pa3 8 SMOM UHMEPBALe; NPU SMOM CYMMA pioa U3 n-xX NPou3Bo0HslX cosnadaem ¢ S M (x).

5°. Mpumeps.
1. Haiiti 061acTh CXOMUMOCTH psiia

X,

[Tomyuyena cymma GeCKOHEUHOW TEOMETPUUYECKOH MPOTPECCHU CO 3HAMEHATeneM ) . Psm cxoauTcs Toraa u TOJbKO Toraa (. 6

naparpada 8.1), koraga | y|<1 . 3Hauur, 06J1aCTh CXOMMMOCTH ONPEIENAETCA HEPABEHCTBOM e~ <1, oTkyna —x <0, Tak yro x>0.

OKOHYATETHHO TOYYHIH, 9TO 00IaCTh CXOOUMOCTH PSlia €CTh moynpsmas x >0 .
2. Haiiti 067aCTh CXOIUMOCTH Psifia



0 n

2

n=1

nx"

1 . . . .
Pewenue. Ecnmunonoxute X =—, x#0, TO IOTYyYUM CTEIIEHHOU psi NEHCTBUTENBHON NepeMeHHON X

X

n
¢ kodbdunuentamu Buaa a, = — . Yucno Janambepa HaX0JUM B BUJE
n

. . 5 .1
D=hm|a”+l|=hm " =51im =5,
n=o |a, | n-o(p+1)5" nooy 1

1 .
OoTKyma R = g , M HTHTEPBaJ a0COTIOTHOM CXOIMMOCTH PAa OTPEACISIeTCS COOTHOICHHEM

_1<X<l;

BHE 3TOTO MHTEPBaJIa CTEIEHHOH psin pacxoanTcs. McciemyeM KOHIIBI HHTEpBaa.

1 .
a) X= g . B »T011 TOUKE 3HAUEHNE 00IIero WIeHa psia

fn(X):S—X" €CTh BEJIMYMHA fn(lj—s_(lj :l’
n 5 n\5 n

TaK 4TO MPUXOAUM K YHUCIIOBOMY pAay

(rapMOHMYECKHUH psizt), KOTOPBIH pacXxomuTcsl.

0) X= —% . Umeem

R T ol S o D
A |

NIOJIy4aeMBbIi 3HAaKOUEPEAYIOLIUICS psl

SIBIISICTCS YCIOBHO cxopasmumMest (aparpad 8.3, mm. 1, 2).
1 1
Utak, 067aCTh CXOJMMOCTH CTEIIEHHOTO PSa OMPEACNACTCS COOTHOIICHHEM —ng <§

. 1 1
pELuTh JIBOIMHOE HEPABEHCTBO ——<—<—, MoxHo 3aMKcaTh, 4TO
5 x 5
B mepBoM ciydae uMeeM | x [> 5, 4TO paBHOCHIIBHO COBOKYITHOCTH JBYX HEPABEHCTB: X >5, x <

TEILHO UMEeeM 00J1acTh CXOJUMOCTHU B BUJIC

x € (-0, —=5]U (5, + ).

8.6. PA3JIOKEHUS ®YHKIMM ¢, sinx, cosx
B CTEIIEHHOM PSIJT

1
. Ilockonpky X =—, TO octaercs
X

1 1 1 1
—<— mbo —=—.
x| 5 x 5

—5; Bo BTOpoM — x = —5 . OKOHYa-

1°. Onmoit U3 3a7ay, PacCCMOTPEHHBIX BHIIIE, OBUIA 3a7aua O TPEJCTABICHUH JAHHOH (DYHKIMH CYMMOH COOTBETCTBYIOIIEIO
CTETIEHHOTO psfa. B cirydae GpyHKINH qeicTBUTETFHOTO IEPEMEHHOTO y = f(X) , TAKOU psI] IMEET B



f(x¥)=ay+ax+a,x* +..+a,x"+..; a, €R, n=0,1,.... (8.6.1)

Kak ormeuarnoch Bblme, B MHTEpBalle CXOAMMOCTH (—R, R) 3ammcaHHBIA psi MOKHO HOWIEHHO An(QepeHIIpoBaTh CKOJIb
yrogHo MHoro pas. [Tockonbky f(x) — ero cymmMa, To OHa HEOOXOMMO JTOJDKHA ObITh MUddepeHIpyemMa CKoIb YTOIHO MHOTO pas.

Jlokaxkem, 4TO B 3TOM ciydae pasznoxenue (8.6.1) mpuHuMaeT BUI

' " (n)
SO SO +...+f—‘(0)x" +.. (8.6.2)

x)=f(0)+——=
S(x)=1(0) T 21 "
JlelcTBUTENBHO,
a) nosarag x =0 B (8.6.1), nony4daem a, = f(0);
0) nowrteHHo auddeperuupyst (8.6.1) u cHora mosnaras x =0, umeem a; = f'(0) ;
B) B pe3ylibTare BTOPOro mowieHHOro auddpenmuposanus (8.6.1) mpu x =0 momygaem f''(0)=2la,, oTkyna a, = % ;
A©)
r) Ha(n+ 1) mare NpuXoauM K paBEHCTBY d, = T, 0TKyna
n!
(n)
A0}

n!

