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BBEOEHUE

B HacTosmemM nocobun U3IararoTcsi OCHOBHBIE MOHATHA U (DaKThl TeOpUH (PYHKIUI KOMIUIEKCHOTO MEpEMEHHOTo. M3noxenue
BeZleTCs B paMKax (heliepabHOr0 KOMIIOHEHTa 00pa30BaTeIbHOTO CTaHIapTa B 00IACTH OOLIMX MaTeMaTHYECKUX U €CTECTBEHHOHaA-
YUHBIX JUCLHIUIMH AJIsI CTYJIEHTOB, 00YJaOMKXCsl [0 CHENNATbHOCTSM, CBA3aHHBIM C KOMIIBIOTEPHBIMU TEXHOJIOTHSIMU U obecreue-
HHEeM MH(pOPMAaIMOHHOW 0e30macHOCTH. Bricokas BOCTpeOOBaHHOCTh COOTBETCTBYIOLIMX CIICIIMAIMCTOB U OINPEAEICHHAs HMOMyJIsp-
HOCTh B MOJIOAIEKHOH CpejJie BCETo, YTO CBSA3aHO C KOMIIBIOTEpAaMH, 00YCIOBUIIM NMPUTOK B By3bl YYAIIUXCS C BECbMa HEOJHOPOAHOM
MaTeMaTHYeCKOil MOJAroTOBKOM. B CBSI3M ¢ 3THM BO3HUKIIA HEOOXOJAMMOCTh B CO3/IaHHU Pa3HOYPOBHEBBIX yueOHBIX IOCOOMIi, B TOM
YHCJIEC U HAIPABJICHHBIX HA IEPBUYHOE O3HAKOMIICHUE C IIPEIMETOM.

Hacrosimee mocobne cooTBeTCTBYeT yKa3aHHOHU 1enu. Ero utenne TpedyeT 3HaHMs, B OCHOBHOM, IJIaBHBIX OJIOXKEHHH i depen-
LHaIbHO-UHTETPAIbHOTO MCYUCIEHHs] (DYHKLIMI OJHOW M HECKOJBKUX JCHCTBHUTENbHBIX IIepEeMEHHBIX. M3nokeHne conpoBoXkIaercs
OOJIBIIIMM KOJMYECTBOM NPUMEPOB, KaK IMOJPOOHO PEIICHHBIX, TAaK M MPEIaraéMbIX IJIsi CAMOCTOSITENIBHOTO PEIIeHHUs. ABTOP CTPEMUII-
Csl K M3JI0’KEHHUIO IOCTYITHOMY M JIOCTaTOYHO KPaTKOMY, B CBSI3U C YEM HEKOTOpPBIE 00BbEMHBIE U CIIOXKHBIE JOKa3aTeIbCTBA OIMYIIEHBI HITN
yKazaHbl JIMIb uX uaen. OOpamiaercss BHUMaHUE YUTATelNs Ha T€ Creln(pUIecKie CBOMCTBA (DYHKIMH, TIPOU3BOAHBIX, HHTETPAJIOB, KO-
TOpPbIE OHM MMPHOOPETAIOT C BBIXOJOM B KOMIUIEKCHYIO IIIOCKOCTh. BMecTe ¢ TeM psif TOHKHX BOIIPOCOB KOMIIIEKCHOTO aHAIN3a OIMyILCH
BOOOIIE MM M3JIOKEH JIUIIb HA YPOBHE MOHITHH U HepedncieHus (Hakros. TakuMu SBISIFOTCS, HAPUMED, KOH(POPMHBIE OTOOpaKeHUs,
BBIYETHI OTHOCUTEIBHO OECKOHEYHO yJAJI€HHON TOUKH, aHATUTUYECKOE IPOAOIDKEHHUE U P.

ABTOp CTpEMUIICS] K TOMY, 4TOOBI MaTepHall COTJIACOBBIBAJICS C IPYTUMH pasJieliaMu Kypca MaTeMaTHKH, MOT OBITh HCIIOJIb30BaH
B TIIPHJIOXKEHHSIX U COOTBETCTBOBAJ TPEOOBAHHUSM, PEABSIBISEMbIM K MaTEMAaTHYECKOH TIOATOTOBKE COBPEMEHHBIX CIIEIIMAIUCTOB.

FMasea 1
KOMMNINEKCHBIE YUCIA

1.1. 3AJAYA O PACIIUPEHUU MHOXECTBA
JEMCTBUTEJIbHBIX UACEJI

10. Hpouecc OCBOCHHMS IOHATHUA YHUCJIa COCTOUT U3 HECCKOJIBKHUX DTAIIOB.

a) PaccMoTrpeHue HaTypasJbHBIX YHCelN, T.e. YHCEJN, YHNOTpeOseMbIX mpH cyere. VX MHOkecTBO 0Oo3Hauaercst OykBod N:
N={1,2,..}.

0) Pacwupenue N 10 MHOXKeCTBa Z BCeX IIENIBIX YUCE; HEOOXOAUMOCTh TAKOTO PACHIUPEHHUS BOZHUKAET, TaK KaK BO MHOXKECT-

Be N He Bcer/a BBIMOJHUMA OTEPAIHsl BEIYUTAHUS; HAITPUMED (2—5)% N. HUrak, BBOguTCSI MHOXKECTBO Z = {...,— 2,-1,0,1,2, ... },

npu 3ToM N C Z.
. m
B) Pacwupenue 7 no mHoXecTBa Q BCeX pallMOHANBHBIX YHCEII, T.€. MHOJKECTBA BeeX Apobel Buna —, rae m, ne€ Z, n#0. B
n

kiacce gucen Q (B oTauyune ot Z) BCeTIa BRIOJHIMO JefieHne Ha toboe nenoe i, 1 # (0. [TocKombKy Kakaoe Ieoe YHCIO /1 eCTh
IpoOb CO 3HAMEHATeNeM, PaBHBIM efuHuIe, To Z Q. 3aMeTnM, 4TO BCAKOE PallMOHAIILHOE YHUCIIO €CTh JIM00 KOHEYHast, 0o Oec-
KOHEYHAs MePHOANYCCKast JCCATUIHAS IPOOb.
r) l3BrnedeHne KOpHs n-i cTeneHu (IeHcTBIE, 00paTHOE BO3BEACHHIO B HATYPAJIbHYIO CTEIICHb) HE BCETIa BBHIIOIHUMO B Q.
JlomomHuM MHOKeCTBO Q BCEBO3MOKHBIMHU JICCATUYHBIMH HETIEPUOINICCKAMU Apo0sMU (MppallMOHANBHEIMA YucCiaMu). B mo-
JIy4eHHOM MHOecTBe R Bcex /IeHCTBUTENBHBIX YHCEI yiKE BCera BO3MOXKHO M3BJICUEHHE KOPHS HEUETHOM CTENeHN; KOPEHb YE€THOM
CTENeHN MOXET OBITh U3BJICUEH U3 JIO0OT0 HeompuyameibHo2o ASUCTBUTEIbHOTO uncha. SIcHo, uto Q < R. Ocraercsi HEBBIIONHH-

MBIM M3BJICUYEHUE KOPHS YETHOW CTETICHU M3 OTPULIATEIBHOTO YHCIIA; HAIPUMED V-1 ne cymectByet B R. CnenoBarensHo, TpeOyer-
csl JanpHelee pacuwupenue R 1o takoro MuoxectBa C, B KOTOPOM OKa3aoch Obl BBHITOJHUMBIM M yKa3aHHOE JIeHCTBUE (HampuMmep,
ObUTH OBl pa3pelIuMbl KBaJJpaTHbIC YPaBHEHUS C OTPUIIATEIbHBIMU TUCKPUMUHAHTAMN).

IMocrpoennem C (tak uroOsl R < C ) MbI 11 Oyziem 3aHUMaThes B 191aBe 1.

1.2. MHUMAS EJJUHUIA. KOMINUVIEKCHBIE UNCJIA

1°. B BBIGpaHHO} PAMOYTOIBHOMN cHCTeMe KoopauHaT Touka (1, 0) cooTBeTCTBYeT umcay | Ha umMCIOBOM ocu aberuce (ocu
JeHCTBUTENBHBIX uncen), a Touka (0, 1) — yucmy 1 Ha ocu opauHaT. UTOOBI OTIIMYATE 1O HAITUCAHUIO STH JIBE SAMHUIIBI, TIOCIICTHIOK0
0003HaunMM OYKBOH i M Ha30BeM MHUMOU enuHmIei. Utak, Touka (0, 1) OTOXKAECTBISIETCS ¢ MHIUMOM CIMHUIICH; BCAKOE XKE IPyToe



YHCIIO OCH OpJHMHAT, oTBedaromiee Touke (0, 1), Ternepb eCTECTBEHHO 3alUCaTh B BUJE Vi U Ha3BaTh YUCTO MHUMBIM YHCIIOM; caMa OCh
OY Oyner nanee Ha3bIBaTHCSA MHUMOM OCBIO (TOra Kak OX — neliCTBUTENbHAS OCh).

2°. TIpou3BOIBHYIO YIIOPSAIOUEHHYIO APy X, ¥ AeHCTBUTENbHBIX drces ("KOMILIeKC" U3 IBYX AeHCTBUTENBHBIX UHCEN), COOTBET-
CTBYIOIIYIO TOUKE (X, ) KOOPAMHATHOH MJIOCKOCTH, HA30BEM KOMIUIEKCHBIM YHCIIOM.

IMepeiinem k Tak Ha3bpIBaEMOIl anredparyeckoi 3anucu (popme) KOMIUIEKCHOTO YHCIIa.

3°. [IpousBosnbHas TOUKa (x, y), pacrioyio’keHHas B IPSMOYTOJIBHON crcTeMe KoopauHaT XOY, ecTh KOHEI[ panyc-BeKTopa

Z =x€, + ye,, (1.2.1)

rue €, U €, — eQMHIYHbIC HAalPaBJIIOIINe BEKTOpa KOOPAMHATHBIX oceil OX (KOHEI BEKTOpa PaclojIoKeH B Touke / 3Toi ocu) u OY
(KoHel BeKTOpa €, pacnoyioxkeH B Touke 7). COOTBETCTBEHHO, [0 aHAJIOTHU ¢ BEKTOPHOH 3amuckio (1.2.1) mis mouku z ¢ KOOpIuHA-
TaMu (x, y) OyaeM ynoTpeOsTh 3auch

z=Xx4+yi (1.2.2)

Y TOBOPUTH TEIIEPh, UTO Z — ITO KOMHeKcHoe uucno éuda (1.2.2).
Wrak, Mexny TOUKaMu (x, y) Y KOMIUIEKCHBIMM yHciaMu Buaa (1.2.2) ycTaHOBIEHO B3aMMHO OJTHO3HAaYHOE cooTBeTcTBHE. Cama

KE IINIOCKOCTh (CO BBCﬂeHHOﬁ B HeH HpﬂMOerJ’IBHOﬁ CHCTEMOU KOOpZ[I/IHaT) HAa3bIBAETCS KOMNIEKCHOU TIIIOCKOCThIO. B YaCTHOCTH,
JUJIs JEMCTBUTENIBHOTO YKClIa X €CTECTBEHHA 3alUCh X = X + 0- i, YTO COOTBETCTBYET TOUKE (x, O), 1 TCIICPb MbI HC CJIa€M pa3Inuunsd

MEXIOY ,Z[eﬁCTBPITCJIBHLIMH YHUCJIaMH X 1 KOMIIJICKCHBIMM YHUCJIaMH BHJA X + 0-i. ﬂﬂﬂ YUCTO MHHUMOT'O Yy -1 , COOTBETCTBYIOIIETO TOYKE

(0, y), ynorpeouma 3amuck yi =0+ yi, 1.e. moboe yi € C.

Wrak, MHOXecTBO C BceX KOMIUIEKCHBIX YHCEN COJIEPKHUT CBOMM IMOJMHOXKeCTBOM R.
4°. Yucna Buna z=Xx+yi ¥ Z=Xx—yi Ha3bIBAKTCA KOMNIEKCHO-conpsicernbimi. OHI H300PKAIOTCS TOUKAMH, CHMMETPHY-

HBIMH OTHOCHTENBHO ocu OX, cMm. puc. 1.2.1.
MonyneM KOMIUIEKCHOTO YMCIIa Ha3bIBAaeTCA ATUHA (MOAYJIIb) paJuyc- BEKTOpa TOUKU (x, y), T.C.

|z|=yx+)7. (1.2.3)

B 4acTHOCTH, MOAYJIb JEHCTBUTENLHOIO Yncia x=x+0-i ectb v x? , T.€. OH paBeH aOCOIIOTHOHN BETMYMHE YUCIIA X; AaHAIOTHIHO

il = =]

AY
¥, z
1
-¥i 5
Puc. 1.2.1

5°. JleficTBUTENBHOM YaCTBIO YHMCIA z =X+ i Ha3blBAaeTCA X, a MHHMMOH YacTBIO — YHCIO y; IPUMEHSEM OOO3HAUYCHHS
x=Rez, y=Imz.

KomrnekcHsle uncna z; =x; + y;i U z, = X, + y,i Ha3bIBAIOTCS] PAaBHBIMH, €CIIM COBIAJAIOT MX ACHCTBUTEIbHBIC 1 MHUMBIC Jac-
TU. Jpyrumu cioBamy,

PR (12.4)

['eoMeTpHYECKH COOTHOLICHNUE z; = Z, 03HA4YaeT COBMAJICHUE COOTBETCTBYIOIIMX TOYEK KOMILUICKCHOHN IIIOCKOCTH.
KommnekcHple yncia He CpaBHUBAIOTCS, T.€. BO MHOkecTBe C He BBOJATCS OTHOIICHHS ""Oombire” 1 "MeHbIe".

1.3. AJITEBPANYECKHUE OIIEPAIIUU HA L
KOMIIVIEKCHBIMH YUCJIAMHA



10. B r[apal“paq)e 1.2 MBI OTOKECTBHIIH JIFO00E KOMIUIEKCHOE YUCIO Z = X + yl C pagnyC-BE€KTOPOM TOYKHU (.x, y) B cBs31 ¢ aTHM
ornepanus CJIOXCHUSI KOMIUICKCHBIX YHCCIT Z| = Xy +yll H Zy =Xy +y21 BBOJUTCS IIO aHAJIOTHHU C TaKoOH ke OHepaHI/Ieﬁ HaJl BEKTOpa-
MU, KOTOpasd, B CBOIO OYCPC/ib, BBIITOJIHACTCA nOKOOp()uHamHO. I/ITaK, rnoJjaracm mno onpeacjICHUuroO

1 +22 = (xl +x2)+(y1 +y2)l .

JpyruMH cIoBaMH, CII0XKEHNE KOMIUIEKCHBIX YHCEIT BBIIOIHAETCS 110 TAKOMY )K€ IPABIITY, KaK HAJl MHOTOWICHAMIL
CymMa OOJBIIEro KOJTWIECTBA KOMIUIEKCHBIX YHCET HAXOAUTCS aHAJIOTHIHBIM 00pa3oM: eClu z, = X + Vi (k =1,2,.., n) , TO

n n

n
z= sz OIIpeIeIsieTCs B BUE Z = Zxk + Zyk i.
el k=1 k=1

HOCKOJ’IBKY MMPUBBIYHBIC CBOMCTBa KOMMYTATUBHOCTH U aCCOLUHUATUBHOCTHU OIICpAlMU CJIOXKCHHSA CHPABCAJIUBBI IJISL ,HefICTBH—
TCJIIBHBIX YHCECJI, OHU (BTI/I CBOﬁCTBa) Ha OCHOBAHMH BBCICHHBIX OHpe,Z[CJICHI/Iﬁ 6y,£[yT COXPaHATHCA U NJI KOMIUIEKCHBIX YHCEIT:

Zl +Zz :Zz +Zl;
(Zl +Zz)+Z3 = Zl +(Zz +Z3).
2°. Buiuumanue KOMIEKCHBIX YHCET OTIpeNeNsIeTCs Kak IeHCTBHE, 00paTHOE CI0KEHUIO:

z=2zy—2z, €CIM 2z, =z +2z].
YCcTaHOBUM CYIIECTBOBAHHUE, EANHCTBEHHOCTh PA3HOCTH M CHIOCO0 ee HaxoxkaeHus. [1ycTh z = x + yi, Torja Mo ONpeiesieHHIO PaBeH-
CTBA KOMIUIEKCHBIX YHCET COOTHOIIEHUE

Xy + Yol = (x+yi)+(xl +y1i)
OyzIer 03Ha4arTh, 94TO

x2=x+x1, x=x2—x1;
OTKy/a
W =Y+, Y=Y
HWrak, neficTBUTENbHAS M MHEMAsi YaCTH Pa3HOCTH Z =z, —z; OMpPEICICHbI OAHO3HAYHBIM 00pa3oM, IIPU ITOM MOIydeHa Gop-
MyJ1a
- = (x2 —x1)+(y2 ‘y1)1~

Mmeem aHanOruIo ¢ pasHOCTHIO BEKTOPOB, BBIYMTAHHE KOTOPBIX BBINOIHIIOCH OKOOPAMHATHO. MOXKHO TaKkXKe CKa3aTbh, YTO BBIYMTA-
HUE MPOU3BOAUTCS 110 TAKOMY K€ IIPaBUILy, KaK JUI1 MHOTO4JICHOB.
Anzebpauneckas cymma n KOMIUIEKCHBIX YHCE (n > 2) OIIpEeIeTsIETCsl MyTEM BBITIOJIHEHUS] JEWCTBUI B TOM MOPSIIKE, B KAKOM

oHM 3anucanbl. Harmpumep,
a-n-n+z=(5-2)-2)+2

OnHako, ¥ B 3TOM cllydae JISHCTBYET acCOIMATHBHBIN 3aKOH (BO3MOXKHOCTH IPYNITHPOBKHU), TaK KaK 3TOT 3aKOH CIIPaBE/IJIUB ISl e -
CTBUTENBHBIX U JUI1 MHHUMBIX 4acTel COOTBETCTBYIOIIMX KOMIUIEKCHBIX uucell. Tak, B NpUBEACHHOM NpHMEpPE BO3MOXKEH U TaKOU
MOPSAAOK ACHCTBHM:

s-z -z 4z = (5 -2)+ (2 - 2),
ITpuwmep: Beruncnurs zl+zz—z3|, ecim
z) =-2i, z, =T745i, z3 =1-5i.
Pewenue Hmeem

Zy+zy—23 z(zl +22)—Z3 =((0+7)+(—2+5)i)—(1—5i)=
=(7+3i)-(1-5i)=(7-1)+(3+5)i = 6+8i;

|2+ 25— 23| =6 +87 =10,

3°. IpousBesienne IBYX KOMIUTEKCHBIX YHCEN Z, =X, + yji M Zy = X, + y,i OTIPEJIETAM B BH/IE

2125 = (%) =y )+ (0, + 113, )i (1.3.1)

2

ViMeeM, B 9aCTHOCTH, KBAJpaT KOMIUIGKCHOTO 9HCIa z> (T.e. TPOM3BEICHHE zZ ) B BHIE Z :(xz —y? )+ 2xyi ; CIeA0BATEIBHO,

i2=0-1+0i, i*=-1.



B cBs13u ¢ Tak¥M CBOMCTBOM YHCIIA [ YHOTPEONISIOT 3anucy [ =+/—1; ACHO, 4TO i & R ; Temepb CTAHOBHUTCS MOHSATHO, MOYEMY

YHCIIO i HA3BaHO MHUMOU €ANHULEH. 3aMeTnM, 4To yMHOKeHHe (1.3.1) KOMIUIEKCHBIX YHCEJT BBIOJIHIETCS 10 MPAaBUITy YMHOXKEHHS

MHOTOUJICHOB ¢ 3aMeHoi i Ha —1.

Jlerko mpoOBEPHUTH CIIPABEATMBOCTD KOMMYTATHBHOTO M CCOIIMATHBHOTO 3aKOHOB!
2129 = 272y,

(2122)23 =4 (2223),
a TaKke AUCTPUOYTHBHOTO 3aKOHA YMHOXEHHSI OTHOCHTENBHO CIIOKEHHSL:
(Zl + Zy )23 =Z1Z3 + ZyZ3.
[Monesen cnenyrommii pakt:
- . . . 2
z-z= (x+yz)(x—yz): x? +y2 +(xy—yx)z =x2 +y2 =|z| . (1.3.2)
4°. Jlenenne KOMIUIEKCHBIX YHCEIT ONIPEENSETCS KaK AeHCTBIE, 00paTHOE yMHOKEHHIO. IMEHHO,
21
z=—, €Clli z; = zz,, IJe z, #0. (1.3.3)
2
[Moxyanm dopmyity, IO KOTOPOH MOKHO HAWTH YaCTHOE ABYX KOMIUIEKCHBIX YHCEII, z; =X) + Vji U Zy =X, + V)i .
Ecnu z = x+ yi, T0o Ha ocHOBaHuM omnpezenaeHust (1.3.3) MbI JOJDKHBI TIOJTyYUTh
X+l = (x+yi) (x2 + J’2i)»
T.C.
X tyi= (xx2 —yy2)+i(x2y+xy2)
U, TI0 ONPEIETICHUIO PABEHCTBA KOMIUIEKCHBIX YHCEIl, UMEEM

XX =¥ = X5

W X+Xy =)y

Ocranoch HalWTH pelIeHHe (x, y) 9TOW CHCTEMBI YpaBHEHHH; YMHOKUB IIEpBOE ypaBHEHHE Ha ), , BTOpOE Ha (— xz) U CIIOXKWB HX,
MOy 4UM:
2 2). _ NN X))
—(yz +X; ))’ =X\ Yy T XYy, WM Y =—=F———=.
X+
AHaTOTHYHO HAXOINUM:
_ XX+t
X=—""5"73
X, + )
T.€.

Lo RENYy XN XYy (1.3.4)

2, .2 2, .2
X3+ X+
®Dopmyoii (1.3.4) ycraHaBIUBaeTCs HE TOJIBKO CYIIECTBOBAHHE M €IMHCTBEHHOCTh YaCTHOTO, HO TAaKXKe YKa3bIBAETCS M CIIOCO0
€ro HaxOX/eHHs1. Peltasi KOHKpETHBIE IPUMEPBI, MOXKHO MOJIb30BaThCs CIIOCOOOM OJJTHOBPEMEHHOTO YMHOKEHHS YUCIUTEIS U 3HaMe-
HareJisl IpoOu Ha YHUCII0, conpshbkeHHoe 3HameHaTenro. Cornacho (1.3.2), umeem
_ontni O+ i)l = yai) _ Goaxy +yi0n)+ (eop —x0,)i

Xyt yyi (v + ya0)(xy — y1i) X343

>

U MBI CHOBa mosryuuiid popmyiy (1.3.4).
5°. BhImonHss croeHne (BbIYMTAHNE), YMHOXKCHHE U JENCHHE KOMIUIEKCHBIX YHCEI, IPHACPKUBACMCS IPUBBIYHBIX CBOWUCTB 1
nopsinka aeicteuil. Hampumep:

(i_s)[2i+%j:(i—5)w=(i_s)M:

+1 2+i 2+i
C(i-5)i+1)  -9-19  —(9+19)(2-i) —-(37+29%) -37 29
240 2+ (2-i)@+i)  4+1 5 5

1.4. KOMIVIEKCHBIE YUCJIA B
TPUTOHOMETPUYECKOM ®OPME

1°. CoBMecTHM CTaHIAPTHBIM 0GPa30M MPSIMOYTOIBHYIO H MONSAPHY0 CHCTEMBI KOOPAHHAT: MOISPHYIO OCh HAMPABHM MO OCH
OX, 1oIIIOC CUCTEMBI COBMEIAaeM ¢ TOUKoi O (O, 0); BEIOMpaeM B 00CHX CHCTEMax OJUHAKOBBIC SAMHUIIB MaciiTaba; ock OY Hampas-

T o o
JIAEM 110 JIy4 =—. B sTOM CciIydae mpsMoyroiabHEIE KOO JHUHATBI |\ X U IIOJIAPHBIC KOOPAWHATHI OJJHOU U TOH KC TOYKHU Z
) Y >

CBSI3aHBI COOTHOIICHISIMH (cM. puc. 1.4.1):



X = p Ccosp;

y =psing.

2°. Cs3p MOJISIPHBIX U TPSIMOYTOJIBHBIX KOOPAWHAT TOUKU M MOXKET OBITh TaKKe MPEJCTaBlIeHa B BUJIE
Y. 2 2
tgp=—=; p=4x"+y".
X
CrnenoBateibHO, p = | Z| €CTh MOJYJIb YUCIIA Z; YHCIIO (P HA30BeM apryMeHToM z. O003HaYMM uepe3 argz OJJHO M3 BO3MOXKHBIX 3HaUe-

1305078 ¢: —nm<argz < T, 3TO 3HAYEHHUE HA30BEM IJIABHBIM 3HAUYECHUEM apryMeHTa; MHorJa riiaBHO€ 3HA4YCHUE pacCMaTpyvBacM B HUH-

TCPBAJIC; COBOKYITHOCTb BCEX 3HAYCHHI (@ HUMCCT BUI

Od4eBHIHO, UYTO arg (i iy) =+— (cmyuait x=0,y=0),

x
2

Jlis Toukn z =0 3Ha4YeHUE apryMeHTa He ONpeeNIeHO; OUEBUIHO, UTO | O| =0.

30. yMHO)KeHPIe, BO3BC/ICHUE B HATYPAJIbHYIO CTCIICHD (T.e. YMHOKCHHE YUCiia z Ha cebst n pa3) 1 ACIICHUC KOMIUICKCHBIX YHCECII
y):[O6H0 BEBIIIOJIHATH, 3allCaB 3TH YUCJIa B TpPIFOHOMeTpPI‘IeCKOﬁ (bopMe.

Yemanosum popmynor:

212, = P15 (cos (@) + 9, )+isin (¢ +9,)); (14.2)
L PL(cos (g —gy)+isin(o,—9,)) pr 205 (14.3)
Z; P2

2" =p" (cosno+isinng), n=1, 2, ... (1.4.4)

Wnaue roBops: Ipy YMHOXKEHHN KOMIUIEKCHBIX YHCENI B TPUTOHOMETPHUYECKON (hOpMe MX MOIYJIH NEPEMHOKAIOTCS, a apTyMEHTHI
CKJIaJIBIBAIOTCS; IPU JEICHUH — MOJYJIH JIEJIATCS, @ apIyMEHThI BBIYUTAIOTCS; IIPU BO3BEIEHUU B CTeNeHb # € N — MOAYJIb BO3BOAUT-
Csl B OTY CTEIEHb, 4 apIYMEHT YMHOXKAETCA Ha 7.

JoxkaszatenbcTBo (1.4.2). [lo npaBmiy yMHOXEHHSI KOMIUIEKCHBIX YHCEI UMEEM

Z1Zy = PP, [(cosq)1 cos(, —sing, sing, )+ i (COS(p1 sing, + sing, cose, )] .
B kpyribix ckoOKax 3amucaHbl COOTBETCTBEHHO (POPMYITBI TSl KOCHHYCa CYMMBI U CHHYca cyMMBI. ClieJOBaTENBHO,
212, = pip; [cos (@) + ¢, )+isin (¢; + 9, )].

YTO 1 TPeOOBAIOCE.

z
HoxkazatennbcTBoO(1.4.3). Ilycts z= Z—l Ilo onpenenenuto neneHus Toraa z, = zz,, a no popmyne (1.4.2)
2

py (cose, +ising, )= pp,(cos (¢ +¢,)+isin (9+¢,)),

OTCIOZa
— . _Pr.
Pr=ppPa ok WA P pz’ kel.
@ =@+, +27k,
: ? ¢ =0 —p, ~ 27k,
Urak, 4acTHOE z UMEET MOIYJIEM YHCIIO P , @ QpTyMEHTOM (C TOYHOCTBIO 10 27k, k € Z) pa3sHOCTb @ — @, . DTO U €CTh YT-
P2

Bepxxaenue (1.4.3).

Haxorer, mocnenoBaTeIsHO BHITIONHSSI YMHOKEHHE z (Ha cebs) n pa3, moiaydaeM 1o ¢opmyne (1.4.2):
n

2" =z-..z=p-p.dcos(@++..)+isin(p+@+..)=p" (cosne+isinng),

n popmyna (1.4.4) noxasana.
4°. Mpumep 1. BHIIONHAT B TPHTOHOMETPUUECKOIT (hOpME CIIEyIONIME JCHCTBHS:



a) —L; ©) zt, e z, = =3+3i; z, = —64/2i.

2
P . _ 2 22 _ f _3
ew enue. a) Halimem MOmynb U apryMeHT KaKIOTO U3 UHCEN z; U Z,. VIMeeM |z | = (— 3) +3° =342, tgo, = 3° —1.
. n 3n
IlockombKy TOYKa z; pacHoNOKeHa BO 2-H  4YeTBEPTH, TO @, =argz, = m+arctg (—1) = =7 R AHaNoru4Ho,

|22 | =40+ (— 62 )2 =6v2 ; tg @, He CyIIEeCTBYET, HO 10 PacOIOKEHHIO TOUKH z, Ha ocu OY (B HWKHEH MOIYIIIOCKOCTH) BHIWM,

b .
4yTo ¢, =argz, = 5 CrenoBarenbHO, B TPUTOHOMETpUUeckoit hopme (cM. puc. 1.4.2)

21:3\/5 cos3—n+isin3—7T , 22:6x/5 cos| —— | +isin| —— | |.
4 4 2 2

Teneps, cornmacHo dpopmye (1.4.3),

A

23

2:0-672

Puc. 1.4.2
Hckimrouas nepuon 21 IoJ 3HaKOM KOCHHYCa U CUHYC4, UMEEM

i=0,5 cos(—3—n]+isin(—3—nj .
Z; 4 4

6) ITo popmymne (1.4.4) momygaem:

z =(3\/5)4 cos4-3—7t+sin4~3—7c sz} =324(cosn+isinn).
4 4 )

B anrebpamueckoit popme 214 =-324.

[IpuMmep 2. BBIACHUTH TEOMETPUUYECKUN CMBICT COOTHOIIICHUM:

a) |z—z0|:p; 0) |z—zo|<p; B) |z—zo|>p,

T
rae p> 01U z, — GUKCUPOBAHHOE KOMIIJIEKCHOE YUCIIO; T) argz = 3

P e w e wu u e a 3BamucaB z=x+yi, Zzy=Xy+)yi U  BBHIIONHAA  BBUMTAHME,  HMEEM

. 2 2
| z— Zo| = |(x - X )+ (y - yo) z| = \/ (x - xo) + (y - Yo ) . CrnenoBaTenbHO, PaBEHCTBO | z— Zo| =p O3HAYaerT, 4TO
2 2_ 2
(x - xo) + (y - yo) =p” . lomyuunu ypaBHEHHE OKPY>KHOCTH pajinyca P C IEHTPOM B TOUKE (xo , yo).
Urak, eceomempuueckuii obpas ypasHerus |Z - ZO| =p — 3TO GCe MOUKU OKPYICHOCMU C YEHMPOM Z, paouyca p .
V)
AHanoru4so |z - Zo| < p O3HA4aeT, 4To (x - xO) + (y - yo)2 <p?, T.e. TCOMETPHUYECKIM OOPA30M ITOr0 HEPABEHCTBA CITYXKHT

MHOIHCECMBO 68CeX BHYMPEHHUX MOYeK Kpyed, |Z—ZO| > P — MHOJHCECMBO 6CeX mo4eK, PACIIOJIOKCHHBIX 8He Kpyza, UCHTP Kpyra u

paguyc —Te XKe: z, U P COOTBETCTBEHHO (puc. 1.4.3).



6) Tak xak @ =argz ecTh yrox moBopora ocu OX 10 COBMENMIEHUS C TOYKOH z (—n <p< Tc), TO BCE TOYKH z, 00Jaaromine

. T T .
CBOMCTBOM argz =3 JIe)KaT Ha JIyde ¢ =3 (Ha 3TOM Jly4e MCKIFOUeHa Touka z =0 , apryMEeHT KOTOPOi He OMpeeNeH); CM. PHC.

1.4.3.

1.5. N3BJIEYEHHUE KOPH N3 KOMIIVIEKCHOT'O YNCJIA.
AJITEBPANYECKUE YPABHEHUA

1°. Tyers 7€ {2,3,...}. Kopaem n-ii cTenenn u3 uncia z HasoseM uncno w=4/z , obnanaromee cpoiictBom w" = z. YcraHo-

BHM, 4TO IPH BCIKOM z # () CYIIECTBYET POBHO # PAa3IMYHBIX 3HAYEHHH KOPHS, KOTOPbIE UIMEIOT BU

w, :%(cos @+ 2mk +1isin (p+27ck} k=0,1,..,n-1; (1.5.D)
n n

371€Ch P U ( — COOTBETCTBEHHO, MOIyJIb U apIyMEHT 4Hcla z, T.€. Z =P (cosq)+ isin(p); 3HAUEHME %/p TOHHMMAETCs Kak apugmemuye-

CKull KOPEeHb U3 MOJIOKUTETIBHOTO YUCIA P, TaK 4To {/p >0 .
2°. Wrak, mb1 nokaspiBaeM popmyy (1.5.1).

Ecmu w= | w| (cosd) +isin GD) — TPUTOHOMETpHYECKas (hopMa Yucia w, To, o ONpeaeeHnio, w" =z, T.e. B cuiy (1.4.4),
|w|n (coanD +isin nCD) =p (cosq) +i sin(p).

n [ o
3Ha‘-II/IT, | W| =p, OTKyJda | W| =1 o) (I/IMeeTCH B BUAY MPUHATOC BO MHOKECTBEC NCHUCTBUTECIIbHBIX YUCEJT U3BJICUCHUC apI/I(l)MeTI/IIIe-

CKOTO KOpHs). ApryMeHTbl #® M ¢ paBHBIX KOMIUICKCHBIX YHCEN MOTYT (HaXOAsCh MOJ 3HAKOM KOCHHYCa M CHHYyCa) OTJIMYATHCS
JIMIIb Ha BennuuHy nepuona I = 2wk, k € Z, Tak 4to

n® =@+2nk,orkyna =0, =
n

[Toxaxkem, 9TO TOCTATOYHO PacCMOTPETh k € {O, L...,n—1 } g sToro, mpexnae BCero, BBIICHUM, KaK PACIIONOXKEHBI TOYKH

(1.5.1) Ha KOMIIIEKCHOM IITOCKOCTH. Bo-niepBBIX, Bce OHM UMEIOT OJJMH U TOT K€ MOJYJIb, PaBHBIN 4/p , @ 3HAUUT, HAXOAATCS HA OK-

PYXHOCTH C IIEHTPOM B Hayalle KOOpAMHAT paauyca %/p . Bo-BTopsix, mpu k=0 Touka w, MMeeT MOJSIpHbIT yroa @, =2 , a T0-
n

. . 21 ¢ 2rn
JISIPHBIN yTOJ CIEAYIOIEH TOUKY W, OTIMYaeTcsd Ha BenduHy — -1, 1.e. @) =—+—.
n n o n
Jlanee,
+2m-2 2n) 2m. 2n 21
(Dz :(p = 2+_ +—:CI)1+—’._.,(D’1_1 :(Dn—2+_; ch 224-27[,....
n n o n n n n n

Takum o6pa3om, Kaxaast CIeAyIomas TouKa W, MOJIyYaeTcs U3 MPEIbIAyIed w;_; MOBOPOTOM IIPOTHB YaCOBOM CTPEIKH HA BETHIH-

2n .
HY —, a Toyka w, coBmala c¢ w, (coBepuleH 1moBopoT Ha 2m). C  pampHeHmMM  pocToM k&
n



Puc. 1.5.1
ONATH MOJTy4aeM TOUKH Wi, W, ..., W,_;. IIpu OTpULaTenbHeIX k, T.6. k =—1,—2,... ©IMeeM 00X0J TeX e TOUeK II0 YaCOBOH CTpelKe,

T.€. B OOpaTHOM HOPAIKE: W, |, W,_3,..., Wy. VITaK, TOIBKO 7 pa3NU4HBIX TOYEK MOIydaeMbIX, Harpumep npu k =0, 1, ..., n—1, cooT-

BETCTBYIOT OIIEPALMH M3BJICUCHUS KOPHSA N-0i cTeneHy; cM. puc. 1.5.1. @opmymna (1.5.1) ycraHoBIeHa. 3aMeTHM, 9TO % =0 MoxHO

MIOHUMATh KaK 7 COBIMAJIAIONINX 3HAYECHUH, paBHBIX HYIIIO.
3°. HemocpeaCTBEHHO U3 OMpPEENeH s KOPHS /-if CTENeHH BBITEKAIOT MPUBBIYHBIE CBOMCTBA COOTBETCTBYIOMIEH OMEPALH, Ha-
IpuMep,

Ot PaBCHCTBA CJICAYCT MIOHUMATh KaK cosnaoenie MHOcecme 3SHaYCHUI BI)Ipa)KeHI/Iﬁ B JICBBIX U IPAaBbIX YacCTAX.

3% 11 pumep 1. Boeuucmursy a’ ,rne a >0 — nefcTBUTENbHOE YUCIIO.

Pew enue. 3ammieM 9ucio a> B TPUTOHOMETPHUIECKOH popme:
a® = a*(cos0+isin0).

ITo popmyne (1.5.1)

Va? =a(coso+22nk +isin0+22nkj, k=0;1.

[omyyaem Va? =a mpu k=0; a* =a (cosn +i sinn) =—a nupu k =1.3ameTuM, 9TO BO MHOXKECTBE JEHCTBUTEIBHBIX YUCET pac-

CMaTpPHBANIOCK JIHIIIb OHO MONOKHTETbHOE 3HAYCHHE (apu(METHUECKOE 3HAUCHHE) KOPHS,  HMEHHO, \a” =d .

2.2

2 . o 2 . 2.2
IIpumep 2. V—a” =+ ai, a >0. JleicTBUTENBHO, (az) =a’i

2\2
=—a u (— az) =a”i” =—a . 3HaunT (1'[0 OIpPCACIICHNUIO KBaJ-

PATHOTO KOpHs1) 00a 3HAUCHUs ai CIyKaT Pe3y/IbTaTOM H3BIeUeHHs KOpHs. B cuty 1. 1° MBI JOJDKHBI TIONTyYHTh POBHO /Ba Pa3jimu-

HBIX pE3yJibTaTa. CHGI[OB&TGHI)HO, Apyrux 3HAYCHUHN V= a2 HCT.

pumep 3. Be4uCIUTH M H306pA3UTH HA KOMILIEKCHOM TIOCKOCTH 3HAYCHUs W =3/8 — 8\/5 i.

Pewenue Nus z:8—8\/§i nMeeM |z|:\[82+(8\/§)2 =16; tg(p:—%:— 3, mosToMy (p:argz:—g. ITo dopmyne

(1.5.1) nmeem

L ~ T onk
Wk:% cos 37 +isin 3T , k=0,1,2.

CrenoBarensHo (cM. puc. 1.5.2),

w0=2{/5 cos(—gjﬂ'sin(—gj ; w1=2%(cos%+isin5§j;

w, = 2%(008%+isin%j.

ITockonbKy MBI YCIOBHIIMCH CUUTATH (IUIS JIFOOOT0 W) —m <argw < T, TO B CIIy4ae W, HCKIIOYUM I10]{ 3HAKOM TPUTOHOMETPUIECKUX

¢bynakuumit nepuox 27 . Torma

Wy = 232 cos(—ﬂjﬂ'sin (—Ej
9 9
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Wo

W2

Puc. 1.5.2

4°. PaccMoTpuM anrebpandeckoe ypaBHeHHe
w'+d*=0, rne d R, d > 0.

OHO paBHOCUJIBHO PABEHCTBY W= —d % JimH, B CBOKO ouepenb, W, =*tdi, eci BOCIOIb30BaThCS PE3yIbTATOM pPELIeHHs IprMepa 2
B . 3.
5°. Tenepb MBI MOXKEM TIOTY4IHTH (POPMYITY JUISl PElICHHH KBAIPATHOrO YPaBHEHH S

ax* +bx+c=0 (1.5.2)

C TIPOU3BOIEHEIMA K03 pUITeHTaMI (a * 0) . Boienss nonHelil KBagpat, UMEEM

( b jz dac —b?
x+—| +———=0.
2a 44>

Paccmotpum Tonbeko ciyqait 4ac — b? >0, mmm, uto T0 ke camoe, D = b* —4ac < 0 , TaK KaK npu D >0 ¢dopmyna KopHer

N
Xy = (1.5.3)

-D
Ham u3BecTHa. [Ipu a’ = — B CHJIy pe3yJIbTara IL. 4° MoJy4aeM
4a

b V—=Di —-bt~N-Di
Xp+——=%t—, WM X, 22—.
a

1.5.4
2a 2a ( )

Temneps MbI MOkeM pemiath (10 Gopmysie (1.5.4)) kBagpaTHbIE YpPaBHEHHSI C OTPUIATEILHBIM JUCKPUMHUHAHTOM, WITH, YTO TO JKE Ca-
Moe, TI0JIb30BaThest hopmyitoi (1.5.3) mpu mro0bIX 3HAUEHUSIX D.

3aMeTnM, 4TO 3amKch JD (unm J-D B (1.5.4)) nonnmaetcsi kak apupMeTHIECKOe 3HAYCHHE KOPHSI, TaK KaK JBY3HAYHOCTb
oTepaliy U3BJICUCHHUS KOPHS YKE YUTCHa 3HAKOM .
6°. Ipumep 1. PemuTs ypaBHeHHe X' +10x2+9=0.
Peu enue. ViMeeMm KBapaTHOE ypaBHEHHE OTHOCHTENHHO BETUUMHBI X :
(v2) +10x2+9=0.
Cornacho (1.5.3)

(), =9, (), =-1.

B cBoro OYepeib, KAXKI0C U3 OTUX ypaBHeHI/Iﬁ HUMCCT 1O ABAa KOPHH:
xl,z = i3l, x354 =4,

Mpumep 2. Pemuts ypaBuenue x° +64=0.
P ew enue. 3ammcas ycnoBue B BUIC X +4°=0, TTOITyYHM I10 (popMyIie CyMMBI KyOOB
(x+4) (x> +4x+16)=0.

Nwmeem x; =—4, U ocTaeTcsl HAUTU pelIeHNs] KBaJpaTHOIO YpaBHEHUS x* +4x+16=0, ms KOTOPOro JUCKpUMHUHAHT D =-48<0.
ITo ¢popmyne (1.5.4) momyqaem

X34 = WM X34 =—2% 23i .

—4+/48i
2

7°. Wtak, moboe kBampaTHoe ypaBHeHHe, cormacHo (1.5.3), uMeer poBHO aBa KOpHs (mpu D =0 KOPHH COBIAJAIOT; B 3TOM
CITydae TOBOPAT, 4TO KOPEHb X; MMEET KPaTHOCTh, PAaBHYIO JBYM). B cHTy mpumepoB 1. 6° MOKHO TPETONOKHT, UTO KakKI0e Ky-



Ouueckoe ypaBHEHHE HMEET POBHO TPH KOPHS, ypaBHEHHE YeTBEPTOH CTEIEHN — POBHO YeThIpe KOpHS U T.4. Kpome Toro, cpemu kop-
Hell ypaBHEHHUS C IeUCTBUTENILHBIMU K03((HUIIEHTaMH KOMIUIEKCHBIE YHCIIa IPUCYTCTBYIOT CONPSKEHHBIMH ITapaMu: BMECTE C YHC-
JIOM BHAA z; = a+bi KOpPHEM CIyXHUT U z, =a—bi.

Takas runoTe3a okas3bIBacTCsl BEpHOH. A HMEHHO, B Kypce anreOphl JOKa3bIBaeTCs 9To:
a) KaxJoe anredpandeckoe ypaBHEHHE

n

n -1
a,x"+a, ;x"" +.+ax+ay=0, a,#0

umeeT B C pOBHO 7 KOpHEH, €M KaXIblii KOPEHb CUUTaTh CTOJILKO Pa3, KAaKOBa €ro KPaTHOCTh;
6) ecmu ko3(HUIMEHTHI ypaBHEHHS a (k =0,1,..., n) — NeHCTBHUTENBHBIC YHCIA, TO KOMIUICKCHBIE YUCIIA IPUCYTCTBYIOT BO

MHOXECTBE KOPHEH CONPSKCHHBIMH MTapaMH.
OTH TE3HCHI CTAHOBATCA O0JIee SICHBIMU T10CTIE PACCMOTPEHUSI CIIEAYIOIIETO IIPUMEpa.

[pumep. Pemuts ypasuenue x° + 4x* +4x? =0.
P e w enue. Mbl JOIKHBI OXYYUTh POBHO IIECTh KOpHEH. [lepenumiem ypaBHeHNe B BUIE

xz(x4 +4x? +4):0 WA xz(x2 +2)2 =0.

YpaBHeHHe x* =0 umeer 1Ba KOpHS: X; =X, =0 . AHaJIOTU4HO, ypaBHEHHE 22=0, e z=x>+2 wnmeer KOpHH z;=2,=0; B

crydae z; =0 wumm

x*+2=0, nmeer X3 4 = ++/2i; HO TOUHO TaKUe ke KOPHU X5 ¢ = iﬁi TOJy4aeM B ciaydae z, =0 . Takum o0pa3zoM, Kax1aoe U3 9u-

cen 0, 421, -ﬁi OKa3aJI0Ch KOpHEM KpamHocmu 06d.

1.6. YIIPA’KHEHUSA K I'JIABE 1
1

i

BEIMOIHUTE AEHCTBUA:

1°. TTanst uncna z, = , 2y =—4i, z3 =5i—1.

z 2z
a) 2z, —4zy+i°; 6) z,z,; B) . 21‘; r) 221+Z—3;
3~ 2
42 s Z3 i
n) z, —z; —4z,; €) +2iz,.
|z3+6|

PesynbraThl n300pa3uTh Ha KOMIDIEKCHOH IIOCKOCTH.

2°. M306pasuTh MHOMKECTBA TOYEK Z, I KOTOPHIX:
2

a) |z+3i|<3; 6) |z+i-1|>1; B) ReZ <0;
l

r) Imz? <2; 1) |z|£‘2\/§i—2‘.