YunTeIBast BUA MOTYyYeHHBIX K03(dUIMeHToB a,, Mbl 1 monydaeM (8.6.2); ToBopAT Takke, 9yTo PyHKIus f(x) pasnokeHa B

PA TIO CTETICHSM X , WK, KOPOTKO, B psii MakiopeHa.

ITockoNbKY B HACTOSAIIEM MTyHKTE MBI IIPOBOIUM JIHIIH 0030PHOE PACCMOTPEHHE, TO OTPaHUYUMCS (POPMYITUPOBKOH CIIeIyIOIIe-
ro JOCTaTOYHOTO YCJIOBHUS Pa3IOKUMOCTH B psi MakiopeHa (YHKIUN JEHCTBUTEIBHOTO MEPEMEHHOTO: eciu O/t 8CeX 3HAYEHUU
n=1,2,... cywecmgyem nocmoannas C >0 maxas, umo 8 HeKomopou okpecmuocmu mouku x, =0 bINOIHAEMCA HEPABEHCNGO

| f) [+ ™M x)]<C,

To ¢yHKIMs f(X) B3TOU OKPECTHOCTH €CTh CyMMa COOTBETCTBYIOILEr0 psija MaknopeHa (8.6.2).

HerpymHo 1moBepHTh, YTO 3TO YTBEPIKIEHHE MPUMEHHMO K QyHKImsaM f(x)=e*, f(x)=sinx, f(x)=cosx BO BCIKOW OKpe-
CTHOCTH TOUKH X, = 0. Ecnu BeraucinTh ko3pduumenTs! psiga MakinopeHa it KaXIoH U3 HUX, TO IMOJTYYHM, YTO NPH BCEX 3HAUCHU-

SIX ICHCTBUTEILHOTO APryMEHTa UMEIOT MECTO Pa3JIOKECHU .

2 n
=l (8.6.3)
! n!
3 2n+1
SINX =X =t (=) .,
3! Qn+1)!
x2 x2n
cosx=1-—+..+(-1)"—+...
21 @2n)!

VIMEHHO 3TH pa3NoKeHusl COyXWwin B maparpade 2.5 OCHOBOW sl ompenelieHHss (YHKIHMHA KOMIUIEKCHOTO MEpeMEHHOTO
w=e’,w=sinz, w=cosz.
OcTaHOBUMCS Ha 0OOCHOBaHHH, HaIpUMep, COOTHOIIEHU (8.6.3). meem

f@=f'®=..=f"®=..=¢"n=1,2,.,

a Torga

fO)=f(0)=...= fM(0)=..=1.

IMoncTapmsis moaydeHHbIe 3HaYCHUSA B (8.6.2), MbI npuxoauM K (8.6.3). JIist toka3aTenbcTBa CXOAMMOCTH psina (8.6.3) mpu kax-

IOM x K cymme f(x)=e", 3aMeTHM, 9TO B K&KIOM HHTEpBaie (—R;, R,) MMEET MECTO COOTHOIICHHE
| S @) [+ 7 @) Co n=1,2, .,

— R(]
rze nocrosiHHas Cy =e © .
Ha ocHoBaHMU c(hOPMYIMPOBAHHOTO BHIIIE JOCTATOYHOTO YCIOBHS Pa3iIOKUMOCTH (QYHKLHMH B pax MakiopeHa Toraa 6o 6cs-
xom (hUKCUpoBaHHOM MHTepBaie psaj (8.6.3) uMeeT cBoeit cymMmmoi umeHHO [ (x) =e” . BBUIy IPOU3BOIBHOCTH BHIOPAHHOTO MHTEP-

Bajia pasnoxxeHue (8.6.3) UMeeT MeCTO MpH BCeX NEHCTBUTENBHBIX X , YTO U YTBEPKAAIOCH.



8.7. YIIPA’JKHEHUMA K I'/TABE 8

10. HccnenoBath CX0AMMOCTD 3HAKOIIOIOKHUTEILHOTO psana:

o 1+24n » In2
a) an;-i- )an )annn

2n
0 n! o | 1+ 311
) oy I J

2°. HccmenoBaTh CXOMMMOCT 3HAKOIIEPEMEHHOTO PSia M B CIydae CXOAMMOCTH YCTAHOBHTB ee XapakTep (aGCOMOTHAs M Y-
JIOBHAs):

= (-1)'n(n+1)
D 2, lm 9 2. T(n+2)(n+3)(n+4)’

B) Zoo: (_n)nn : r) znOOZI(_l)n+l3l—2n4n+3; I[) z:l[_lj .

"(n+1) e

3°. HaiiTi MHTEpBAT CXOAMMOCTH CTEIIEHHOTO Psifia (X — ACHCTBHTEIbHAS IePEMEHHA):

a) Z::l g

51’!—1 ’

)Zw =D"x" 1) ; r) ijo(x_lo)nﬂ; )Z‘I’ 2" (x+7)

n+7

6) > (D" @n+Dix";

4% Haiitn 061acTh CXOMUMOCTH (YHKIMOHATIBHOTO psiaa

0 . m x. 0 1 1
a) zm:02m sin IE, 0) zm=1mlnm

x—1
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