3%, Jlokasatb paBeHcTBa
2+i 13+4

Q) —=——
)3—1' 17-9i

; 0) |E+z|2+|2—z|2 =4|Z|2.
4°. Haiiti 1eifCTBUTEIbHBIE YHCIIA X 1 y U3 YpaBHEHUM:
a) (Sx+2y)i—x+y=1; 6) 2x+7y—(5-2x)i+12=3yi.

5°. 3ammcaTh B TPUTOHOMETPHUECKOH (opMe UnciIa

z1=-9i, z, =2, z3 =—(1+i), z, =#

¥ BBIIIOJIHUATH 3aTE€EM YKa3aHHBIC ,I[CﬁCTBI/ISIZ

4 ZHZ
a) z;; 6) zz; B)%Q r) B
1 3

Za
6°. Haiitu BCe 3HAYEHMS:

Bt w0 7

25




7°. Peumts ypaBHEHHS U H300pa3uTh Ha KOMITJIEKCHOH MJIOCKOCTH MHOXKECTBA PEILICHHN:
2 . 2 . 4, . 4 2 .
a) z7+4z+53=0; 0) 2z°—z—-1=0; B) z* +i=0;T) z +z" =2;

0zt 42622 +25=0;¢e) 22 +8i=0;%) 2> +2z° +2z+1=0;3) iz* +1=0.



FmaBsa 2
PAObI. ANIEMEHTAPHbBIE ®YHKLUUU

2.1. IOHATUE ®YHKIIUU KOMIIVIEKCHOI'O IEPEMEHHOI'O

1°. Oxkpecmuocmvio U, Touxu z, = x, + y,i Ha3bIBAETCS MHOKECTBO BCEX TOUEK HEKOTOPOTO KPyTa Ha KOMILIEKCHO# TIOCKO-
CTH C UEHTPOM z,. Eciu € > 0 — paguyc aToro kpyra, To ynotpeoisieM Takke TepMUH "€ — OKpeCTHOCTh" U 0003HaueHue U (zo; e).
WuapmMu ciioBamu,

Uy :U(zo; 8):{2: |z—zO|<a}.

MHoxecTBO G TOYEK KOMIIIEKCHOM IUTOCKOCTH HA3BIBAETCS OMKPbIMbIM, €CIH KaXIas €ro TOYKa SIBIACTCA 6HYmpeHHel, T.¢.
cofiepkuTcs B G BMECTE C HEKOTOPOH OKPECTHOCTBIO.
Hanpumep, xomb110, T.€. MHOXECTBO BHJIA

Ula; uR)={z: 1<|z—a|<R}, @.1.1)
rac a— (l)I/IKCI/IpOBaHO, 1, R>0 , ABJIACTCA, OYEBUIHO OTKPBITHIM MHOKCCTBOM.

st cpaBHEHHMST 3aMETHM, 4TO eciii B (2.1.1) HepaBeHCTBO 3ammcaTh B BHAE 1< | z—a | <R, TO CBOICTBO "OTKPBITOCTH" HAPY-

mI1aeTcsl, TaK KaK TOYKH OKPYKHOCTH | z—a | =1 coJep Karcsi BO MHOXECTBE JINMIb C "9acThio" OKpecTHOCTH (cM. puc. 2.1.1).

v e

Puc. 2.1.1
Touku, obnaaromue noJoOHBIMU CBOMCTBaMM, Ha3bIBAIOTCS IpaHUYHBIMU. bojee TouHo, Touka z,, He MpuHaANexamas G, Ta-

Kasi, 4To JIt00asi ee OKPECTHOCTh COACPIKUT OECKOHEUHOE MHOKECTBO ToUYeK U3 (G, Ha3BIBACTCS ePAHUYHOU ISl OTKPHITOTO MHOXKECTBA
G.

2°. MHuosecTBO G Ha3bIBACTCS CEA3HbIM, €CITH JIBE €r0 JMOoOble TOUKM MOXKHO COSIMHHTh HEKOTOPOH JOMAHOM, IIETHKOM JIeka-
et B G. OTKpBITOE CBSI3HOE MHOXKECTBO G Ha3BIBACTCS 001ACHIbIO.

MHosecTBO, cocTosiiee 13 00nact G 1 ee rpaHMLbl, HA3BIBACTCS 3AMKHYMOU 001ACMbIO.

Kak mpaBuio, Mer 6yieM paccMaTpuBaTh OTpaHUYEHHBIE 00JacTH (3aMKHYTHIE MM HET), T.€. 00J1acTH, colepKaniiuecs B HEKO-
TopoM kpyre U (a; R).

3. Onpenenenue. Iycts G — HEKOTOPOE MHOXKECTBO KOMIUIEKCHBIX drce. ['OBOPAT, 4TO Ha MHOXKecTBe G (06IACTH OII-
penenennst G) 3anaHa @ynkyus Buga w= f (z), €CIIM KaKA0MY z € G TIOCTaBJIEHO B COOTBETCTBHE OJIHO MJIM HECKOJIBKO KOMILIEKC-
HBIX YHcell w. B mocnenseM cirydae Mel TOBOPHM, 9TO QYHKIHMS [ MHOCOZHAUHA.

Ecnm, B yacTHOCTH, BCe 3HAUEHHS W — AEHCTBUTEIBHBIEC YHCIIA, TO TOBOPUM O OeliciEUmenbHO3HAYHOU YHKYUYU KOMIIEKCHO20
nepemennozo. Ecmn G — MHOXecTBO Ha "neicTBuTeNnbHON ocu" (ocu abcumcc), .. z=x€ R, 10 w= f (x) — KOMNJIeKCHO3HAYHAS

(byHKIMS AeHCTBUTEIBHOTO TIEPEMEHHOTO.
Tak, ¢pynkius Buga w=Argz, z#0 (1e. zeC \{O}) SIBIISIETCS] MHOTO3HAYHOH (IeHCTBUTENbHO3HAYHON) (pyHKIMEH, Tak Kak

w=w, =argz+ +2TU’1, ne Z, 1 IIPpU Ka)XIOM 71 MBI IIOJIy41a€M HOBO€ 3HAYE€HUE W, , OTIIMYHOC OT m000ro W, , m#n .

m?>
Hpyras 3HakoMast Ham QyHKUs — 310 w=z", ze C (n =12, ) Tak kak pe3ynbTaT yMHOXEHHUS ONPENENIAeTCS OAHO3HAUYHBIM

00pa3oM (B JaHHOM CITydae — YMHOXKCHHS z Ha ce0s 1 pa3), TO yKa3aHHas QYHKIUSI OJHO3HAYHA.
MHoro3HauHOl (MMEHHO, 71-3HaYHON) ABJIIETCS U (pyHKIUS BUAA

s, O+2nk . . @+21k _
w="4z 1/|z| cos p, +isin p , ¢=argz,

k=0,1,...,n-1; zeC\{0}.

B nanbHeiinem OyzneM paccMaTpHBaTh, B OCHOBHOM, (DYHKIIMH OJJHO3HAYHbIE, €CJIM HE OTOBOPEHO IPOTHBHOE.



4°. Tlockomeky w= f (z) =f (x + yi ) oIpeneNnaeTcs TapaMy 3Ha4eHU I (x, y), TO MOYKHO TOBOPHTH 00 f Kak (yHKIUM IBYX Je-
CTBUTEIBHBIX MEPEMEHHBIX, 3alaHHOW Ha HEKOTOpoM MHoxkecTBe G. B To ke BpemMs w=u+vi, Toroa u =Ref (x+ yi): u (x, y),

v=Imf (x + yi) =y (x, y) — JIB€ IEWCTBUTEIILHO3HAYHBIE (DYHKIMN IEHCTBUTENBHBIX IIEPEMEHHBIX X U y. Takum oOpaszom,

w=f(z)=ulx,y)+iv(x,y), (2.1.2)

T.e. 3amaHue f (z) €CTh 3aJJaHWe Napbl YHKYUU U =u (x, y), v= v(x, y), 1 3TUM 00JIer4aroTcss MHOTHE (OPMYIHPOBKA M TOKa3a-
TENBCTBA B TEOPHH (YHKIIHH KOMIUIEKCHOTO EPEMEHHOTO.
Hanpumep, w= z? MOKeT GBITh npezcTasieHo B Bue (2.1.2) cineayromum o0pa3zom:

z? :(x+yi)2 = x? —y2+2xyi.

50. KomnnekcHo3HauHas (byHKI_[I/I}I BHUIa w= f (n), n € N Ha3bIBaCTCs NOCAE008AMENbHOCHbIO KOMNIEKCHLIX Yucel. MHOXKeCT-

BO €€ 3HAYCHHUH UMEET BU]I {w1 S Wasees W, ,} CornacHo (2.1.2)
w=f(n): w, =x,+iy,, n=12,..,

T.€. OMHOBPEMEHHO C f (n) 3aa10TCs BE IOCIEA0BATEIbHOCTH JEHCTBUTENIBHBIX YUCET {xn} u { Y }

6". HenpepsIBHOE 0TOGpaXKEHHE Y HEKOTOPOTO OTpe3Ka [oc, B] NEUCTBUTEIIBHOW OCH BO MHOYKECTBO KOMIUICKCHBIX YHCElN Ha-
3pIBaeTcst nymem (KpuBoil) y . MlHade roBops, MyTh — 3TO KOMIUIEKCHO3HA4YHas (QYHKLIUS Z = y(t) JEHCTBUTEIILHOTO TIEPEMEHHOTO,
prYeM x(t) = Rey(t) u y(t) = Imy(t) — HeNpephIBHBIE Ha [oc, B ], JecTBUTENNFHO3HAYHBIE QYHKINUU. TOUKN @ = y(oc) ub= y(B)
HAa3bIBAlOTCSl, COOTBETCTBEHHO, HAYAIOM M KOHIIOM ITyTH; €CIIH Y (a) = y(B) , TO ITyTh HAa3bIBACTCS 3AMKHYMbIM.

Ilyts y HaseiBaetcst enadkum, ecmu B npencrasernu v (1) =x(¢)+iy(t) dpysxmm x(¢) u y(¢) obmamaror Ha [oc, B] Helpe-
PBIBHBIME TIPOU3BOIHBIMH, IPHYEM y’(t);t 0 mpwu Beex ¢ € [oc; B ]; 371eCh 'y’(t)z x'(t)+iy'(t).

[IyTe y HA3BIBACTCS KYCOUHO-2NAOKUM, €CIH Y (¢) HETpephIBHA Ha [oc, B] (B yKa3aHHOM BBIILIE CMBICIIE) U [(x, [3] MO>KHO pa3-
OUTH Ha KOHEYHOE YHCIIO OTPE3KOB, Ha KAXKIIOM M3 KOTOPBIX Y (¢) Oompenenser IIaaKkuil myTb.

7°. O6macth D Ha MIOCKOCTH HA3BIBACTCA 0OHOCEA3HOI, €CITH ee TPAHHMIIA €CTh OJMH (HEpPepBIBHbI) MyTh 6€3 caMonepeceye-
HUH (BO3MOXKHO, 3aMKHYTHIN). O0IacTh, HE SBILTIONIASICS OQHOCBSI3HON, HA3BIBACTCS MHO20C8:A3HOU. OOIacTh HA3BIBACTCS N-CEA3HOU,
€CIIM ee TpaHHIa COCTOUT U3 1 (1 > 1) HemepeceKaronMxcsl (HeMpEePhIBHBIX ) MMyTeH; HEKOTOPBIE U3 HUX MOTYT BBIPOXKAATHCS B TOUKY.

2.2. IPEJEJI ®YHKIIUU. HEITPEPBIBHOCTb

1°. Onpenenenue npenena GyHkuun f (z) B TOYKE z, (BHyTpeHHEH BO MHOXecTBe G, Tae ompeneneHa w= f (z)) BBOJUTCS

COBEPIICHHO AaHAJTOTUYHO COOTBETCTBYIOIEMY MOHATHIO I (YHKIMH JAeHCTBUTETHFHOrO mepeMeHHoro. lmeHHo, wucio
Wy =g +ivy ecmob npedenr w= f (z) B TOUKE Z, €CII Julsl Moboro &€ >0 cymectsyer d > 0, Takoe 4To

|w—w0| < & Kak Tonbko 0 <| z—zo| <9d.
WubMu crioBamu, 1715 J11000i okpecTHOoCTH U (wo; s) Hai/IeTcsl HEKOTopas OKpecTHOCTh U (zo; 8), TaKas 4ro
weU (wp; &) kak Tomsko z € U (z4; 8), z # 2.

Ymorpebnsercs IpUBBIYHOE 0003HAUCHHE:

wy = lim £ (z). (2.2.1)
Z—)ZO
2°. CootHourenue (2.2.1) SKBUBAJICHTHO, OYEBUJIHO, CICAYIOMICMY:
lim |f(z)-wo|=0. (2.2.2)
‘z—zo‘ﬂo

TTOCKOIBbKY U1l TFOOBIX JAHCTBUTEIHHBIX TIEPEMEHHBIX U, V 3HAUCHHS Vu’ +V° CTPEeMATCS K HYJIIO TOTAA U TOTBKO TOr/d, KO-
raa oxHoBpeMeHHO # —> 0,v — 0, TO COIVIaCHO OIpeNeNIeHHI0 MOIYN U COOTHOIIeHHIo (2.1.2) mpenenbHbI nepexon Buna (2.2.2)
PaBHOCHIIEH TOMY, 9TO OZJHOBPEMEHHO
lim u (x, y): up;  lim v(x, y)=v,.
X—=>X( X—=>X()
Y=o ¥
JpyruMu croBaMu, TpeAeTbHBIN IEepPeX0]] COBEPIIACTCS MO OTACIBHOCTH B ACUCTBUTENBHON W MHUMOW YacTH (QYHKIIUH
w=f (z) Ortcrofa BBITEKAET, YTO MPOCTEHIINE CBOICTBA MPe/IENoB (BBIHECEHHE TIOCTOSHHOTO MHOXKMTENS 3a 3HAK Ipesiena, Ipeenb-

HBII TIepexo/] B CyMMe, ITPOU3BENICHUH | T.I1.) IEPEHOCSTCS U Ha CIIy4ail (yHKINH KOMITIEKCHOTO TIepEMEHHOTO.
3%, Tlo amanoruu ¢ (2.2.2) TOBOPAT, 4TO

wo = lim £ (2),

Z—>0

(nonsiTHE "Mpenenna Ha OECKOHEYHOCTH "), €CITH



lim | £ (z)—wy|=0.

‘Z‘—)oo
B YaCTHOCTH, 0151 NOCNIe0068AMENIbHOCMY KOMITIEKCHBIX YHCENT {Wn} qUCII0 W, Ha3bIBACTCs €€ npeée/lOM, €CIIn

lim | w, —wp|=0 (2.2.3)

n—
HJIk, 4YTO TO K€ CaMO€C, OTHOBPECMCHHO

uy = limx,; vy=1imy,.
n—>x0 n—>0

4°. TOBOpAT, UTO MOCIEIOBATENBHOCTD W, HMEET GecKoHeunblil npeder, 1 3aIHCHBAIOT

lim w, =0,
n—0

ecIH
lim | w,,| =+00.
n—>0
W306pa3uth cooTBeTCTBYyIOMIEE "3HaueHHE" OECKOHEYHOro Ipejesia HEBO3MOXKHO, OJHAKO YCJIOBHO TOBOPS, JOMONHSAIOT KOM-
IUIEKCHYIO IUTOCKOCTh "OECKOHEYHO yNaJICHHOW TOYKOH'", a ee "OKpeCTHOCTHIO" Ha3bIBAIOT BHEUIHOCTH KpyTa |w| > R J0CTaTO4HO

6onpmoro paguyca R > 0. KoMImiekcHas IIIOCKOCTbh, JOMOTHEHHAs OECKOHEYHO YAAJICHHOW TOYKOW, Ha3bIBACTCSA PACIIHPEHHOMN.
AHaJIOTUYHO, TOBOPAT, YTO

lim f(z)=o0,
Z—)ZO
€CJIn
lim | f(z)]=+o.
‘Z—Zo‘%o
3ammch
lim f(z)=o0
Z—>0
(OeckoHEUHEIH Mpe/eNt Ha OECKOHESYHOCTH ) 03HAYACT, UTO
lim | f(z)]=+o.
|2[—>+e0

5°, Oyukmus [ (z) Ha3bIBaCTCsl HenpepwiHoll B TOUKE z, , BHYTpeHHel [uit oOnactu onpenenenus G, eciu
lim f(z)=f(z,) (2.2.4)
Z—=>Z(

,Z[pyl"I/IMI/I CJIOBaMH, HEIPEPBIBHOCTL B TOYKE Z; €CTh BO3MOXXHOCTb IPCACIbHOIO IIEPEXo0Jaa 1104 3HaKOM (l)yHKHI/II/I opu z — z .

Cornacro 1. 2° i f (z) =u(x, y)+iv (x, y) HEMIPEPBIBHOCTD B TOUKE Z = X, +1)( O3HAYAET, YTO

lim ”(X’J’):”(xod’o); limv(x,y):v(xo,yo),
X—)XO X—)Xo
Y0 ¥

T.€. UMEEM HENPEPBLIBHOCTH ACHCTBUTENLHON YaCTH ¥ U MHMMOM 9acTH v Kak (QYHKIHUIA OT X U .

6". Kax B ci1yuae QyHKIHiT 1efCTBHTENEHOTO TIEPEMEHHOT0, OnpeeneHuio (2.2.4) MoXHO npuaath HHyko hopmy. Ecim 0603Ha-
YUTh Az=z-2,, Aw=f (z)— f (zo) , TO HEIPEePHIBHOCTH (PyHKIMH f B TOUKE Z, O3HAYaeT, 4TO

lim Aw =0,
Az—0

T.€. 0ECKOHEYHO-MaJIOMy TIPUPAICHUIO apI'yMeHTa (B TOUKE Z, ) COOTBETCTBYET OECKOHEUHO Majloe NpHpalieHue QyHKINY f.
7°. Oynxups f (z) HA3BIBACTCS HenpepbléHou 6 obracmu G, eciii OHa HeTPEphIBHA B KaXKIOW TOUYKE Z 3TOW 00IaCTH.
[TockonbKy HEepephIBHOCTh [ paBHOCHIIbHA HEMIPEPBIBHOCTH €€ NCHCTBUTEIHHON YaCTH ¢ W MHUMOM v, TO MHOTHE CBOWCTBA
HETIPEepHIBHBIX (DYHKIMH JeHCTBUTENBHOIO IEPEMEHHOTO MIEPEHOCATCS M Ha M3ydaeMblid cirydaid. Tak, BMmecTe ¢ f (z) ug (z) HeTpe-

/(2)

peIBHBIME OyayT (B X o0mieii obmactu HenpepsiBHOCTH G) f (z)+ g (z), f (z) g (z) u ( ) (3a HCKITIOYEHNEM TOYEK, B KOTOPBIX
glz

g (z) =0). CrnpaBemrBO yTBEpKACHUE O HEMPEPHIBHOCTH CIOKHOHN (PyHKIMH U 1Ip.

8°. TloHATHA MpefeNa H HeMPEePHIBHOCTH (YHKIMH B TOUYKE Z, BBOJAMINCh B TPEINONOKEHUH, UTO Z, — BHYTPEHHAS TOYKA
paccmarpuBaemMoro MHoXxecTBa G. Eciu 5ke z, — rpaHM9HAs TOYKa, TO B ompenencHud (2.2.2) morpedyem: |z—zo| —0, zeG (te.
TOYKa z NIpUOJIMKAeTCsA K z TaK, 4TO IPH ITOM coxpaHsaeTcs ycnosue z € G ).

OyHKIUs w = f (z) HA3BIBACTCS HENpPepbul8HOl 68 3aMKHYMOU 00aacmu G , ecim f (z) onpejesieHa B G W 1S KaXI0H TOUKH
zo € G (BKIIIOUAs TPAHHYHBIC TOUKH) BHITOJHEHO PABEHCTBO (2.2.4); MOJPa3yMeBACTCS, YTO TOUKA Z MOKET CTPEMHTECA K Z, (CM.

(2.2.4)) mo66M 06pa3oM, HO HE TOKHIAs 3aMKHYTOH 00sacTu G.



2.3. PAJAbI KOMIVIEKCHBIX YU CEJ

1°. Onpenienenne mpesiena Moc/eIOBATENEHOCTH KOMILTEKCHBIX wHcel, ganHoe B 1. 3° maparpada 2.2, TO3BOJAET TMOCTPOUT
TEOPHIO YUCIIOBBIX PSIIOB C KOMIUIEKCHBIMH WIEHaMH W, =u, +iv,, n=12,....

BeIpasxenue Buna

o0
W+ Wy + Wy o+ W, +... UK an (2.3.1)
n=1
HAa3bIBACTCS 4LCNI08bIM ps0oM. ECTECTBEHHO €ro 0TOXKIECTBHUTH C MPEIEIOM BHIA
S = lim (W, +wy +...4w,), (2.3.2)
n—0

€CJTH TIOCJICIHUMN CYIIeCTBYeT. bojiee TOUHO, eCciu CyIIeCTBYeT wuco S, onpenensemMoe kak mpezen (2.3.2), To psx (2.3.1) Ha3siBaeTCs
cxoosauwumes, a S — ero cymma. B mpotuBHOM ciydae psin (2.3.1) HazpIBaeTCs pacXoaSIIMCS.
2°. Yactuunas cymma (CyMMa MepBbIX 72 WICHOB) MPEACTABAMA B BH/IC

S, =W +wy +o AW, =u +uy +tu, +i(v1 +v, +...+v,,), (2.3.3)

U TeTIepb BOIPOCHI CXOANMOCTH psna (2.3.1) cBOAATCS K COOTBETCTBYIOLINM HCCIICAOBAHISM PSIIOB C ACHCTBUTEIHHBIMY WICHAMU

D Dov,. (2.3.4)

Tak,

a) OIHOBPEMEHHAas CXOIMMOCTH (2.3.4) sxBuBasieHTHA cxoauMocTH (2.3.1); mpu satom S = S +iS , TIe Sus COOTBETCTBYIO-
e CyMMBI psioB (2.3.4);
0) psan (2.3.1) cxomutcst (pPacXOAUTCS) OTHOBPEMEHHO C JIFOOBIM CBOUM OCTaTKOM

0
an , Ve N — dukcuposaHo;

n=v

B) €CJIN pAABI C KOMIUIEKCHBIMHA YJICHAMHA

OJIHOBPEMEHHO CXOJSITCSI U 00J1a1at0T, COOTBETCTBEHHO, cyMMaMu S’ 1 S, TO CXOAUTCS U ST
o0
Z(w’ +w!), aero cymma ecth S'+S"
n njl> y *

n=1

KpOMe TOro, ajs m000ro nmocrosstuHoro A € C ocraercs CXOOAINMCS U pAg

o0
ZXW; ; ero cymma ectb AS' .

n=1

[lepeuncnenHbple IPOCTEHIINE CBOWCTBA PSJOB XOPOIIO M3BECTHBI YHTATENIO B CIIy4dae PSOOB C JEHCTBUTEILHBIMH WICHAMH, a
I109TOMY JI0Ka3aTeIbCTBA YTBEPI/ICHHIT BEITEKAIOT U3 npeacTapienns (2.3.3) u pesyasraros m. 3° maparpada 2.2.
3°. Teopema (HeOOXOXMMBII MPU3HAK CXOXMMOCTH psza). Ecru psix (2.3.1) cxomures, To
lim w, =0. (2.3.5)
n—>w
OO0paTHOE YTBEpKIICHHE HEBEPHO.
Jloka3aTenbCTBO 3TOTO YTBEPIKACHHS IIPOBE/IEM HETIOCPEICTBEHHO (HE TMepexois K NEHCTBUTENFHBIM M MHUMBIM 4YacTsiM). Tak

KaK, O4€BHJIHO, cooTHOUIeHHe S = lim S, MoxeT ObITh 3amucaHo u B Buae S = lim S, _;, To, Beluucisaa mist w, =S, —S,_; Openen
n<—0o0 n—0

Pa3HOCTU, UMCEM

lim w, = lim (S, =S, ,)=lim S, —lim S, , =S-8=0,

Nn<—00 n—>0 n—>00 n—>0
YTO U TPeOOBAIOCH.

I .
Pan ¢ oOmum uneHoM w, =—+i-0 sBIAETCSA U3BECTHBIM HaM PACXOASAIIMMCS TAPMOHMYECKUM PAIOM, U U1 TAKHX W, BBIIOJ-
n
HEHO cooTHomeHue (2.3.5). 3HauuT, yTBepKACHNE, 00paTHOE CHOPMYITHPOBAHHOMY B TEOpEMe, HEBEPHO.
CraexcTBHUe (IOCTAaTOUHBIN MPU3HAK pacxoauMocTn). Ecmu
lim | w, | # 0 (2.3.6)
n—>0
(mnm ecw TIpenen He CyImecTByer), To psax (2.3.1) pacxomurcs.
JeficTBUTENFHO, B IPOTUBHOM CITydae MBI UMeNn OB CYIIECTBOBAaHHME M PaBEHCTBO HYIIO mpexaerna Buaa (2.3.5), Ho Toraa ObI,

coryacHo (2.2.3) mocnenoBaTeIbHOCT | wn| — 0, 9T0 MPOTHBOPEUHT ycaoButo (2.3.6).

4° Teopewma. Ecau cxoautes psix



D wal, (2.3.7)
n=1

To cxomutcs u psx (2.3.1). O6paTHOE yTBEpKICHHE HEBEPHO.

HdokazaTtenscTsBo. Ilockonbky
[2, 2 _
|u,1|s u, +v, —|wn

o0 o0
TO CXOJIUTCS U PsI Z |“n| (110 TeopeMe CpaBHEHUS PSAIOB C TOJOKHUTEIBHBIMA WICHAMH). AHATOTHYHO, CXOIUTCS U PSJT Z | Vn| .
n=l1 n=1
CrnenoBarenbHo, 00a psna (2.3.4) cxonsarcs abcomoTHO. OTCIOAa U BBITEKAET CXOAUMOCTE psiaa (2.3.1); cm. mm. 20 HACTOSIIETO Mapa-
rpada.
To, uTo 0OpaTHOE YTBEPKACHUE HEBEPHO, JCMOHCTPUPYETCS Ha U3BECTHOM YHTATEIIO IIPUMEPE Psiia C OOIIUM YICHOM

_C

=2 40,
n n

B

KOTOPBIN CXOAUTCS, HO PSJ] U3 MOAYJIeH (TapMOHHYECKUI) PacXOJUTCSI.

Kak u panee, cxooumocms psia, gblmexkarouyyio u3 cxooumocmu psioa mMooyiei, Ha3bIBaeTcsl abcomomuou. Ecim e cXomuTcs
(2.3.1), Ho (2.3.7) pacxoauTcs, TO CXOIUMOCTS (2.3.1) Ha3bIBaETCS YCIOBHOI.

5°. JlocTaTOUHBIME NPH3HAKAMHI CXOAMMOCTH PsJia M3 MOJyJIeH (3HAKOMONOKHTENEHOTO PAa) MOTYT CIYKHTh, HAPHMEp, TIPH-
3HaKH:

a) Jlamambepa: mycTh CyIIeCTBYET Ipenent Buaa

w

: | +1|

D= lim =1,
n—ow |Wn|

Tormampu D <1 psan (2.3.7) cxonutces, a mpu D > 1 — pacxogurces.
6) Komm: mycTs cymiecTByeT npenien Buaa

K =1lim?# |w

il
n—>0

Tormanpu K <1 psang (2.3.7) cxonutcs, a npu K > 1 — pacxogures.
HanoMunM 9mTaTelo, 9To B TOKa3aTeIbCTBE YTBEpKACHUH a) u 6) mpu D >1 wmm K >1 pacxomumocts (2.3.7) BEITEKaeT w3
cooTHoIeHus (2.3.6).

2.4. CTEIIEHHBIE PS/IbI

1°. TIycts B o6mactn G 3amaHa GECKOHEUHAs MOC/TEI0BATEIHOCTD OTHO3HAYHBIX (DYHKIIHH {un (z)}, n=1,2, ..... Beipaxenue

BUIA

> u,(z) (2.4.1)
n=l
HAa3bIBACTCS QYHKYUOHATbHBIM PATOM. IIpH KaXAOM z =z, € G MMEeM Yuca10680U Psi N3 KOMIUIEKCHBIX YHCEI U, (zo). Ecnu momyyae-
MBI YHCIIOBOH PsiJl CXOIUTCS, TO Z, Ha3bIBAETCA €TO MOUKOU CXOOUMOCHU, & €CIIH PACXOJUTC — TO Moukoll pacxooumocmu. Ha MHO-
xectBe Gy, € G Bcex TOUEK CXOXMMOCTH psna (2.4.1) 3amana torma ¢yHkuus S =S (z), Ha3biBaeMasi cymmon psiaa (2.4.1), roe
S (zo) ecTh 0003HaYeHHe CyMMBI psaa (2.4.1) B Touke z; .

2°. Vke U3 Teopun (YHKIMOHANBHBIX PAOB JEHCTBUTEILHOTO TIEPEMEHHOTO HAM M3BECTHO, UTO TIPHBBIYHBIE CBONCTBA KOHEU-
HBIX CYMM (pPYHKIUI MOTYT HE COXPaHATHCS TIPH Ilepexoie K psinaM. Kak v B yOMSHYTOH TEeOpHH, TOJI0KEHHE MOXKET OBITH ""HCTpaB-
neHo" TpeGoBaHHEM PaBHOMEPHOU CXOIMMOCTH psifia.

ITycts S (z) ecTh cymma psija (2.4.1) Ha 3aMKHYTOH OrpaHWYEeHHOH 001acTH G M IPH KaXK/IOM 7 CyIeCTBYeT HauOoJbIee 3Ha-

yenne Moy ykionenus S, (z) or S (z)

p, = max| Sn(z)—S(z) , n=1,2,...

zeG

Ecau lim p, =0, 1o pan (2.4.1) Ha3bIBaeTcs pasnomepro cxooswumcs Ha G kK cymme S (z)
n—0

CoxpanseTcs TOCTaTOYHBIN Mpu3HaK BeiepmTpacca paBHOMEPHOW CXOAMMOCTH: €CITH CYIIECTBYET YHCIIOBAs IOCIIEIOBATEIh-

o0
HOCTh {(xn} , Takas 4to Jyisi BceX z € G, n=1, 2,... IMEIOT MECTO OLICHKH |un(z)| <o, upan Zan — cxopsmuiics, To pan (2.4.1)
n=l1
paBHOMEPHO cxoauTcsl Ha G; B 3TOM CITydae OH Ha3bIBAETCs madcopupyemvim Ha G.
U3 cBoiicTB paBHOMEpHO cxomaumxcsi Ha G pAOOB OTMETHM, YTO cymMma S (z) HEIIpEpPbIBHA, €CJIM HENPEPBIBHBI BCE

un(z), n=12,...



3%, [TycTh {z" }, n=1,2,..., — IOCIEIOBATEILHOCTh CTCIICHHBIX ()YHKIIUH, {onn}, n=0,1,.. — moCIea0BAaTEILHOCTh KOMILIEKC-

HBIX YHCEIL.
Pan Buna

ag+az+ayz® +..+a,z" +... (2.4.2)

HA3BIBAETCS cmenenHbim; Ui (2.4.2) yoTpeOiisieM Takke 0003HaYeHHE

OueBUIHO, YTO JIFOOOM CTENEHHOM PsII CXOOMTCS B TOUKE z, = 0, TaK KaK BCE €ro 4acTHIHBIE CYMMBI S, |z, )= a, , U, ClIeI0Ba-
5 0 n 0 0>
TEJIBHO, TPEJIEN MOCIeI0BATEIbHOCTH {Sn (z0 )} CYILECTBYET U PaBeH q,. HaxoxaeHue Apyrux To4ek CXOAUMOCTH OyJeT OIupaThes
Ha CIIEAYIOIIYIO TEOpeMY.

Teopema AO6ensa EcnucrenenHoil pan (2.4.2) cxonurcst B HEKOTOPOH Touke z, # 0, To OH aOCOIIOTHO CXOIUTCS B Kpyre
U (O; | zo| )z {z: | z | < | zo| } Ecnu ke z; — TOYKa pacXOIUMOCTH, TO psif (2.4.2) pacXOAUTCsI IIPH BCEX Z TAKKX, YTO | z | > | z(’)| .

Jloxka3zaTenbCcTBO.
1. Psnxu3 moxymneit mist (2.4.2) nmeer BUA

o0

Dl a,| | z]|" (2.4.3)

n=0
OO0muit wreH psaa (2.4.3) MOXHO MPEICTABUTH CICAYIONINM 00pa3oM:

n

a,,zg‘~ 1, (2.4.4)
2

u

— . n_
W(2)=|a,| | z]"=

rae z, # 0— rouka cxogumocTH psazaa (2.4.2). IlockonbKy B 3TOH TOUKE BBIIOJIHEH HEOOXOIUMBII PU3HAK CXOIUMOCTH, T.€.

lim
n—»0

TO JUIS BCEX /1 CYIIECTBYET NocTossHHast M > 0 Takas, 4To

=0,

n
ayZo

<M.

n
a,zg

IIpu ycnosun |z | < | Zo| AMEEeM Ul g = = ,uro 0<g<1. CnenoBarensHo, B cuiy (2.4.4), 0<u, (z)S Mq", 0<g<l,mu
20

pAn
M +Mg+Mg* +...+ Mg" +...

SIBIISICTCS CXOJSIIUMCS (CyMMa OECKOHEYHO YOBIBAIOIICH reOMETPUIECKOM mporpeccun). I1o TeopemMe cpaBHEHHUS 3HAKOTIOIOKUTEIb-
HBIX PAIOB TOTIA cxonutes U psix (2.4.3). 3xaqur, B kpyre U (0; | Zo| ) pan (2.4.2) cxonuTcst aOCONIOTHO, UTO U YTBEPIKAAIOCH.

2. B cmyuae | z | > | z(')| psia (2.4.2) He MOXKET CXOAHUTCS B TOUKe z. JlelicTBUTENBHO, IMeeM z(, € U (0; | z | ), u, eciu (2.4.2) cxo-

JUTCs B TOYKE Z, TO IO nepBoﬁ YaCTu TCOPEMBI A6eJ’IH, pAd CXOOAUTCA U B TOUKE 26 . Ho at0 MPOTUBOPCHUUT YCJIOBHUIO. I/ITaK, BO BCECX

TOYKaXx z, TAKUX, 9TO | z | > | zg|, psia (2.4.2) pacxopuresi. Teopema MOTHOCTBIO TOKa3aHa.

4°. U3 TeopeMbl AGeJist BRITEKAET, UTO BCSKAs TOYKA CXOTHUMOCTH Z, CTETEHHOTO psaa Gimke K Hauamy KOOPIMHAT, 4eM Jrobas
TOYKA pacXOIUMOCTH (ecii Takas uMeeTcs). CrenoBaTeiIbHO, JODKHO CYIIECTBOBATh HEKOTOpOe "MOoTpaHnYHOe" paccTosHuE R, Ta-
KO€ 4TO IpH | z | <R (T.e. B K&)KJIOM TakOM Kpyre) UMeeT MecTO abCONIOTHAs CXOAUMOCTb, a IPH | z | > R (BHe Kpyra) — pacxoju-

MocThb psina (2.4.2). Uncio R Ha3bIBACTCS paduycom cxoOumMocmu CTETIEHHOTO psina, oonacte U (O, R)— €ro KpyroM CXOJUMOCTH, CM.
puc. 2.4.1.
ITpu Besikom 0 < p < R pan (2.4.2) Oynet cXomuTcesi 1 paBHOMEPHO B Kpyre | z| < p. JleficTBUTENBHO, B3SB TOUKY Z , TAKYIO, UTO

| z | =p , UMECM a6COJ'HOTHyIO CXOOUMOCTDH B TOUKEC z , T.C. CXOAUTCA psJ

o0

2l a e
n=0
B 10 e Bpems, 1iis wieHoB (2.4.2) nMeeM OICHKY

n n n
‘anz S|an|~|z| S|an|p.




N
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N

N

v

pacxon

Puc. 2.4.1

CormnacHo npusHaky Beifepmpacca, moigydaeM paBHOMEpPHYIO CXOIMMOCTH MIPH |z| <p. B gactHocTH (TaKk KaKk HENpPEPHIBHBI

BCE CTEIEHHbIe PyHKIMU U, (z) =z"), HENPEPBLIBHOM B KPyre CXOAMMOCTH Oy1yT cymma psza (2.4.2).

5°, Paaunyc cxoauMocT R MOKHO HAWTH 110 OJHOM U3 opMyJ:
) (2.4.5)

€CJIM CYIIECTBYET COOTBETCTBYIOIIEEe "urcio Jlamambepa"

w "gnciio Komn"
K = lim 1”/|an| .
n—0

®Dopmyel (2.4.5) octarores crpaBeuBbIME, eciii D=0 wim z € G —Torma R =0, T.e. 00JIACTBIO CXOAMMOCTH PsINia SBIISCT-
Csl BCSl KOMILIEKCHAs MIIOCKOCTh. Ecim sxe D = +00 (K = +oo) ,To R=0, T.e. "o0macTpI0" CXOAUMOCTH SIBIAETCS €TMHCTBEHHAs TOUYKA

zo =0 . IIpuMepsI TakOro poaa CM. HIKE.
Joxaxxem, Hanpumep, BTopyro u3 popmyn (2.4.5). CormacHo npuzaaky Ko, psn (2.4.3) cxoaurces, ecimn

lim 4| a,|| z|" <1, e |z| K <1, (2.4.6)

n—>x0

1
OTKyJla IIOJIy4aeM IIpU | z | <E cX0IUMOCTh psifa (2.4.3), a 3HAYUT M aOCONMIOTHYIO CXOAUMOCTH psina (2.4.2). B To ke Bpems mpu
1 . 0
| z | > Ve coryacHo npu3HaKy Korm pacxoautcst He TOIBKO psa u3 Moayiei (2.4.3), Ho u cam psa (2.4.2); 06 3TOM yIIOMHUHAJIOCH B II. 5

1
maparpada 2.3. Utak, iMeHHO 9ncio R = ra 0Ka3aJ10Ch PAHYCOM CXOXMMOCTH COTJIACHO ONpe/IeNeHno R B 11. 4°. OTMETHM TaKKe, 4To

npu K =0 ycnosue (2.4.6) BBIOIHEHO MpH BeeX z (T.e. R =00 ), anpu K =0 ycnosue (2.4.6) He BBITIOIHEHO MpH JTI000M z # 0 ; ToY-
Ka ke z, =0, KaKk yIOMHUHAIOCH, CITy>KHT TOYKOH CXOIMMOCTH JIt000r0 cTeneHHoro paaa (R =0). YTBepxaeHue 1. 5° monHOCTBIO o-
Ka3aHo.

6°. PaccMoTpHM (fUTst 0GOTO (PHKCHPOBAHHOTO Jp) PAA 1O cTeneHsIM z — I

ag+a,(z=3)+ar(z=Fg ) +.ta,(z-Fp) ... (2.4.7)

HJin, KOPOTKO

~

OueBUHO, 4TO B Touke I, pan (2.4.7) cxomurcs U ero cymma S = a,,. 3aMeHOIl mepeMeHHbIX J =z — T, MOIydaeM psJ BUIa

(2.4.2) n, cnenoBarensHO, TeopeMa AOeNst M Bce ee yKa3aHHbIE BBILIE CIICICTBHS IIEPEHOCATCS Ha cirydai (2.4.7) ¢ COOTBETCTBYIOLIMM
U3MEHEeHHEeM B (pOpMyITHPOBKAX: Pedb Teleph CIeAyeT BECTH O Kpyre CXOAUMOCTH € HEHTpoM I, . Tak, HarpuMep, Kpyr CXOIUMOCTH

|~

\S|<L Ul s i _ | _~5|<i
K ©cTh 0 |T1FIE Sl < TR

7°. Tipumep 1. Haiitn 06macTs CXOXMMOCTH psija



i—i”(z+i)'1 . (2.4.8)

n=0 n2 +1

Pewenue. VMeeM psan 1o creneHsm z—(— i), TOrJa ero Kpyr cxogumoctu U (— i R) Oyzer HaiifieH, eclli HaiieM pannyc

.n

. 1
cxonuMmoctH R. Bocronbs3yemcst popmynoit R = D’ rae it 4, =—

n°+1
.n+l -n
b tim Bl L A i Al SRS
n—o |an| )14)00(n+1)2+1 n*+1 x| " (n+1)2+1
I’lz(l-i-lzj
= lim |7 |- n =1.

n n2

2
n—>00 1 1
n’ (1+j +—
Urak, R=1, T.e. npu | z+1i | <1 psim abCOMOTHO CXOANTCA, a IPU | z+i | >1 pacxoxutcs. Ha okpyxHOCTH | z+1 | =1 nposenem

OTAEIBHOE HccenoBanue. st 3Toro paccMOTPUM psia U3 Moaydiei s (2.4.8). Tak kak | i | =1, To npu | z4i | =1 nomy4aeM 4ucno-

BOU psf

i 1

P
n=1 7’[2 +1

KOTOpLIfI OKa3bIBACTCA CXOAAIIUMCH. HeﬁCTBHTGHBHO, HalpuMep, N0 UHTECrpajJbHOMY MNPHU3HAKY Komm JIIsL f(x)= HEIIpe-

2 +1

PBIBHOM M yObIBaroLIel Ha [1, + oo) uMeeM

o0

-

1

0
dx = arctg| =arctg (oo)—arctgl - r_T s
1+x? 1 2 4 4

T.€. TIOJTYYHIN CXOAAIINMCS HECOOCTBEHHBIN WHTETPal T, a 3HAYUT W YUCIOBOU psaf. Takmm oOpa3oMm, W Ha OKPY>KHOCTH | z+i | =1
psan (2.4.8) cxomutcs abcomoTHO. OKOHYATENBFHO, HONydYaeM 00JacThi0 aOCONIOTHOM CXOIMMOCTH psAa 3aMKHYTBHIH Kpyr BHIa
{Z:|Z+i|$l}.

Mpuwmep 2. JlokazaTs, 94TO psg

a0COJTIOTHO CXOIMUTCS BO BCEW KOMINIEKCHOM IUIOCKOCTH.
Pewenue. JIeWCTBUTEIBHO,
. 1 1 .
D=lim————:—=1lim
n—o (n + 1)! n noon+l

=0,

1
H, CJIeJIoBaTeNbHO, R = B =0,

IIpumep 3. JlokasaTs, 9TO psig

00J1a1aeT eAMHCTBEHHON TOUKOM cxoaumMoct z =0 .

Pew enue. JleiictBurensto, K = lim \/n" = lim n= o, u, ciegosarensHo, R=0.
n—>0 n—>0

8°. Bonee r1y6OKHe CBONCTBA CTENMEHHBIX PAIOB M HX 0600MmeHns GyIyT pacCMOTPEHbI HIKE, HO JUIS 3TOTO HaM TOTPeByroTCs
OCHOBBI JTU(epeHIHanbHO-MHTETPAITFHOT0 NCUUCTICHUS (DYHKIMHA KOMILIEKCHOTO nepeMeHHoro. OqHako yxke cedac Mbl FOTOBBI
BBECTH B PACCMOTPEHNE HEKOTOPBIE N3 OCHOBHBIX (€Ille He paCCMOTPEHHBIX ) DJIEMEHTAPHBIX (DYHKITHH.

2.5. ®YHKIINU &, sinz, cosz

10. 3a OCHOBY OHpeﬂeHeHI/Iﬁ BO3bMEM U3BCCTHBIC PA3JIOKCHU (I)yHKIII/Iﬁ Z[eﬁCTBPITeJIBHOFO MEPEMECHHOTO e", sinx, COSX B CTC-

TICHHBIC PAABI. CDOpMaJ'H)HO 3aMCHHMB B HUX X HA Z, MIOJIOKHM IO ONPEACICHUTIO:

e =1+%+Z—+...+Z—'+...; 2.5.1)



3 5 2n+1
z

. z2 z " )
San:Z—E-FE—...-F(—I) m+..., (252)
ZZ Z4 ; ZZn
COSZ:1—7!+T!—...+(—1) W+ . (253)

Kakplit n3 yka3aHHBIX PsIOB a0COIIOTHO CXOJUTCS BO BCEH KOMILIEKCHOMU TIOCKOCTH, TaK Kak "ducio JlamamoOepa" BCskuii pas

1
(2n)!

PaBHO HYIIIO, U, CIE€A0BATEIbHO, PAAUYC CXOOUMOCTU R = o . YOEIUMCs B 9TOM, Hampumep, B ciydae (2.5.3): 3xech a, =

MI03TOMY

D= tim 2, (2n)

noo (2(n+1))0 noe (20)! (2n+1)(20+2)

B

YTO U YTBEPIKIAIOCH.

Urak, pu Bcex z ompeneneHbl CyMMBI psaoB (2.5.1) — (2.5.3). B wactHocty, 1 z=x+i-0 (Ha JeHCTBUTEIHHON OCH) UMEEM
3HAKOMbIE HaM TPACIICHACHTHbIE (DYHKIIMU IEHCTBUTEILHOTO MEPEMEHHOTO.

2°. Umeer mecTo crenyiommas gopmyia dinepa

e = cosz +isinz, (2.5.4)

yCTaHaBJIMBAIOIasl HCOKUJAAHHYIO CBA3b MCIKIY IMOKa3aTeILHOU 1 TPUTOHOMETPUICCKUMU (I)yHKIII/IHMI/I. ,’:[J'ISI J0Ka3aTrciIbCTBa (254)
AOCTATOYHO YCTAHOBUTH, YTO COBIAAAIOT YJICHBI COOTBETCTBYIOIIUX PSAI0B. HO,HCTaBI/IM iz BMECTO Z B 06HII/II>1 YJICH (251), HNMCEM!

. 2 . 3 n_n
iz 1z Zz 1z 1z
e =1l+————+...+

no2r 3 n!

o 2.5.5)

Ecnu tenepp Bce wieHs! psia (2.5.2) yMHOXKHTB Ha i M CJIOKUTH 3aTEM COOTBETCTBYIOIINE WICHBI PSAIOB TOJIydyeHHoro 1 (2.5.3),
10 (cM. 1. 2° maparpada (2.3)) GyaeM UMeTh P, CXOIAMIMHACS BO BCel KOMIUIEKCHOM TLIOCKOCTH:

2 . 3 2m 22m+1

COSZ"rl.Sil'lZ:l"rl.Z—Z——i'i‘..."r (—l)mﬁ'i‘(—l)mim
m)! m+1)!

203
(2.5.6)
B cuty oueBnaHOTO paBeHcTBa (i )2'” = (i Zyn = (— 1)’" numeeM oOmmmit wieH psga (2.5.6) B Buae
(l )2m . (l.Z)Zerl
2m)  @2m+1)’

N _n
z

YTO U MPCACTABIACT cob6or0 CyMMY JIBYX WICHOB BHUJa , Korjga n np06eraeT IOoCJICA0OBATCIIBHO YCTHBIC (I’l = 2m) 1 HCUYCTHBIC

(n =2m+ 1) 3HadyeHus. Popmyna Difnepa 1oka3aHa, TaK KaK YICHBI, a 3HAYUT U CyMMBI psaoB (2.5.5) u (2.5.6) conanu.
3% [Mockonbky dopmyna (2.5.4) cripaBeminBa MpH BCeX z, TO MOJICTABUB B HEE (— z) BMECTO Zz, IOJIYy4YNM
e =cosz—isinz, (2.5.7)

IPU TOM YETHOCTb KOCHHYCa (cos (— z):cosz) U HEYETHOCTh CHHYCa (sin (— z):—sinz) BBITEKAIOT M3 omnpejeneHuit (2.5.2) u

(2.5.3).
CxuafpIBasi ¥ BEIYUTAsA paBeHCTBa (2.5.4) u (2.5.7), MBI OTy4aeM:

+e . e
cosz = ; sinz = . (2.5.8)
2
4°. CaoiicTBO
2 = .72, (2.5.9)
CIIpaBeVINBOE B CIydae JEHCTBUTENBHBIX YHCEN z; M z,, COXpaHseTcs M B odmeMm ciydae. JJokazarenbcTBo (2.5.9) ocHOBaHO Ha

NEPEMHOKEHMU CTEMEHHBIX PAIOB I e”! U e”? 10 HEKOTOPOMY ECTECTBEHHOMY IIPABHIIY, KOTOPOE MBI 3/1€Ch HE PACCMATPUBAEM.
5°. CoXpaHSIOTCS TAKKE NPUBLIYHbIE OPMYIbL JUTS TPUTOHOMETPHUIECKHX (DyHKIIHIA:
cos(z; £z, )= cosz| cos7- Frinz, sinz,;
sin (z, + z, ) = sinz, cusZ, = w08z, sinz,;
HX 0Ka3aTeIbCTBO OCHOBAHO Ha COOTHOIIEHMX (2.5.8) u (2.5.9) 1 MokeT OBITh MPEIOCTABICHO YUTATEIIO.
CrpaBeiiuBbl ()OPMYJITBI TIPUBEICHUS:

~—

cos (z + n) =—cosz; sin (z +1)=—sinz;

T . .
CcoS (Z +5) =—=S8Inz; Sin [Z + =C0Sz

o
N—



T . T LT
u 1.11. Hanpumep, B cuiy (2.5.10), rae z, = EX U U3BECTHBIX 3HAYECHUM COSE =0, s1n5 =1, umeem:
b T, . .
cos| z+— | =cosz cos ——sinz sin— = —sinz .
2 2 2

O6e QyHKIUK Sinz ¥ COSzZ MMEIOT IEpUO 27 ; B cuity (2.5.4) 3THM e nepuoaoM obanaer u e .
CoxpaHsieTcss OCHOBHOE TPUTOHOMETPHYECKOE TOKIECTBO

2

sin® z+cos’z=1

(m1s moKazaTenbCcTBA AOCTATOYHO B3STh ) =z, z, =—2 B (2.5.10)) n Bce Apyrne u3BecTHbIE U3 TPUTOHOMETPHN (HDOPMYIIBI LIS CH-

Hyca u kocuryca. OHaKo, TIPH Tepexojie K KOMIUIEKCHOMY apryMEHTy MOYeT HapyIIaThCsl PUBBIYHAS OTPAHHYEHHOCTE ¢IHHHIIECH
MoyIelt 3HaueHu! sinz U cosz . Hanmpumep, cormacHo (2.5.8)

2, it
. e +te 1 1
coSi=———=—| e+—
2 2

— JIEACTBHUTEILHOE YUCIIO, OOJIbIIEE €IUHHUIIE].
6°. Tlo OTIpEICNICHUIO TToJIaraeM

_ cosz

sinz
tgz = ; ctgz -
cosz sinz

BO BCEX TOYKAaX z, I/le 3HAMEHATENb COOTBETCTBYIOIIEH JpoOK He 00paIaeTcsi B HOJIb.
T'unepbonuueckue CUHYC U KOCUHYC OIPENEIISIOTCS B BUIC

V4 -z V4 -z
e —e e +e
shz:T; chz=———

HetpynHo npoBepuTh COOTHOLIEHUS:

chz = cosiz; shz =—isiniz; ch?z—sh?z=1.

2.6. IOTAPUOMHUYECKAS U ITIOKA3ATEJIbHAA ®YHKILNU.
OBPATHBIE TPUTOHOMETPUYECKHUE ®YHKIIUA

1°. Jlozapugpmon (HaTypaabHBIM JIOrapu(MOM) YKCIIa Z HA3BIBAETCS YUCIIO W, obaaroniee cBoiictBom e =z, e z#0. Ye-
TAHOBUM CYIIIECTBOBAHHUE U HaiieM (GOpMyITy JUIs BEIYUCICHHUS Jorapudma.
[Tonoxxum w=u +iv , Torma cormacHo (2.5.9) u (2.5.4)

et = e'e = e"(cosv+isin).
Ecnuz = | z |(cos<p +i sin(p), TO PaBEHCTBO ¢ =z 03HAYaer, 4To
" (cosv+isinv)= | z | (cosp +ising).

Mouynu paBHBIX KOMIUIEKCHBIX YHCEN TOKE PABHBL:

e" :|Z|,0TKyI[a u:1n|z|

(mmeercs B BUAY "0OBIYHBIN" JOTapu(M JeHCTBUTEIHFHOTO YHCIIA); YTO JK€ KacaeTcsi apryMEeHTOB, TO OHA MOTYT OTJINYAThCS Ha 27k :

v=0+2nk, k=0,%1, ....

CnenoBareibHoO,
w= 1n| z|+i((p+2nk), WJIH, KOPOTKO, W = ln| z|+iArgz,

rae ¢ =argz . O6o3Havas gorapudm cuMBooM Lnz (ymoTpebieHue 3ariaBHOW OyKBBI 03HAYAET MHOTO3HAYHOCTh PE3yNIbTaTa), MBI
MOJTY4UIIH, YTO
Lnz = ln| z |+i(argz+2nk), ke {O, +1, }

Oynkuus Buga w=Lnz Ha3piBaeTcs JorapupMUUYEcKoii, OHa onpe/eneHa npu Bcex z # 0 u mHoro3nauna. [Ipu k& =0 nonyda-
€M TaK Ha3bIBaeMOe TJIaBHOE 3HaYCHHE JIoTapudma:

1nz=ln|z|+iargz.

20. HNmerot mecto CJIeAyromune 0606H1€HI/I$I HW3BECTHBIX HAaM CBOMCTB J'IOl"apI/I(bMOB Ha cnyqai/'l KOMILIEKCHOU HepeMGHHOﬁZ



Ln (zlz2 ) =Lnz, +Lnz,;

z
Ln-L=1Lnz ~Lnz, .
22

JlokazarenbCcTBa BBITCKAIOT U3 )K€ YCTAHOBJICHHBIX BBIIIC CBOMCTB MOMYJIS M apryMEHTa MPOU3BEACHUs 1 YacTHOro. Hampumep
Ln (zlzz): Ln(lzl| -|zz| (cos (CI)l +CD2)+isin (CID1 +CI)2))):
= 1n|zl| ~|22|+i(<l)1 +<D2): (1n|zl|+iCDl)+ (1n|zz|+i<l)2): Lnz; +Lnz,;

3neck obo3zHaueHsl D) = Argz,, @, = Argz,.
3B OCHOBY OIPEEICHHUS M0Ka3aTeNIbHOM (DYHKIMH TOJI0KUM U3BECTHOE (151 NEWCTBUTEILHOTO MEPEMEHHOTO ) CBOWCTBO

ot = (elna)x _ exlna’ a>0.
ITomoxum 1o ONPEACIICHUIO 1A 006X KomnaexcHolx a #0 Uz
z _ zlna

a =e

Ora QyHKIUS TaKKe OKa3bIBAETCsl MHOTO3HAYHOM B CHJIy MHOTO3HAYHOCTH Jiorapudma.
4° Ipuwmeps. Borumcauts a) Ln (— 1); 6) Ln (2 x/gi—2); B) i '.

Pewenue. a) Tak kak —1=cosm+isinm, TO

Ln(=1)=1Inl+i(n+2nk)=in(1+2k), k=0, *1,....

» TO @ —

oS

2 |
0) 3amumem z =2 x/gi —2 B TpuroHoMmerpuueckoit popme. Tak kak | z | =1 (2 \/g) +2% =4, cosp= 5 sing =

. T 2
yroJ BTOPO# YeTBEPTH, IMEHHO @ =TT -3 = 3 Clre1oBaTensHo,

Ln (2 \/gi—Z): ln4+i[23—n+ 2nk) =2In2 + in(§+2k), k=0, £1,....
—i _ _—iLni . . T, . T

B) i '=e TI0 ONPEACIICHHUIO MTOKa3aTenbHol GpyHKIMHU. [Ipy aToM i = coszﬂ smz, 3HAYMT

. (T 1 .

Lni = 1n1+z(—+2nkj =7 —+2ka.

2 2
o 1
Tenepy —iLni=n (E + ij , a Toraa

i e“(%m)’ k=01, ...

1 =
5°. O6paTHbIe TpUroHOMeTpHUeCcKHe (GYHKIMH ONPEeMIOTCA KaK QYHKIMH, OOpaTHbIE 0 OTHOIICHUIO K CHHYCY, KOCHHYCY,

TaHTEHCY, KOTaHreHcy. IMEHHO, el z = Sinw , TO YKCJIO W Ha3bIBACTCS apKCUHYCOM YHCIIA z; 0003HAYCHHUE:!

w = Arcsinz.

Ecmu paccMOTpeTh z Kak MEPEMEHHYIO BEIHYMHY, TO PEYb YK€ HICT O (PYHKIUH BUAa w = Arcsinz. AHaJOTHYHO, €CIH

Z = COSW, TO TIOJy4aeM apKKOCHHYC
w = Arccosz;

ecinna z =tgw, 10

w = Arctgz;
I z = ctgw HMeeM

w = Arcctgz

(apkTaHTeHC U apKKOTaHTCHC, COOTBETCTBEHHO).
6". Tlomyanm hOpMyIIBI JUIsl BEIYHCIIEHHS 3HAYEHHH STHX DYHKIHA 1 yOeIMMCs B MX MHOTO3HAYHOCTH.

Tak, ecnmu z =sinw, 10 (cM. (2.5.8))
iw e—iw . )
z=———— otkyna e —e " —2iz=0.
2i
Tonoxum e = /', Toraa moydeHo KBagpaTHOE YpaBHEHHE
2 4. _
f°=2izf -1=0

C KOPHIMH



f=iz+ 1-22

(cumBonOM 4/ 1— z? YK€ TIPeayCMOTPEHBI 08a OTIUYAIOIINECS 3HAKOM 3HAUE€HUS KBaAPaTHOro KopH:). UTaxk,

e =iz+41-2%, Te. iw:Ln(iz+\l1—zz).

1 .
BLIpa)KaH OTCr04a w, 1 NIpUHUMas BO BHUMAHHUEC, YTO — = —I , IIOJTy4aeM
1

Arcsinz = —iLn(iz+ 1-z2 j

Ecmu z — peficTBUTENBHOE YUCTIO, TO G =1/ 1 — 2% +iz umeer MOIYJIb 4/ ‘ 1-22 i+ 22 =1m TOora

Arcsinz = —i (lnl +i Argg) = Argc,
T.€. 3HAUECHU Arcsinz Takke — JEMCTBUTENbHBIE YUCIIA.

PaccyskieHus, aHAIOTHYHbIC BBINICIPUBEICHHBIM, [TO3BOJISIIOT YTBEPIKAATh, UTO:
Arccosz = —iLn(z+\/z2 —lj ;

. 14
Arctgz = L ) Tz

B

1-iz

z—1I

Arcctgz:iLn -.
2 z+4i

7°. M puwmep. Borumcouts: a) Arcsin2 ; 6) Arctg\/g.
Pewenue:

a) Arcsin2 = —iLn(2i+J—_3)= —iLn(ziiﬁi)z —iLn(Ziﬁ)i ;

d=—

sech ++/3 — 3HaueHus yKe apu(pMETHUECKOTO KOPHA M3 ACHCTBUTEIBHOrO uucia. [10CKOIbKY (21\/5 )i HUMEIOT apryMEHTOM
T
2 + 27k, TO IMEEM JIBE CEPHH OTBETOB:

_iln(2+x/§)+n[%+2kj n —iln(z—ﬁ)meukj, keZ.
0) ArCthZ%Ln%Z—éLn (1+i1\2/i)\(/l§-;i\/§)

2
ITockonbky z:—5+7i nMeer |z|:1, Argz:—n+2nk,To

Arctgx/_:—é[lnl+2n(%+kjij: n(%+k}, kel

o T
OJ1HO U3 BO3MOXKHBIX 3HAYCHUI APKTAaHI'€HCA Yuciia \/§ , AIMCHHO, 3HAYCHUEC — , HAM OBLIIO U3BECTHO paHee.

2.7. QJIEMEHTAPHBIE ®YHKIINUN.
TEOMETPUYECKHUE OBPA3bI

1°. Boime 6bU10 OmpeienieHo aeficTBIE BO3BEIEHHE KOMILIEKCHBIX YHCEN B HATYPAIbHYIO cTerneHb. CIe/I0BaTeNbHO, JUIs BCEX
z € C onpenenena cmenennas Gyukuus w=z", neN .

Jluneiinoti ¢hynxyueri KOMIZIEKCHOTO TIEPEMEHHOT0 Z Ha3bIBaeTCs (PyHKLUS BUAA
w=az+b, rne a,b e C— pukcupoBaHsl.

006¢ 3T (PYHKIIUHU SBJISIOTCSA YACTHBIMH CITYYasiMU MHO2OUIeHA N-1 CTCTICHU

P

> (2)=a,z" +a, ;2" +..+a;z+a,, tne a, 20, n=1,2,..;



KO3(pQHIHCHTBI a ( j=0,1,..., n)— (MKCHpOBaHHBIC KOMIIJIEKCHBIC YHCIIA.

1 o
2°. TIpu Bcex z #0 ompenenena (hyHKIHA BUAa w =—, KOTOPas SIBIIACTCS YaCTHBIM CITydaeM OpoOHO-TuHel ol (PyHKITHA
z

az+b
wW=—-;
cz+d c
Ewe 6onee oOmmit ciyyait — payuonanvhas gynxyus

OINpeJiesIEHHas! BO BCEX TEX TOUYKAX, I/1e P,,(z) =0.
3%, TIpu Bcex z € C ompeneneHa n-3HauHas QyHKIHS BHIA

w=4z,

a take (B maparpade 2.5) onHo3HaYHble QYHKIMU BUAa w=e”, w=sinz, w=shz, w=chz. PaccmarpuBaiuch (Ha COOTBETCTBYIO-

LIMX O0JACTSX ONpeeeHus)) w = tgz, w = ctgz. MHOro3Ha4HbIMHU (O€CKOHEUHO3HAYHBIMH) SIBJISIFOTCS
w=Lnz; z#0; w= Arcsinz; w = Arccosz; w = Arctgz; w = Arcctgz.

4°. Besikass DyHKIHS, MOTYYEHHAS U3 TIEPEUHCIICHHBIX OCHOBHBIX 1eMEHMAPHLIX TTyTeM BBIIOIHEHHS HaJl HUMH KOHEYHOIO KO-
JIMYecTBa apu(METHUYECKUX ACHCTBUH, a TakkKe B3ATHS KOHEYHOTO 4HCia cyneprno3unuii (QyHKIuKM oT (QYHKIMN) HA3bIBAeTCs d7e-
MEHMAapHOU.

OtmeTuM 0e3 JOKa3aTeNnbCTBA, YTO BCSAKAs dJIEMEHTapHas (YHKIWS HENpephIBHA Ha CBoel obiactu ompenerneHus. B cimyuae
MHOTO3HAYHBIX (P)YHKIUH (MHOTO3HAYHOCTH OOYCIIOBJICHA 3HAYCHHUSMH ILIEJOTO MapaMeTpa k) pedb HIeT O HEIPEPhIBHOCTH ""KaXKIOMH
BETBH'", T.€. OJIHO3HAYHOU (DYHKIIMH, [TOTy4aeMOil py PUKCUPOBAHHOM 3HAYCHHHU MapaMeTpa k (CM. COOTBETCTBYIOIINE OIPEIeNICHHs

Q/;, Lnz, Arcsinz, ...) .

5°. OcoGoro pasrosopa 3aCIyXHBAET OMUCAHUE T€X TEOMETPHUUECKUX 00pa30B, KOTOPHIE BOSHHUKAIOT MPHU OTOOPAKEHUSAX, OCY-
LIECTBIISIEMbIX OCHOBHBIMHU AJIEMEHTAPHBIMU (QYHKIMAMH. MBI OCTAHOBUMCS Ha KPATKOM OIMHCAHUK HECKOJIBKUX MPOCTEUIINX CITyya-
€B.

a) Jluneinas pynkyua w=az+b . B cinyqae b=0 un geicTBUTENBHOTO 3HaUeHUsT a =7 >0 MBI HMeeM B mIockocTH XOY 2o-
MOmMemuio W=rz ¢ YeHmpoM 8 Hauane Koopounam u Kod@pguyuenmom r (IepeMeLIeHue TOYKHU z BAOJb Jiyda Oz Ha pacCTOsSHHE

ryzj|). CJIydya€ KOMIIJICKCHOI'O a, UMCIOIICIO I1IOKA3aTCIbHYIO (POPMY a =re MHOXXCHHE ¢ "Z €CTh UBMCHCHUC apryMmMCcHTa Kax-
B , 1P , 1

JIOTO z Ha BEJIMUUHY @, T.€. npeobpazosanue nogopoma (BOKPYT Hadajga KOOPAMHAT) HA yroi ¢ kaxaoro syda Oz. [lansHeilmee ym-
HOKeHHe Ha >0 eCcTh OMUCaHHas BbIlIE ToMOTeTUs. UTaK, neficTBre 0TOOpaKeHus: w = re'®z — 3T0 KOMIIO3ULKs NPeoOpa3soBaHus

MOBOPOTA HA YTOJI () KOMIUIEKCHOM TIOCKOCTHA U TOMOTETHH ¢ K03 uitueHrom r.

AY
Ao
«=, z
az
N

b rz

0 »X

Puc. 2.7.1

Haxonen, B obmem ciayvyae w=az+b Bcien 3a ONMMCAHHON KOMIO3WIMEH TOMOTETHH W HOBOPOTA BBINOJHSIETCS, OUYEBHIHO,
cABHT (TIapaJuUIeIbHBINA MTEPEeHOC) KOMIDIEKCHOH TTOCKOCTH HAa PaJiycC-BEKTOp TOYKHU b, cM. puc. 2.7.1, Ha KOTOPOM TOYKE z IOCTaBIIe-
Ha B COOTBETCTBUE TOYKA W=az+b TIIyTeM BBIIOJHEHHS, IIOCIEAOBATEIFHO, NpPeoOpa3oBaHUi: z > rz (O <r< 1);
rz az (a = rei‘p);az —az+b.

0) Cmenennas ¢bynkuus w=z",neN. Ecm z=pe®, o w=p"e"®. lna xaxmoro ¢ukcupoBanHoro z#0 uMeeM

np =0+ (n - 1)(p , T.€. IM€eM IOCIIeJIOBATELHOE BBITIOJHEHUE TTOBOpoTa dy4ya Oz Ha yToi (n —1)(p OTHOCHTEJIbHO TOukH O U Ipeod-

pasosanue B p” pa3 (pacTsukenue npu p > 1, cxarue npu 0<p <1) orpeska Oz, rae z' =e™™.

¢+ 27k

Just w:’\’/;,r;(e z=pe'®, z#0, umeem w=w, :%(coswk +isin\|1k),T.e. wy =4 pe'V* | rue Y, = k=0,1,..,n—1.

Jns Beskoro z#0 ¥ (UKCHPOBAHHOTO k Temeph OTOOPAXEHHME W, €CTh MOCIEO0BATEIbHOE BBHINOJIHEHHE IIOBOPOTA HA YroJ

1=n +ﬂ (Tak Kak Yy, =@+ (pl_—n+ﬁ) ny4a Oz u npeobpasoBanue otpeska Oz (rme z' ="k)B 2 p pas.
n n n n



1 i 1
- 7 = — = (p = —
B) /[IpobHo-nunetinas ¢pyuxyus. Haaaem ¢ paccMoTpeHUsT GYHKIAHA W . Ipu xkaxxaom z#0, z=pe”™ , umMeeM w o , T.€.

1 ; .
w=—"Y, rne y=—¢. Takum 06pa3oM, UMEEM MOCIIENOBATENBHO TpeoOpasoBanne nyda Oz B CHMMETPUYHBIA OTHOCHTENBHO TI0-

N 1
JSIpHO# ocu iy Oz’ (| z’| =1, argz' = —(p) U epeMeIICHNe TOUKH z' BJOJIb 3TOrO Jiyda Ha PacCTOsiHHEe — OT TOYKH O.

. 1 1
INoxaxkem, 4TO KaXkaas OKPY>KHOCTb | z | =r, r >0, nmpeobpasyercs QpyHKIMEeH w=— B OKPYXHOCTb pPaJlyca — C TeM XK€ LICH-
z r
TpoM. JIeHCTBHUTENBHO, IS KaXKIOM TOYKM Z Ha STOM OKPYKHOCTH HMEEM Z = re'’, The ¢ mpoberaeT 3Ha4EHUsS OT —T JO T; TEIeph

1
w=—e'Y, re Y =—@ NpuHAMAET BCE 3HAYEHNS B UHTEPBAJIE [— T, TC). Hrak, nomydeHa OKpy»KHOCTb C LIEGHTPOM B Hadajie KOOpIH-
r
1 N
HaT paguyca —, YTO M yTBEPXKIAJIOCh. 3aMETUM, YTO B TEOMETPHUHN ONMCAHHOE MPE0OPa30BaHNE HA3bIBACTCS] HHBEPCHEH.
r

. 1
Otmerum (0e3 JTOKa3aTeNnbCTBa), UTO JII00As pyrast OKPY>KHOCTh, HE TIPOXOJSIIas yepe3 Hadajao KoopAauHat, GyHKImerH w=—,
z

rpeoOpazyeTcs TAKKe B HEKOTOPYIO OKPYXKHOCTb, a IPOXOASIIAs Yepe3 Haualo KOOPAWHAT — B HEKOTOPYIO IPSIMYIO.
Kak oxassiBaercs, psiMble, HE MPOXOSIINE Yepe3 Hadallo KOOPAMHAT, TaKXKe IMPeoOpa3yloTcss B HEKOTOPBIE OKPYXKHOCTH, a
MPOXOIAIIIE Yepe3 Haualo KOOPANHAT — B HEKOTOPHIE NPSIMBIE.
PaccmoTpum Teneps oOmmit cirydait
_az+b

,cz0. 2.7.1)
cz+d

[Ipeobpazyem npoOb K BHIY
a(cz+d)+bc—ad_a bc—ad 1

clcz+d) c ¢ cz+d

CrnenoBarenbHO, K oToOpakeHHo (2.7.1) MOXXKHO HPUITH IyTeM MOCJIETOBATEIFHOTO BBIMOIHEHUS CIEIYIOMNX H3yYCHHBIX
mpeoOpa3oBaHUi:

t =cz+d (nuueiinas ¢pynkuys), T :l (nHBEpCHS),
t
ad .
w=—+———T (nuHeitHas QpyHKIUS).
c c

r) Iokasamenvnas dyuxyus w=e” . Ecmn z=x+yi, 10 w=e"e” mm w=e"(cosy+isiny). Iocnennee mpeicTapieHue
MOYKHO IOHMMATh KaK TPUTOHOMETPHUECKYIO (popMy 3anucu w. Takum 06pasom, Kaxias TouKa z mpeodpasyercst B TOUKy (YHCIo) w ¢
MOJyIIEM p = e” , ¥ apryMeHTOM (OHUM K3 3HAYCHHI apTyMEHTa), PABHBIM ).

I'eomerpuueckue oOpa3sl CTAaHAAPTHBIX JTHHAHN (00JacTeil), MoydaeMble TOCPEICTBOM MEPEUNCICHHBIX H JPYTUX OTOOpasKEeHUHA
(pyukmmit) m3ygarorcs B 6ojee mogpoOHBIX Kypcax.

2.8. YIIPA’KHEHMUA K I'JIABE 2

1. Haiitn 061acTh CXOIMMOCTH CTEIIEHHOTO Psija:

4n1 2n

e 0 . 7n—1
a) Z IO DWAEE B) Z%;

n=0 n=1
 2n_2nl 1) (z+1)
DI Z‘)Z inn

2. BBIYHUCIHTH 3HAUEHHS:
; i LT 2
a) ™, 6) e, B) sm%; r) cos’Z; ;) ch(=3i); e)shi’
i
xK) tg («/5 —i).
3. Haiitu:

a) Ln 1+i ; 6) Ln5(4i-3); B) —iLn(-e); 1™ m)37;

72

e) 270,



Nnasa 3

ANODEPEHLINPOBAHUE U UHTETPUPOBAHME
®YHKLMN KOMIMJIEKCHOU NEPEMEHHOM

3.1. IOHSITUE ITPOU3BOIHOM

1°. Onpenenenne NPou3BOaHON HOPMATLHO HE OTIMYACTCA OT Clydas (QYHKIMIl IefCTBHTENBHOTO mepeMeHHoro. OIHAKo, Ha
caMoM jere, ycioBue nuddepeHnnpyeMocTd GyHKIMH KOMIUIEKCHOTO NIEPEMEHHOTO SIBIIsIETCsl 00Jiee OrpaHNINTEIbHBIM B CpaBHE-
HUH C YIIOMSIHYTBIM CIIy4aeM, 4TO OyJeT SICHO U3 AAIbHEHIIIETO.

ITyctp ogHO3HAUHAs GyHKIMA W = f (z) OINpENENIEHA B TOUKE z =X+ yi M HEKOTOPOH €€ OKpecTHOCTH. IlycTh x U y MoIy4aror,

COOTBETCTBEHHO, NpupamieHuss Ax u Ay . Torma Az = Ax+iAy — coOOTBETCTBYIOIIEE NpUpallieHue nepeMeHHou z. [lpu nepexone ot
TOYKH Z K TOUKe z+ Az (3HaueHus Ax, Ay TpennojaraeM CTOJIb MaJbIMH, YTO TOYKA z+ Az pacrosokeHa B TOM K€ OKPECTHOCTH)
3Ha4YeHue w= f (z) MOJTyJaeT HEKOTopoe npupamienue Aw = f (Z+Az)— f (z)

Onpenenenue. Ilycts cymecTByer npenen Buaa

Jim 2% G.1.1)
Az—0 Az

af

. dw
OH Ha3BIBACTCS NPOU3800HOLU PYHKIUN [ (z) B TOUYKE z U obo3HadaeTcs [ (z) oo w', At OyHkIusg xe [ (z) Ha3bIBa-
7~ dz

eTCs Oughpepenyupyemoii B TOUKE Z.
3amMeTuM, 4TO B Citydae (QYHKIMU AEHCTBUTEIBHOTO MEPEMEHHOIO (p(x) CYILIECTBOBAHHE MPOU3BOAHON €CTh CYIIIECTBOBAHUEC

A
npenaena E(P , korma Ax mpuOikaeTcsl K HyJIo BIOJIb ocH adciuce. B ciaydae e (3.1.1) Az nmpubmmkaercs K HYJIIO B KOMIUIEKC-

HOH IUIOCKOCTH 10 171060My TYTH. DTO W SBJISAETCS IPUUUHON TIOSBIICHHUS HEKOTOPBIX HOBBIX JOIOJIHUTEIBHBIX CBOMCTB nuddepen-
UPYEMBIX QYHKIMH B CPaBHEHUH CO CliydaeM (DyHKUUH AeHCTBUTEIBHOTO IEPEMEHHOTO.
2°. M3 coiicts mpenenos u onpenenenus (3.1.1) Bertexaer, uto auddepeHiupyeMocts f (z) B TOYKE z IKBUBAJICHTHA PaBEHCT-

BY
Aw
——f"(z)=alz,Az),
- /e)=alzaz)
rae o (z, Az) — 0 mpu Az — 0. CnenoBarenbHO, CyIIECTBOBAHUE POU3BOJHON PaBHOCHIIBHO COOTHOIICHHIO
Aw=f"(z)Az +o(z,Az)Az . (3.1.2)

Bripaxenue dw = f '(z)Az Ha3bIBaCTCs Jugpgpepenyuanom f (z) B TOYKE Z.
Ecmu Az — 0, to u3 (3.1.2) BeITeKaet, uto Aw — 0, a 3T0 03Ha4YaeT: TudPepeHINPYEMOCTh B TOUKE z BICUET 3a COO0I0 Henpe-
puvisHocmy f (z) B TOH K€ TOUKe.

3°. BBIACHAM TeOMETPHYECKHUIT CMBICT ApIyMEHTA H MOJYJIS IPOU3BOIHOM (zo)i 0, cumras I ONpeAETCHHOCTH, 9TO f (z)
mudpdepeHnupyemMa B TOUKE z, U HEKOTOpoil ee okpectHoctu U\, . Ecin W, — 00pa3 310 okpecTHOCTH (TIpU 0TOOpaskeHUH (HPyHKIU-
eit f), To g moboit kpusoit Y — U, ee obpa3 I W) ; obo3Hauum wy, = f (z0 )

Ilycts z — z, BIOJNb KPUBOH Y, TOTAA (B CHIIy HENPEPHIBHOCTH W= f (z), em. . 2% w— w, Bmoub I'. KoMmiekcHsle uncia
Az m Aw u300paxaroTcs BEKTOpaMH CEKYIIUX K KPUBBIM Y U ' COOTBETCTBEHHO; CIIEOBATENBFHO, argAz W argAw — yIisl HAaKIOHA

9THX BEKTOPOB K COOTBETCTBYIOIIUM OCsiM abcuuce. [T0CKOIbKY MpH JeJICHUH apryMEHThI KOMILICKCHBIX YUCEN BHIYUTAIOTCS, TO CO-
rimacHo (3.1.1)

a=argf’(z)=arg (AIJTO%J = lim (argAw)- lim (argAz)=®~o,

rae @ u @ — yriuel HakIoHa (K ocsiM abcuucc) yKe COOTBETCTBYIOLINX KacamenbHblx (KacaTelIbHasi — 3TO MpeelbHOE MOJI0KEHHE Ce-
Kymei). Utak, o =argf ’(zo) — yroJ, Ha KOTOpOW OTHOCUTEIhHO TOUKU () MOBEpHYNack KacaTenbHas (K MPOM3BOJIBHON KPUBOH Y B

TOYKE Zz ) IpU OTOOpaxeHuu w= f (z)
B ompenenennn (3.1.1)
jaw|
|f’(zo)|= lim —, T.e. |Aw|~const~|Az| (1(z0)%0),
Az—0 |Az|
rae const M ecTh | f ’(zo)| . CnegoBarenbHO, OECKOHEYHO MaJIOE€ PACCTOSHUE MEKAY TOUKAMH z, U z =z, + Az TmpeoOpasyroTcs B
0OECKOHEUHO Majoe PACCTOSIHUE MEXIY W, U W= W, +Aw, TaK YTO OTHOLICHHE ATUX PACCTOSAHUH (IIpU NPOU3BOJIBHOCTHU IyTH, MO

KOTOpOMY TOYKa z HpI/I6J’II/I)Ka€TC$I K ZO) OCTaCTCsA IMOCTOSAHHBIM.



v 4

Az Aw

Zy —

/6"/ ¥ > u

0 0 [

v

Puc. 3.1.1

WTtak, B 1aHHOW TOYKE z, OTOOpakeHHE f 00Ja1aeT OCTOSIHCTBOM YTJIa TIOBOPOTA KACATENIBHBIX M MOCTOSHCTBOM KO3 HITIEH-

Ta pacTsoKeHHA (cxaTws); cM. puc. 3.1.1.
OtoOpa’keHue C TAKUMH CBOMCTBAMHU HA3BIBACTCS KOHPOPMHBIM.

3.2. NPABWIA JUODPEPEHIINPOBAHUA

1°. U3 onpenenenus (3.1.1) NPOM3BOAHOMN 1 NPUBBIYHBIX CBOHCTB TPEENOB (COXPAHSIONMIMXCS MPH MEpexojie K CIydaro (yHK-
M KOMIUIEKCHOTO [IEPEMEHHOT0) BBITEKAIOT U PUBBIYHBIE TPaBHiIa AU EpeHIIMPOBAHUSA:

a) ecmn f(z)=C, rae C=const (mocTosHHOE KOMILIEKCHOE uncio), 0 f'(z)=0;
6) (¢f () =¢f'(z), C=const;

B (f()+2() =1 (2)+g'(2);

D (1) el =) g+ /() g ()

’

2 (f <Z>J _rE)eE)-rE)e:)

g() g*(2)

2°. CnpaBeBo mpaBuIO JUQQEPEHINPOBAHIS CIIOKHOM (yHKIIH:

B TOYKaxX, II¢ g (z) #0.

’
(7)) =o' (£ () s (2).
Ecm w=f (z) OCYILECTBIISIET B3aMMHO-0IHO3HAYHOE COOTBETCTBUE 001acTH G (B KOMIUIEKCHOM IJIOCKOCTH To4ek z) Ha G (B
KOMIUIEKCHOH IJIOCKOCTH TOYEK W), TO ONpeesieHo (0JHO3HAYHOE) 0OpaTHOE COOTBETCTBHE Z = () (w), Ha3bIBaeMoe 00paTHOM (yHK-

nueit. CripaBeumBa Gpopmyna

1) zZ'=1;

2) (z“)
3) s1nz)—cosz

(
4) (cosz) =—sinz ;

d 1
5) (tgz) =——:
cos” z
d 1
6) (ctgz) =——
sin” z
7) (ez)'zez;

8) (az)' =a’Lna;
9) (Arcsinz)/ 1 ;

1-z




10) (Arctgz)l =

1422

31ech TPOU3BOIHBIE MHOTO3HAYHBIX (DYHKIMH TTOHUMAIOTCS KaK MPOM3BOIHBIC, BLIYHMCIICHHBIE MPU KAKIOM (UKCHPOBAHHOM K,
kel.
O1H GOPMYITBI MOTYT OBITH BBIBEIEHBI B TOYHOCTH TaK e, Kak B Clydae QYHKIHUM AeHCTBUTEIBHOTO epeMeHHoro. OqHako Mo-

I'yT OBITh MCIIOJIBb30BaHbl M ONPENENEHUs e”,sinz, coSz B BHIE CTENEHHBIX PAJOB, a TAKKE CBA3M (MEKLY CO00K0) (QyHKIMHA KOM-

IUICKCHBIX IEPEMCHHDBIX. HaanMep, IIOYJICHHOC )II/I(l)(bepeHHI/IPOBaHI/Ie CTCTICHHOI'O psAaa JIst ez MPUBOJUT K PE3YJIbTATY:
’
’ 2 3 n
2 z z z
(e ) =|l+z+4—+—+..+—+...| =
203 n!

2 n-1 2 n—1

z z z z
=l+z4+—+...+n +..=l+z4+—+. +—+..=€".
2! n! 2! (n—1)!

/ / '
nn: (az) =(eZL““) = e ™(zLna) =a’Lna ur.n

3.3. YCJOBUA JUOPEPEHIIUPYEMOCTH

1°. Hycts z=x+iy,u w= f (z) OIpezieieHa B TOUKE z M B HEKOTOPOH ee OKPECTHOCTH. 3anumemM [ (z) B BUJIE

f (z) =u (x, y)+ iv (x, y).

Heobxoanmoe ycnosue nuddepeHunpyeMocT f B TOUKE Z COIEPIKUTCS B CICAYIOIIEM YTBEPKICHHH.
Teopewma l. Ilyctp f (z) muddepeHnEpyeMa B TOUKe z. Torma CymiecTBYIOT YacTHBIC MPOM3BOIHBIE GYHKIUH u U V 110

o6enm NEPEMCHHBIM B TOUKE (x, y), Ipru4eEMm B JTOU TOYKE

Ou Ov_ 0Ov_ Ou

— = —=——. (3.3.1)
Oox 0y Ox oy

Cootnorenust (3.3.1) HaspIBatoTes ycnoBusimu Kommm-Prumana-Oiinepa-/lanambepa (dare roBopst: yciaosust Kom—Pumana).
Hoxaszatenscrtso. [lycrs cymectByer [~ (z), ompenensieMas kak npezen Buna (3.1.1). B naparpage 3.1. ormedasnocs (cM.

IL. 10), YTO XapaKTep CTPEMJICHUS K HYIIO BETHIMHBI Az = Ax +i Ay MOXeT OBITh IPOU3BOIBHEIM. BeIOEpeM, B 4aCTHOCTH, CITy4an
1) Ay=0,t1.e. Az=Ax,Torma Az — 0 o3Hauaer, uto Ax > 0;

2) Ax=0,T1.e. Az=iAy,torna Az — 0 omgHoBpeMeHHO ¢ Ay — 0 .
B obonx cirydasix mepexoj OT TOYKH z K TOYKE z+ Az BBI3BIBACT IpupamieHne Aw = Au (x, y)+i Av (x, y). B nepBomM ciyuae

KaXJ0e 13 mpupamieHuit Au u Av ecms npupawyerue no nepemeHHoll X, CIIeI0BaTEIbHO,

Au _AXVJ ou . 0Ov
+i— | =—+i—
A0 Az Ax—0 Ax Ax Ax

71(2)= tim 2= fim AMHIAY o (A .
Ax—0 ox Ox
(33.2)

ou ov . " .
ITpu 3TOM camo CyIIEeCTBOBaHHUE = u . BBITEKAET M3 CYIIECTBOBAHUS MPEJIEIIOB JCHCTBUTEILHON M MHUMOM YacTu (mpu
X Y

Aw
Az — 0) ¢yskma ("pa3sHOCTHOTO OTHOIICHUS ") ~ TOTa KaK cama 3Ta (pyHKIHS IMEeT Tpeiell IO YCIOBHIO TEOPEMBI.

AHanoru4Ho, BO BTOPOM cllydae, Au = Ayu, Av = Ayv , T.€.

. A . A u+iAy . Ayv i Au 0 o
f'(z)=lim 2 = fim =2 = fim | 2 L |2
Az—0 Az Ay—0 iAy Ay—0{ Ay i Ay

(3.3.3)

ITpaBbie uactu cooTHomIeHn# (3.3.2) u (3.3.3) cOBMaAaroT, Tak Kak BRIPAXKAIOT COOO0 OHY U Ty ke [ (z):

ou . Ov oOv [ Ou
— i = ti| - |.
Ox Ox Oy

Mo onpenenenuo paBeHCTBA KOMIIEKCHBIX YHCEN IMEeM OTcroa cooTHoureHus (3.3.1), uto u TpedoBaioch J0Ka3ars.



2. 3ameuannue 1. Kak usBectHo, mudepeHImMpyeMocTh B TOUKE (x, y) ¢$yHKImiA # 1 v (kak QYHKIUH OT IBYX IIEpEeMeH-

HLIX), €CTb YCJIOBHC Ooitee JKECTKOC, YCM CYHICCTBOBAHHUC YaCTHBIX IMPOU3BOJAHBIX IO obeum NEPEMCHHBIM. Ona (,HI/I(b(l)GpCHHI/Ipye-
MOCTL) 03Ha4yacT, 4TO IMOJHbIC NpHUpAlICHUA Au u Av MOryT OBITE MMpEACTaBJICHLI B BUAC

Au:a—qu+a—uAy+ocle+oc2Ay; (3.3.4)
Ox Ay

Av=ﬂm+ﬂAy+Ble+B2Ay, (3.3.5)
ox oy

rzie oy, Oy, By, B, — sBIsAETCS OECKOHEYHO MAJIBIMU (CTpeMsTCs K HyJro) pu Ax >0 nu Ay - 0.

B pesynbrare Oosee neTalbHOTO pacCMOTPEHHUSI MOXKHO ObLIO ObI JI0Ka3aTh, 4TO JJisi AU epeHupyemMoil B Touke z QyHKIHU f
HE TOJIBKO CYLIECTBYIOT yKkazaHHbIe B (3.3.1) 4yacTHbIC IPOU3BOAHBIC, HO GYHKLUH U U V Ougpepenyupyemul B TOuke (x, y).
3ameuanue 2. Kak ycranosneno Boime, [~ (z) MOYHO BBIUHCIIHTH T10 JIF000# 13 ykazaHubix B (3.3.2), (3.3.3) dopmyi, Ha-
npuMep,
f1E)=t i,
ox Ox
Tak, mms

e’ =e" = ¢*(cosy +isiny)

mveeM u (x, y)=e* cosy, v(x,y)=e* siny. 3uaun,

/ ' ,
(ez) = (ex cosy)x +i (e" siny)x =e"cosy+ie’siny=e”,
Y MBI TTOJYYWIIM €UIe OJJHO JJOKA3aTeIbCTBO (POPMYJIBI 7 TaOIHIBI IIPON3BOTHBIX.
3°. ocrarounoe ycnoBue auddepeHuupyemocta f (z) B TOUKE Z COJICPIKUTCS B CIEYIOIEM yTBEPKICHUH.
Teopema 2. Ecnn u (x, y) U v (x, y) muddepeHpyeMsl B TOUKe (x, y) u BeINoJHEHB! yenosus Komm—Pumana (3.3.1), To
1 (z) CYIIIECTBYET B TOUKE z =X +1iy .
JokaszaTensbcTBo. PacCMOTpUM pa3HOCTHOE OTHOLIECHUE
Aw  Au+iAv
Az Av+iAy
Crnemyer ycTaHOBUTB, UTO CYIIECTBYET ero mpenen npu Az — 0. CortacHO ycloBHiO TeopeMbl Au u Av MOXHO TIPEACTaBUTH B
Buze (3.3.4) u (3.3.5), coorBercTBeHHO. [loaTOMY

Aw ZAHZ;A,VH(Z:AHZ;Ay}r(al+iﬁl)Ax+(0‘z”B2)Ay
A Ax+iAy
(3.3.6)
3aMeTuM, 94TO
(0‘1+iﬁl)i+.(a2+iB2)Ay|s|a1+i0€1|'—|Ax.| +|az+i52|'ﬂ'(3'3'7)
+iAy | |Ax+lAy| |AX+ZAJ/|

B mpaBoii wactu (3.3.7)

|Ax| < y(Ax) +(ar)s Ay <v/(Ax) +(ay)
|Ax +i Ay| = y(Ax) +(ay).

3HAUUT MpaBast 4acTh HE MPEBOCXOANT OECKOHEYHO MaJION BETHIHHBI

B

lov, +iBy|+|oy +iB,

a TOTJia BBIpKEHHUE T10/1 3HAKOM MOJIYJIs B JieBoit yactH (3.3.7) ecTh "KOMILIEKCHas" OECKOHEUHO Maiasi, KOTOpYIo 0003Ha4YMUM depes
v:y—=>0mnpu Ax >0 u Ay —>0.

Jlanee, 3aMmeHuM v Ha a_u u u Ha (—@j B yncnurene apobu (3.3.6):
oy ox 0oy Ox



a—qu—@Ayﬂ' @Ax-i-a—uAy
Aw _ 0Ox Ox Ox ox v
Az Ax+iAy !
Ou . . Ov .
—(Ax+lAy)+l—(Ax+lAy)
ox ox Ou  .0ov
= +y=—+i—+Y.
Ax+iAy ox  Ax

3uaunt npu Az — 0 (atorma Ax -0, Ay — 0, u, cnemosarenbrao, ¥ — 0)
Aw Ou . Ov
—_— > —ti—,
Az ox Ox

Ou . 0Ov /
T.e. cymecTByeT npenen suaa (3.1.1); nMeHHO, OH paBeH 6_+l6_ . CymectBoBanue f (z) JOKa3aHo.
x x

4°. Cormacno Teopemam 1 u 2 3ameuanuio 1 1. 2°, dugpdpepenyupyemocms u, v 6 mouxe (x, y) u gtnoaHuMocmy ycaogutl Kouu—
Pumana (3.3.1) neobxooumsl u docmamounvl 0is CYWecmeosanust npoussoonou [ (z)

5% Onpenenenue. OyHkuusw= f (z), I depeHnupyemas B TOUKE z, U HEKOTOPOil ee OKpPECTHOCTH, Ha3bIBaeTCA aHa-
aumuueckou (Unu 2010Mop@HOIL) 8 mouke z .

OyHKIHMS, aHATUTHYECKast BO BCEX TOUKAX HEKOTOpOH obnactu G, Ha3BIBACTCA araiumuyeckou (2oiomop@Hoil) 6 smotil obnac-
mu.
TOYKH z KOMIDIEKCHOW IUIOCKOCTH, B KOTOPBIX OJHO3HAYHAs [ (z) SIBJICTCS aHAJIMTHIECKOM, HA3BIBAIOTCS NPAGUTLHbIMU TOU-

KaMH 9TOH (DYHKIMH, a BCE OCTAJbHBIC TOUKH (B YaCTHOCTH, T€, I'1ie f (z) HE OIIpeJIeIIeHa) — 0coObiMU IS | (z)
CornacHo 1. 4° KpuTepHeM aHATUTHIHOCTH f (z) B TaHHOH TOYKe z (B NaHHOU obmactu G) aBuseTca nudGepeHInpyeMocTs U,
V ¥ BEIIOJTHUMOCTH ycioBui Komm—Prumana (3.3.1) B 3T0# Touke M HEKOTOPOii ee okpecTHOCTH (B oOmactu G).

IIpumep 1. Hokaxem, 9to w= z? aHaNTMTHYHA BO BCEH KOMILIEKCHOM TUIOCKOCTH. JIeHCTBHTENBHO,

w:(x+yi)2 =x?—y?+ 2w, Te. u(x,y):x2 2, v(xy)=2xy.
Hmeem:

a—u=2x; a—u=—2y; @=2y; @=2x.

Ox oy Ox oy

VYenosus (3.3.1) BEIIOTHEHBI, OYEBUIHO, TIPH BCEX X U ), T.€. BO Beel urockocT. Clie1oBaTeIbHO, W = 2% aHanuTMuHA BO Beeit
KOMIIJICKCHOM IIJIOCKOCTH.

2. Paccmotpum w = z2 . Umeem:
w:(x—yi)2 =x? —y2 —2xyi, T.e. u= x? —yz, v =-2x).

Torna:

a—uzzx; 8_u=—2y, @:—2)/, @z_zx.
ox oy Ox oy

[Tposepsiem ycnoBust Komm—Pumana (3.3.1):

{Zx =-2x;

orcrofa moyryyaeM x =y =0.
-2y =2y,

Urak, B enuHCTBeHHOM Touke z =0 ycnoBus Komm—Pumana BIIONHEHBI, U, CIEI0BATENbHO, B 3TOM TOUKE W = 72 umeer po-
u3BoHy10. OiHaKo, PyHKLUS HU B OJTHOM TOYKE HE aHAJMTUYHA (TOYKa TUPPEePeHIMPYEMOCTH — €IMHCTBEHHAs, U HE CYIIECTBYET €
OKpECTHOCTH, rie TUPPepeHIIUPYEMOCTh COXPAHSIETCS).

6°. [Monp3ysice ycnousimu Kommn—Pumana, Bbrurcium skoOuan J KOHGOPMHOTO OTOOpa)KEHUsI, OCYIIECTBISIEMOrO 3a/laHUEM

AQHATUTHYECKONH (YHKLIHH f(z)z u(x,y)+i1) (x,y). Umeem J =u,v), —u,v, = W)+ +()* = |f’(z)| 2, Urax, J = |f'(zl 2,

3.4. TAPMOHUYECKHUE ®YHKIHN.
BOCCTAHOBJIEHUE AHAJIMTAUYECKOM ®YHKIUH
IO EE JIENCTBUTEJIbHOM UJIXM MHUMOM YACTHU

1°. B pasnuuHbIX BONPOCAX MATEMATHKH H e¢ MPUIOKEHHIX PACCMATPHBAETCS TaK Ha3biBaeMoe ypaBHeHue Jlammaca

o’c %



Beskas pyHkumsa ¢ =o (x, y), YIOBJICTBOPSIIOIIAS STOMY YPaBHEHHIO, Ha3bIBACTCS TAPMOHHYECKOH.
IMycts f (z) =u (x, y)+ iv (x, y) — GyHKIMS, aHAINTHYECKAs! B HEKOTOpoii obsactu G. JlokakeM, 9TO B 3TOM CIIydae U =u (x, y)
Uv=vy (x, y) — rapMoHn4eckue QyHKuuu. Cieayer OTMETUTb, YTO U3 JAIBHEHIIIEro pacCMOTPEHHUs OyIET ClIe0BaTh CYILIECTBOBAHHE
1 HETIPEepBIBHOCTH B G BCEX YaCTHBIX IMPOM3BOIHBIX BTOPOTO HOpsaKa GQyHKIWH # ¥ v (OyIeT JoKa3aHo, YTO aHAJIMTHYECKYIO (pyHK-
oo f B o0macte G MOXKHO TU(PEepeHIMPOBaTh CKOIb YTOAHO MHOTO pa3). [lostomy ToxkmectBa (ycioBust Komm-Pumana, Bbimon-

HEeHHbIE B 00mact G)
Ou 0Ov_ oOu  Ov

— = —=—— 34.1)
ox Oy 0oy Ox

MO>KHO IpoanddepeHIpoBaTh — MepBoe Mo X, a BTOPOE 10 Y, IPU 3TOM CMEIIaHHbIE YaCTHBIE IPOU3BOJHbIE BTOPOTO MOPsIKA OKa-
3BIBAIOTCS paBHBIMU. MiMeeM:

&_ sz'@__ﬁzv . oy _ v
ox?  oxdy  oy?  dvox  dxdy  Ovox

o%u o%u o’u  o%u
CrenoBareibHO, —5=——_5, atorma —+—= 0.
Ox oy ox~ 0Oy

Ecnu Tenieps nepBoe u3 Toxxaects (3.4.1) npoxuddepeHpoBars 1o y, a BTOPOE M0 X U CIOXKHUTH (TIOWIEHHO), TO Oy/1eM NMETh
2 2
ov 0v
2 7 =0
ox° oy
YTO U TPEOOBAJIOCH JIOKA3ATh.
2°. IlycTh Tenepb U3BECTHA NEHMCTBUTENbHAS YaCTh U= U (x, y) aHaJIMTHYECKON QyHKIMH w = f (z) Torna, 3Hast yaCTHbIE TIPO-

x y
muddepeHnnanry MOKHO BOCCTAHOBUTH B BHJIE KPUBOJIMHEWHOTO MHTETpaiia IO MPOM3BOJILHON TPAGKTOPHH MHTEIPHPOBAHMS, PACIIO-
JI0XeHHOH B obsactu G (3TOT (hakT OBUT T0Ka3aH B MHTETPAIbHOM MCUUCIICHUH):

WU3BOJHBIE Z—u u g_u , MbI 13 ycnoBuii Komm—Pumana (3.4.1) cMoxem HaTé U ? , % Teneps GyHKIUIO v(x, y) 110 €€ MTOJIHOMY
x oy

()
ov ov
v(x,y): I —dx+—dy+C, (3.4.2)
Ox oy
(x0.70)
rie (xo, yo) — mobas pukcupoBaHHasi Touka B obnactu G; C — IPOU3BOJIbHAS IOCTOSTHHAS.
AHATTOTHUHO, €CITH H3BECTHA MHMMast 4acth v=v (x, y) AQHAIMTHYECKOH QYHKUUH [ (z) , To 3 ycnoBuid Komm—Prumana Mel o1-

ou Ov
penensieM — M — ; CIIEIOBATEbHO,
ox 0Oy

() ou ou
u(x,y): J. adx+8—dy+C.
(v0-70) 4

3°. I puwmep. Haiitn anamuTrdeckyto GyHKUHIO f (z) , IelICTBUTEINIbHAS YaCTh KOTOPOIl IMEET BUJ

ux,y)=x"=p*+2(x-y)

Pew enue. Iockonbky f (z)= u (x, y)+iv (x, y), TO JJOCTATOYHO ONpPEAeIIUTh v(x, y) o popmye (3.4.2). CortacHo yciio-
BusiM Kom—Pumana (3.4.1) HaiifeM Juist 5TOrO yacTHBIE IPOU3BOIHBIC

Z—;:Z—Z:(xz—y2+2(x—y))’x =2x+2;
0 0 '
d—;:—a—z:—(xz—y2+2(x—y))y =2y+2.

Tak kax HafiJcHHbIC BBIPAKCHUS ONpPEACNICHBI (HENPepbIBHBI Kak (YHKIMH OT X M )) BO BCEH KOMIUICKCHOHM IUIOCKOCTH, TO B
(3.4.2) moxHO BbIOpaTh, Hampumep, X, =0 u y, =0 . 3HauuT

(%)
v(xy)= [@r+2)ax+@2x +2)dy +C. (3.4.3)

0,0)

Tpaekropuro unterpupoBanuss ONM BrIOepeM, Kak MOKa3aHO Ha puc. 3.4.1; KOOPIUHATHI TOYCK: 0(0,0); N (x,O); M (x, y).
Wnrerpan (3.4.3) 3anuinem B BUJE CyMMBI ABYX: 110 0Tpe3Ky ON (Ha kotopoMm y =0, u, ciegoBarensho, dY =0) u NM (Ha KOTOpoM

X =x mocrtosiHeH, a 3HaunT dX =0):



X y
v(x,y)zI(O+2)dX+J.(2x+2)dY+C=2x+(2x+2)Yi)}+C:
0 0
=2x+2xy+2y+C.

CrenoBareibHO,
f(z): x? —y? +2(x—y)+(2x+2xy+2y)i+Ci =
= (x2 —y2 +2ixy)+2(x—y+i(x+y))+Ci =

=(x+iy)2+2(x+iy+i(x+iy))+Ci:22+2(z+iz)+Ci.

yA

Puc. 3.4.1

3.5. HHTETPAJI OT ®YHKIINHU
KOMIIVIEKCHOI'O HIEPEMEHHOI'O

1°. Tonstie nuTerpana GpyHkuun w= f (z) [0 JTMHUK L BBOJMTCS aHAJIOTMYHO MOHATHIO KPUBOJIMHEHHOrO MHTErpana QyHk-

LUU IEHCTBUTEIIHOTO NEPEMEHHOTO.
ITycte nyra UAB nuHuu L 3aaeTcs napaMeTpU4ecKu:

{x =x(2);

a<t<f;
y=y), g

IIpu 5TOM TOYKa M ()C,y) COBCPHIACT ABUIKCHHUC U3 IMOJIOKCHUS A B monoxenue B Ipyu UBMCHCHUUA t OT o 10 B Byz[eM CUHUTaTh, 4TO

x'(¢) m y'(t) cymectByror 1 HenpepsiBHbI Ha otpeske [ o, B |. MHbivu cioBam, syra UAB 3a1aeTcs C OMOIIBIO YPABHEHHS
z= z(t), rae z(t)=x(¢)+iy(c), a<t<p;

pu 3ToM 2’ (t) HeIIpepbIBHA Ha [a,B].
[lycts, nanee, f (z) HETpephIBHA B OTKPHITOM obnactu G 1 UAB < G . Pa3o0beM porU3BONBHEIM 00pa3oM 3Ty ATy Ha 9acTH
TOYKaMU Z, Z|,...,Z, B HaIlPaBICHHUU OT A K B, IpH 3TOM z, COBIAHAET C TOUKOU A, z, ¢ TOUkod B. Ha kaxmoil U3 4aCTUYHBIX IyT

Uz, 2, TIPOM3BONBHBIM 06pa3oM BeIGepeM 1o Touke M (k =1,2,...,#) i cocTaBuM Cymmy

> fng)Az, (3.5.1)
k=1

rae Az, =z, —z;_, — BEKTOp, UIYIIUHA U3 TOUKU z;_; B TOUKy z;, (cM. puc.3.5.1). O603HauuM uepe3 s HauOOJNBILYIO U3 JUIMH STHX

BEKTOPOB (XOpM): § = max| Az, |

k
Cymma (3.5.1) Ha3BIBaeTCS UHmMezpanbHoli, a Ipeaei BUaa
n

lim »" £ (n, ) Az (3.5.2)
s—0 el

— unmezpaniom ot pyHkuuu f (z) 1o jyre \UAB ; oH 0003HaYaeTCsl CHMBOJIOM J.f (z)dz .
VAB



Puc. 3.5.1

MO>KHO J0Ka3aTh, 4TO MPH CHOPMYIHPOBAHHBIX BBIIIE YCIOBUSIX HA QYHKIHIO | (z) u nyry nuaun L npenen (3.5.2) cymiecTy-
€T ¥ He 3aBUCUT OT criocoba pa3dueHus UAB Ha 4acTH TOUYKAMU z;, M OT BbIOOpa "IPOMEKYTOUHBIX'" TOUYEK 1) .

2° U3 OIIpPE/CIICHHUS 1. 1° BeITEKAIOT MIPUBBIYHBIEC CBOIICTBA UHTErpaa:

D[ hErAE)E= [AE)d [ 1)

UAB UAB UAB

2) [ rf(z)dz=1 [ f(z)dz rne h=const
UAB UAB

) [rE)d=-[f()e,
UAB uBA

rne UBA — 1a ke camas ayra, HO C IPOTHBOIOJIOKHBIM HarpasieHHeM 00xo/a (0T TOUKH B K Touke A);
4) eciu C — npou3BOJIbHAS TOYKa HA UAB , TO

Jf(z)dz: J f(z)dz+ J.f(Z)dz;

uAdB vAC uCB
5) Idz =Z-z,,

UAB

TAC zy u Z — KOMILUICKCHBIE qucia, 1/1306pa>1<aeM},Ie, COOTBCTCTBCHHO, TOYKaMH An B;

6) If(z)dz <MV,

V4B
rae M — nro6asi HOCTOsIHHAs, ONpesielsieMast yCIOBHEM | f (z)| <M, zeUAB; (- ymHa L.

Jlokakem, Haripumep, CBOHCTBO 5). Mmeem g [ (z)z 1 unTerpansHyto cymmy (3.5.1) B Buze

n
ZAzk =z1—zZg+tzy—Ztetz, —Z, 02,2, =2,— 20 =L —Z,
k=1

a torga u npenen (3.5.2) or nocrosHHOU Z —z, paBeH Z —z;, . CBOUCTBO 5) yCTaHOBIEHO.

3°. Boruncienue uuterpana (3.5.2) CBOIUTCS K BHIYHCICHHIO ONPE/IEEHHOr0 HHTErPaa KOMILIEKCHOM (yHKIMH JeHCTBHTEILHOI
MIEPEMEHHOM :

| f(z)d“Tf(Z (£))2/(t)dt. (3.5.3)

JeiicTBUTENBEHO, IPOU3BOIBHOE CIaraeMoe B MHTETpaibHOi cymme (3.5.1) mmeeT BuI

Az, = £ (g )(Axy +iAyy ),

IpH 3TOM npupamenus Ax, u Ay, ¢yHkiui x(t) u y(t) (Ipu U3MEHEHUU z OT Z;_; IO Z; ) MOTYT OBbITh IPHOIIKEHHO NIPEACTaB-
JICHBI B BHJIE MU GEPEHINATIOB:

Ay = x(t)An Ay =y (e ) Aty

3lI€Ch {;, — apryMEHT (DyHKIUH z(t) TaKoM 4To z; =z (tk) u At =t —t,_;.
3unaueHue f (n k), BBUJIy HENPEPHIBHOCTH f, MOXHO MPHOJIMIKEHHO 3aMEHHUTh Ha f (zk): f (z (tk )), ecnu |Azk| JIOCTaTO4YHO Ma-

JI0; B CBOIO 04Yepeib, 3TO IOCTUTaeTCs (110 MPUYNHE HENTPEPHIBHOCTH Z (t)) BBIOOPOM JOCTaTOYHO ManblX Af, . Wtak,
S Az = f (=2 (0)) O + iy (0 ) A = 1 (= (1)) 2'(e ) A

CrnenoBateibHO, IPU Max |Atk| — 0, moBengeHHe MHTErpAIBHBIX cyMM (3.5.1) u



n

D/ (2 ()2 ) Ay (3.5.4)

k=1

coBmagnaet; cymMMma e (3.5.4) sBisieTcst MHTErpabHON IS OTIPEICIIEHHOTO HHTerpana B mpaBoii actu (3.5.3). TakoBa cxema mokasa-
teascTBa (3.5.3).
49 ®dopmanbHas MOICTAHOBKA

f@)=ulx,y)+iv(x,y) u dz=dx+idy
Y BBIYHCIICHUE TIPOU3BEICHHS
f (z)dz =u (x, y)dx—v(x, y)dy +i (v (x, y)dx+ u (x, y)dy)
MPUBOISIT HAC TAKXKe K popmyIie

J.f(z)dz = Iu (x,y)dx—v(x, y)dy+i Iv(x,y)dx+u (x,y)dy, (3.5.9)
4B UAB UAB

JI0KA3aTeIbCTBO KOTOPOit (110100HO 11. 3°) MPOM3BOAUTCS CPABHEHMEM HHTETPATbHBIX CYMM JUISl KPHBOJTHHEHHBIX MHTEIPAloB B TIpa-
Bo# yactu (3.5.5) ¢ cymmoti (3.5.1).
5% Mpumep 1. Beluuciuts MHTErpalIbI

a) J, = Iz Imzdz
L
BJIOJIb OTpe3Ka IPSIMOM OT TOUKU z; =1+i 10 z, =2 (puc. 3.5.2);

0) J2=I|z|dz
L

BJIOJIb AYTH OKPY>KHOCTU | z | =1, 00x0aUMOI1 IPOTHUB YAaCOBOM CTPEJIKU OT TOUKH z; =1 10 z, =i (puc. 3.5.3).
Pewemnue. a)llng Touku z; umeeM x; =1, y; =1; 114 z, umeeM x, =2, y, =0. 3anuueM ypaBHeHUe IIPAMOi, coenu-

HﬂIOHICﬁ O9THU TOYKH:

X=X _ VN e x—1:y—1

Xo=X Vo= 1 -1

, OTKyga y=2-Xx.

CrnieioBaTeNnbHO, z = X +iy MOXKHO 3aIUCaTh B BUJIC
z :x+i(2—x), 1<x<2; torma Imz=2-x; dz =dx—idx.

Nmeewm:

[

Jy= [ 1)) = ()] x— (c—2 s =

f=(1—i)(4—§+0—(1—%_§j}

—_

=(l—i)(x2 —%xS +§(x—2)3j

240 3-—i
(-2 3t
3
y 4 y
1
14+ 71 )
:\*.Zz > X 1 x
0 1 2 0l 1
Puc. 3.5.2 Puc. 3.5.3

6) OxpyXHOCTb | z | =1 MMeeT LeHTp B Hayajie KOOPAMHAT U Paauyc » =1, IO3TOMY €€ MapaMeTPUIECKHe ypaBHEHUS UMEIOT

BU]]

X = COSt; .
. T.€. Z = COSI +1SInt.
y =S,

. . T
IIpu aTom dz :(— sinf +i cost)dt . Honcrapnss | z | =1 u yuutsBasg uto 0 <7< 7 Ha Jiyre \Uz,z, , IOJIly4yaeM



=(0+i)-(1+0)=i-1.

T
2

= IL(— sinz +i cost ) dt = (cost +isint) ”éz
0

[Ipumep 2. BruucauTh HHTErpal

J= §(z—zo)"dz,
‘z—zo‘:R
rae n — Jio6oe IeI0e YNUCII0; BHIYMCICHHE BEIETCS BIOJIb OKPYKHOCTH |z—zO| =R (zy u R>0 — naHHbIe YnCia) B HAMPABICHUH

00X0/1a IPOTUB YaCOBOIl CTPENKH.
P ew enue HVMeeM OKpyKHOCTB C LIEGHTPOM B TOUKE z = X, +1), paguyca R, cIeI0BaTENbHO,

0<t<2m.

X—Xxg = R cost;
y—y, = Rsint,

Wnaue rosops, z—z, =R (cost+isint) Wi z =z, +Re" ; Torma dz =iRe"dt . Tlpn n #—1 umeem
ei(nJrl)t
i(n + 1)

2
0

2n . ) 2n ]
J= J‘(Rezty' ~iRe"dt _ Z-Rn+1 Iel(n+1)tdt _ Z-RVH—I
0

_ R’Hl i(n+1)2ﬂ: - Rn+l N .
=1 (e —1)— ]l (cosz(n+1)n+zs1n2(n+1)n—1)_0.

Ecin n=-1, 10

ZJ. Reltdt =i Idt 2mi .
0

Urak,

_[( )"dt {O, n#—1, n—1uenoe;
zZ—2z =

|20k 2mi, n=-1.

3.6. MTHTET'PAJIBHASI TEOPEMA KON

1°. [TycTb L — 3aMKHYTBII KOHTYD, LIEJIMKOM PacloIoKeHHbIH B obnactu G. Byaem cuutath, 4to L 3a1aH ypaBHEHUEM Z = z (t)
C HEIIPEPBIBHOU z’(t), T.€. KOHTYP TIAJKHHA WM XOTsI OBl KyCOYHO-TIIaJKHH.

Teopema Komu. Ilycrs fananuruuna B G, 1 KOHTYp L orpaHn4mBaeT OAHOCBs3HYI0 obnacte D — G . Torna

§f(z)dz =0

DTy TeopeMy JIETKO J0Ka3aTh MPH MOIONHUTEIHLHOM IPEANOI0KECHUH, UTO f '(z) — HempepbiBHa. B cmty dopmyn (3.3.2) u
(3.3.3) torma Oyayr HenpepblBHBIMH B (G BCE 4YacTHBIC IPOU3BOJHBIC IE€PBOrO MOpsaka (YHKIHMNA u(x, y): Ref (z) u

v (x, y) =Imf (z) [Ipu >THX MPENNONOKESHUAX K KOKAOMY U3 KPUBOJIMHEHHBIX HHTETPAJIOB B mpecTaBiIeHnd (cM. (3.5.5))

§f(z)dz = §u (x,y)dx+(—v(x,y))dy+i§v(x,y)dx+u (x,y)dy (3.6.1)

L L
MOYKHO ITPUMEHUTH (opmyiry I'prHa:
§udx+ v)dy ” [ jd dy, (3.6.2)
dy
ou
§vdx +udy = ” (———j dxdy; (3.6.3)
L ay

00X0/1 KOHTYpa L B KpUBOJIMHEHHBIX MHTETpajIax MPOUCXOIUT POTUB YaCOBOM CTPEIIKH.
Cornacno ycnoBusim Komn—Pumana (3.4.1) naterpan B npaBoit wactu (3.6.3) paBeH HyJIIO, U 3TO e BEPHO IS JBOHHOTO WHTE-

rpana B (3.6.2), Tak Kak
o(-v) ou ov Ou
M —— e — 4+ — | = 0
ox Oy ox 0oy
CrnenoBaTenbpHO, paBHBI HYIIO B 002 KPUBOJIMHEHHBIX WHTETPaja; OHM OCTAIOTCS HYJICBBIMHE, €CIM M3MCHUTH HampaBieHue o0xoma L

Ha MPOTHBOIIOIOKHOE.
Teneps, B cuity paBeHcTBa (3.6.1), momy4aeM yTBEpKAEHHE TEOPEMBI.



2°. 3aMeTHM, Y4TO CBOMCTBO HENPEPBHIBHOCTH [ '(z) BEITEKACT U3 aHATUTHYHOCTH f (z), 4yTO OyHeT JOKa3aHO B JalbHEHIIEM.

OpHako, T0Ka3aTeIhCTBO OyAeT onmupaThes Ha TeopeMy Kormmm, a Torma cama oHa JOJbKHA OBITh YCTaHOBIIEHA HHBIMH (TOpasno Oolee
00BbEMHBIMHU) PACCYKICHUSAMH. FIX CYyTh COCTOUT B CIIEIYIOIIEM.
a) Ecimm A — TpeyronbHUK, JekKaIuil B JOCTATOYHO MAJIOH OKPECTHOCTH TOYKH 1, TO B CHUTy aHAJTUTHYHOCTH [ (z) IUISL MaJIO-

ro € >0 uMmeeM

M_f’ﬁ) <g, zeA,
z—1
OTKyJa

fE)=7 W+ (W) =)+ alz)z-),

rie | o} (z, 1)| < ¢. [Ipu nHTErpUpPOBaHUM MO z € A TIOCIIEIHETO PAaBEHCTBA UMEEM

_[f(Z)dZ = joc(z,t) (z—1)dz | < const-g,

A A

TaK KaK MHTEIPalbl OCTAIBHBIX CIaraeMbIX 0GpaTaTcs B HOMb (M. paccyxaenus 1. 1°). BBULy IPOM3BOIBHOCTH & HHTErPAI 110 KOH-
Typy A paBeH HYIIIO.

6) Manee, ycraHaBIMBAaeTCs, YTO MHTErpajl YK€ MO BCSIKOMY TPEYTOJIEHHKY PaBeH HYJIO (MHOE NPEIIIOJIOKEHUE TPUBOIUT K
MIPOTHBOPEYHIO C II. a)).

B) PesymnbraT s TpeyroNbHOTO KOHTYpa MEPEHOCUTCS Ha CITydail MpOW3BOJIBHON 3aMKHYTOH JIOMaHHOM, a 3aTeM M Ha CITydaid
TIPOU3BOJIEHON TTAIKOH (KyCOYHO-TIIAAKON) L.

3%, 3amerum TaKke, uTo Teopema Komm okasblBaeTcs CrpaBeIMBOI U B Clydae, KOraa f (z) 0CTaeTCsl aHAJIMTHYECKOI B 00-

nactu D, a Ha ee rpaHulle L SBISIETCS JIHIIb HETIPEPHIBHOM.

4°. Teopema Ko B 0611eM cydae MOXeET ObITh cHOPMYTHPOBAHA B TEPMHUHAX MHTETPHPOBAHHS 110 TAK HA3BIBAEMBIM TOMO-
TOMHBIM My TsIM. CyTh YTBEPKACHHS B TOM, YTO JJISl aHATUTHYECKON B 00IACTU (DYHKIIMH HHTETPAJ OCTAETCS HEM3MEHHBIM, €CJIH Iy Th
HMHTETPUPOBAHHUS HETIPEPHIBHO Ne(HOPMHUPYETCS BHYTPH O0OJIACTH TaK, YTO €r0 KOHIIBI OCTAIOTCS HETOIBIKHBIMH.

[ 6oree TouHON (OPMYIUPOBKH PacCMOTPHUM B 00aacTu D 1Ba MyTH: a) Y, = yo(t) Uy =Y (t), te [(x, B] C OOIIMMHU KOHIIAMHU

Yo(a) = Yl(a) =a;0) “/0([3): Yl(B): b.
[TycTb cymecTByeT HenpepbiBHAs QYHKIHMS ABYX [EPEMEHHBIX | = y(s,t), se [0,1], te [0., [3] ¢ o0JylacThIo 3HaueHuH B D, Takas

YTO IIPU BCEX S U ¢
v(0.0)= vl v(LD)=7, () v(s.a)=a; v(s.B)=0.

Torpa myta y, ¥ Y, Ha3pIBAIOTCA TOMOTONHBIMH B D. 3aMeTHM, 4TO IIPH U3MEHEHHH ITapaMeTpa s MOJydaeM CEMENCTBO HElpe-
PBIBHBIM 00pa3oM 1e(hOpMHUPYIOLIUXCS MyTel, KOTOpbIe Kak Obl CBA3BIBAIOT (PMKCHPOBAHHEIE IyTH Yo U Y, .
B npuMeHeHNH K 3aMKHYTBIM IIyTsIM OINPeAeJIeHHEe TOMOTOIHOCTH UMEET CIEAYIOIMN By, [IBa 3amkHymulx IyTH Y, U Y, Ha-

3BIBAIOTCS TOMOTOIHBIME B [, €CITH yKa3aHHas HeTpephIBHAS QYyHKIUS Y =Y (s,t), se [O, 1], te [oc, B] obnagaeT cBoiicTBaMu

1(0.0)=7v0(t); v(LO)=7,(0); v(s.0)=7(s.B).

Hakoser, ToBOpAT, 4TO 3aMKHYTBIH IIyTh Y T'OMOTOIEH HYJIO (TOUKe) B o0sacT D, €cii B yCIOBHAX IOCIEAHETO OIpeaeIeH s
Y (l, t)z const. DTO O3HAYaeT, YTO 3aMKHYTHIN MyTh Y HENPepbIBHOH Aedopmanueli BHyTpu D MOXET ObITh CTSHYT B TOUKY. SICHO,

4TO B OZ[HOCB}I?;HOﬂ obactu Ka)K[lblﬁ 38.MKHyTbII71 IMyTb T'OMOTOIICH HYJIIO U 4YTO [IBa JII00BIE ImyTH € O61HI/IMI/I KOHIIaMH I'OMOTOITHBI

ApYyT Apyry.
Teopema Komu B 00111e# (hOpMYITHPOBKE UMEET CICAYIONIHNA BUI.

[Mycts pynkums f = f (z) aHaIUTU4YHA B D 1 myTH Y, ¥ Y, (KyCOYHO-TIJIA/IKUE) TOMOTOIHBI APYT APYTy Kak IIyTH ¢ OOIIUMHU

KOHIIaMH WJIN KaK 3aMKHYTBIC ITyTH. Toma

Lof(z)dz = y1f (z) dz.

ITockonbKy B OIHOCBSI3HOHM 00JIACTH KayKABIH 3aMKHYTBIH IyTh Y; TOMOTOIIEH HYJIIO, TO NOJYy4aeM IIPUBEIECHHOE BHIIIEC B II. |

yTBEpXkKIeHHe TeopeMbl Komm o ToM, 4TO MHTerpai aHaJUTHYECKOH B OJHOCBA3HOW o6nacTi D (yHKIUH HO BCIKOMY 3aMKHYTOMY
IMYTH Y, PaBEH HYIIO.

3.7. TEOPEMA KOIIIH JIJISI MHOT'OCBSI3HOM OBJIACTH

1° ITycts kKOHTYpBI L;, Ly, ..., L, 1 L 3agaroTcs Takxke, Kak U B maparpade 3.6, sBISIOTCSA 3aMKHYTBIMH U PAcIOI0XEHbI B 00-

nactu G. [lpexmonoxum jaiee, 9To BCe L; HAXOMSTCS BHYTPU L, OTPaHHYMBAIOT OJHOCBSI3HBIC OONACTH U Ha KaxaoMm u3 L, u L

HarpasjeHue 00Xxo/1a BEIOpaHO MPOTHB YaCOBOW CTPEJIKH.
Teopema. Ecm f (z) anamuruuna B o6nactu G, T0



§1()dz=§f(2)dz+§ f(2)dz+ ...+ §f (2)dz. (3.7.1)

L

Puc. 3.7.1

JoxaszarenscTBo. Paccyxxaenus nposenem [uis ciydas n =2, (cMm. puc. 3.7.1). Coenuiaum KoHTYpHI L, L;, L, Tnaaku-
MU KPUBBIMH Y[, Y,, Y3 . IIpa 3TOM 00nacTh D, orpaHnueHHas JMHUEH L, oka3anach pa30UTON Ha ABE ONHOCBA3HBIE 00JacTH D) H
D, crpanunamu I u I, 00XOIMMBIMH B IIOJI0KUTEILHOM HAIPABJICHUH (T.€. B TOM HAIPABJICHHUH, IPH KOTOPOM obnactu D, (mpu

obxome I'") u D, (o6xox I'") ocrarores cieBa). ITo Teopeme Komuu st ogHOCBs3HOM 061acTi

[7(@)az=0; [f(z)a==0,
r r
CIe0BaTENbLHO,
[7E)dz+[f(2)d==0, re. [f(z)dz=0.
r r ror”
Ho o6benunenne rparun I' u I cocrout u3 L (06X0QuMOii IPOTUB 4acoBoOi cTpenku), L; u L, (06X0m — 10 9acoBoOil CTpEJIKe) U
Y1, V2> V3> OOXOIMMBIX JBAXKIbl B IPOTUBOINOJIOKHBIX HAIPABIEHUSX, YTO MOKa3aHO Ha pucyHKe. Cle0BaTENBHO (CBOUCTBO 4 1. 20
maparpada 3.5),
igf (z)dz+ §f(z)dz+ Jf (z)dz+ J-f (z)dz+

-L L -1 12

+[r @+ [ E)d+§r)d=0. (372
Y1 V2 L

nepe 0603HAYCHHEM KOHTYPA yKa3bBaeT Ha 06XOX 10 4acoBoii crpenke. CornacHo coiicty 3) 1. 2° maparpada 3.5
UHTETPaJIbl 10 —y; ¥ Y; OTIMYAIOTCS TOJHKO 3HAKOM M MO3TOMY B3aHMHO YHUUYTOXKAFOTCS; TO JKE€ CAMOE BEPHO [UISl HHTETPAJIOB U 110

Tac 3HaK

—Y, " Y, . Teneps, MeHsq HanpaBieHue obxoqa no —L; u —L, nomnydaem (3.7.2) B Buze
~$f (== § 1 ()dz+§ s (z)dz=0,
L Ly L

a 3TO U e€CTh yTBEpiK/AeHHEe TeopeMbl mpu n =2 . OOwwuit cinyyait 7 >2 10Ka3bIBACTCS TOYHO TAKXKE: 3AMCHIBAEM PABEHCTBO THIIA
(3.7.2), conepxauiee uHTerpansl mo sceM —L;, —y;, y; uL (j =12,.., n), OTKyZa u BeITeKaer (3.7.1).

2°. Ecin coxpanstrorest mpemonokenust 1. 1° st rpaHu JIBYCBSI3HOM oOmactu L (BHemrHed) u / (BHYTPEHHEH), TO Ba)KHBIM
CJIEJICTBUEM TeOpeMBI sBIsieTCs (CM. puc. 3.7.2) paBEHCTBO

If (z)dzzJ.f (Z)dZ.

Puc. 3.7.2

3.8. IEPBOOBPA3HASL. ®OPMY.JIA HbIOTOHA-JIEWBHUIIA

1°. JTokaskeM crenyiomee yTBepx 1eHue. [lycts f (z) HenpepbiBHA B obOnactu G.

WuTerpan mo BCAKOMY 3aMKHYTOMY KOHTYpY L, pacnoioxeHHoMY B o0iactu G, paBeH HYJIO, TOTAA U TOJIBKO TOT/a, KOT/Ia WH-
Terpai 1o JIro0oi Jayre (pacroiiokeHHOH B ) 3aBUCHT TOJBKO OT TOJIOKEHUS HAYaTbHON H KOHCYHOW TOYCK JTYTH.
JleHCTBUTENBHO, TYCTh



ﬂgf(z)dz:O s moboro L G .
L

Bri6epem mpou3BOIbHYIO AYTY Y, COSOUHSIONIYIO TOUKH Z, W z. Bedkas npyras gayra y,, COSAMHSAIOIIAs 3TH XKe TOUKH, 00pa-

3yeT BMECTE C Y; 3aMKHYTbIH KOHTYD (cM. puc. 3.8.1), mostomy

J.f (z)dz+ J.f (z)dzzO,

TIC 3HaK nepen y, 03Ha4aeT nyTb OT Z K Z .

/' Y2

Zy

Puc. 3.8.1

MeHsist HanpaBJICHUE HA Y, , IMEEM

J.f (z)dz—J.f (z)dzzO 581071 J.f (z)dzz J.f (z)dz,

Y1 Y2

T.€. HE3aBUCUMO OT IIyTH UHTEIPUPOBAHUS I f (z) dz — OJIVIH ¥ TOT XKe.
UZOZ

B YKazaHHOM CJIy4dac 3TOT UHTCTPal yzL06Hee 0003HAYHUTE B BUJC
¥4
[7(2)e.
20

O0paTHO, eciu L — Mpou3BOJIbHBIN 3aMKHYThIA KOHTYp B G, TO B Clly4ae HE3aBHCHMOCTU UHTErpaja OT IMyTH, COEIUHSIONIETO JIF0-
ObI€ Zy U Z UMEEM

z 20
§f (z)dzzj.f (z)dz+ J.f(z)dzz J.f (z)dz+'[f (z) dz .
L V1 ~12 20 z

[TocnenHue 1Ba MHTErpajga MOXHO BBIUMCIUTH (COINIACHO MPEAIONIOAKEHHIO) BIOJIb OTPE3Ka MPSAMOH, COSIUHAIONIEro 2z, U Z, a

TOTrJa OHU OTJIMYAKOTCs JIMIIb 3HAKOM. 3HaunuT §f (Z) dz=0.
L
20. B YaCTHOCTH, U3 TCOPEMbI Komm BBITCKACT, YTO MHTETPpAJI aHAIMTHYICCKOM (l)yHKHI/II/I BI0JIb JIF000H AyTuy, COGZII/IHHIOHIef/'I Zy

U Z, 3aBUCHUT JIMIIb OT IOJIOKCHUSA Zy U Z; Zy U Z U YIIOMSAHYTBIC AYyTI'H IIPEAIIOJIaratoTCsl pacioIOKCHHBIMA B 00J1aCTH aHAJTUTHYHO-

CTH (PYHKIHH f.
3°. Teopema. Bnpemmonoxenusx im. 2° dyHkims

0] (z): .Z[f(s)ds

SIBJISIETCS aHAITUTHYECKOH B G U
' (2)= 1 (2). (3.8.1)

HdoxaszartensTsBo. [lycts z — mpousBoibHa, z € G . B ciry He3aBUCHMOCTH MHTETpaja OT IyTH (CM. TI. 2°%) st mo6oro
npupanieHus: Az umeem

AD D (z+Az)-D(z) 1 |7 :
E: A :E ZJ(;f(S)dS—ZJ(‘)f(S)dS =
1 z+Az
= jf(s)ds. (3.8.2)

B mocnenHem mMHTErpasie TpacKTOpHUeH HHTETPUPOBAHUS MOXKHO BBEIOPATh OTPE30K MPSAMOH, COCTUHSIONEH z U z + Az . B aToM
ciyuae (cBoiicTBo 5 mynkTa 2° maparpada 3.5)



z+Az
Ids:Az.

z

Ornennm, neronb3ys (3.8.2) u ceoiicTso 6 1. 2° maparpada 3.5, cieyromee BhIpaKeHHe:

8 || Treran-rse -
zﬁ !f(s)ds—f(z)‘lds :@ !(f(S)—f(Z)dS) <
<] 1) <] 161 )

340€Ch HanOOJIbIlIEE 3HAUCHHE MOAYJIsl pa3HOCTU 3HAYCHHMI (I)yHKIII/II/I 6ep€TC$[ II0 BCEM § € [Z, zZ+ AZ] , 4 TaK KaKfaHaﬂHTI/I‘lHa (a 3Ha-
YUT U HerepI)IBHa), TO YKAa3aHHOC 3HAYCHHUE MOXKHO CACJIaTb MCHBIINM moboro £>0 JJIA A0CTATOYHO MaJIbIX |AZ| . Ilo orpeacie-

HUIO MPEJCiia 9TO O3HAYACT, YTO

lim 2% _ 7(z).

Az—0 Az

[Mocnennee cooTHomeHue paBHOCHIBHO (3.8.1). BBUay mpousBonbHOCTH z € G MMEeM, B YaCTHOCTH, aHATUTUYHOCTE D (z) B

G. Teopema moka3aHa.
4°. Yreepxaenue Teopems 1. 3° 03Hauaer, uTo "HHTErpa ¢ HePEMEHHBIM BEPXHUM mpenenom”

®(z)= j f(s)ds (3.8.3)

€CTh nepgoobpasHas s f (z) Jus npyroit mepBooOpasHoit F (z) nMeeM

@(:)-F (=) = 1 (2)-1(z)=0,
OTKyna JieficTBuTe b HAs 1 MEMMast dacti U (x,y) u V (x, y) pasHoctu P (z)—F (z) obnanaer cBoiictBoM (cM. (3.3.2))

a—U+ia—V:0, T.C. 8_U:0 " a—VZO-
ox ox ox ox

U3 ycnosuit Komn—Pumana Oyzner BbITEKaTh TaKkKe, 4TO
ou ov 0
» oy
CrnenoBarenpHo monHble quddepernnans dU =0, dV =0, oTKyaa MOCTOSHHBIMHA OKa3bIBaroTcs U (x, y) u V(x, y). Bwmecte ¢

HMMHU IIOCTOSHHA ¥ Pa3HOCTh O (z)— F (z) . Takum o6pazom,
®(z)=F(2)+C, (3.8.4)

riae C — HeKOTOpOe MOCTOSIHHOE KOMIIIEKCHOE YUCITIO.
5°. Vimeer mecto hopmyna Holomona—Jleiionuya:

z

[ £(s)ds = F(2)-F ). (3.85)

20

rae F (z) — ro0ast mepBooOpa3Hast aHATUTHICCKON (DYHKITUH f.

JleficTBUTENBHO, IPH 2 = 2, B (3.8.4) nonyuaem
0=F(z))+C, 1e. C=-F(z,).
Teneps, coracho (3.8.4), nomyuaem
D (z)=F(z)-F(z).

Bcnomunas onpenenenue (3.8.3), npuxoaut k Gpopmysie (3.8.5).
6°. YcnoBust ronoMophHOCTH GyHKIHH | (z) MOXHO C(OPMYJIHPOBATH B TEPMHUHAX TaK Ha3bIBaeMBIX AudepeHInarbHbIX

(dopM, T.e. BEIpaXKEHU Buia = f - dz.



®dopma ® Ha3BIBaeTCS 3aMKHYTOH, €CIIM B paccMaTpuBaeMoit obmactu D ee muddepeHman do paBeH HYIIO U TOYHOM, €CIH
CYILECTBYET Takast GyHKIHs F, 9T0 BO BCeX Toukax F'= f.
Kax oxazpmBaercsi, u3 ronomopdHocTH f(z) B HaHHON oOmacT D BBITEKAeT €€ 3aMKHYTOCTh: JOCTATOYHO 3alkcaB ® = fdz B BUE

(u+iv)(dx+idy) = =udx—vdy+i(vdx+udy) BBUHCINTB, NONB3Ysich ycnoBusiMu Komn-Pumana, do= o' dx+ o)'ydy , 9TOOHI yOe-

IUTBCS B TOM, 9T0 d =0 Bciogy B D. BepHo u o0paTHOE, Tak uTO roJoMophHOCTs B D ¢yHKIHK [ (z) paBHOCHIBHA 3aMKHYTOCTH

cooTBeTcTBYyIOMIEeH nuddepeHunansHoi Gopmel.

CymecTBOBaHHE K€ NepBO0OPa3HON rooMopdHOI (QyHKIMH (KOTOpOEe MMEET MECTO BO BCSKOW OJHOCBSI3HOM 0011acTH), O3HA-
YaeT JUIs COOTBETCTBYIOIIEH A depeHInanbHON (POPMBL, YTO OHA TOYHA (TOYHA «TII00AIBEHOY).

Takum oOpa3oM, BCsIKas 3aMKHYTas B OTHOCBA3HOM obnactu nuddepennuansHas GpopMa (yKa3aHHOTO BHIA) TI0OATEHO TOYHA.

3.9. ®OPMYJIA KOIIN

1°. Mycts pynxups [ (z) OIHO3HAYHA W aHAIUTHUYHA B 00nactu G, L — KOHTYp, OTpaHUIHUBAIOUINIA OJHOCBS3HYIO 001acTh D,

LIETMKOM JesKaiuii B G 1 06X0MMBIIf IPOTHB YacoBOil CTPENIKH; Xapaktep auHuH L ormcan B 11. 1° maparpada 3.6. Torma s mo60it
TOYKHU z, , Jexalneld B D (T.e. paclONOXEHHOH BHYTpU L) IMEeT MECTO Clleylolasi HHTerpaibHas GpopMya:

£ ()= §LEE £)ez. (3.9.1)

2mi y z-2zg

HoxaszatenbcTso (3.9.1). [uamoboro &€ >0 BeibepeM B D OKPYKHOCTb Zz =z, + pe'® cTOJb MaNoro pajuyca p, 4Toobl

| £(z)-f(z)| <&: (3.9.2)
9TO BO3MOJKHO, TaK KaK f (z) , OyIIydu aHaJIUTUIECKOH, ABNSETCA U HenpephiBHOHM B D. O003HAYNM Yepe3 Y YKa3aHHYIO OKPY>KHOCTB,
BLI6ep€M Ha Heﬁ HanpaBJICHHUC 06XOI[a IpoTUB ‘laCOBOfI CTPCJIKA U 3aMCTUM, YTO

1 dz

=1 (3.9.3)
2mi d zZ—2,

cornacHo npuMepy 2 1. 5° maparpada 3.5. Terneps o Teopeme Ko st aByxcesizHoii o6nactu (. 2° naparpada 3.7) umeem

Sle)dz _ g /(e)dz (3.9.4)

Z—Z zZ—z
0 Y 0

/()

zZ—2Zy

VKa3aHHas TeopeMa PUMEHUMA, ToCKObKy ¢ (z)= aHAJIMTHYHA BMECTE C f (z) B 00nacti D, U3 KOTOPOH MCKIIIOYEHA

TOYKa Zz;, TaK 4TO, B YACTHOCTH, (p(z) aHAJIMTHYHA B 00JIACTH MEXIY KOHTYpaMu Y U L ¥ Ha CaMUX 3TUX KOHTYypax.
OreHUM Pa3HOCTh MeX Iy UHTErpaniom (3.9.1) u f (zo), BocMoJib30BaBmuUCh (3.9.3) u (3.9.4):

1 M—f(z()) _IL M_f(zo). 1 g 9z |

2miy z-z 2m'y z—2z, 2niyz—zo
1 —
RENVESIEH] 093)
2mi . 2720
OrennBast MOALyIb HHTerpana (cBoiictro 6 1. 2° maparpada 3.5), nmeem mpaByio gacts (3.9.5) He MPEBOCXOAIICH
1
L. 2np =g,
2n| i | p

MTOCKOJIBKY UMEET MECTO HepaBeHCTBO (3.9.2) u COOTHOIICHHE | z—2z, | =p Ha OKpyxHOCTH Y. Teneps

L)

- <eg,
2mi g z-2z

U, B CWJIy IPOM3BOJILHOCTH €, HIMEEM JICBYIO YacTh MOJYYCHHOTO HEPABEHCTBA paBHOM HyI0. CinenoBarenbHo, popmyna (3.9.1) moka-
3aHa.
2°. B npemmonoxenusix 1. 1° B 11060ii TouKe z, Tpou3BOAHAS f ’(z) TAK)Ke OKa3bIBACTCSl AHAUTUYECKON (pyHKIMEH 1 umMeeT

Mecto opmyiia

F(zg) = §LEE (Z)dzz. (3.9.6)

JeiictBuTensHO, "pasHocTHOE oTHOIIEeHHE" B crity (3.9.1) mmeeT Bug



h 2mih L(z—(zo+h)) z—z,
1 f(z)
:2Ttl'hf((Z_ZO)_(Z_ZO_h))(z—zo—h)(z—zo)dzz
_L /(2) i
B ZEif(z—zo —h) (z—zo)d ’ (3:9.7)

rzie yepes /1 0003Ha4eHO MPOU3BOIBHOE IPHpaNIeHne Az C JOCTaTOYHO MaJIbIM 3HAaYCHHEM | h | .

[epexons k npeneny npu 4 — 0 (TIpenenbHBINA TEPexo MO 3HAKOM HHTETpaia MOXKET OBITh aKKypaTHO 0OOCHOBaH), MOTyda-
em popmyiy (3.9.6). TTockonbKy z, MOXeT ObITh 3aMeHa Ha JHO0YI0 TOUKY Z, (M3 JOCTATOYHO MO OKPECTHOCTH TOYKH Z ), TO

S/ (z) aHAJIMTUYHA B TOYKE Z) .

30, Paccyxnenus 1. 2° MoxHO MOBTOPHUTE st [ (Zo ), " (zo) u T.1. CiieioBaTelbHo, Uil JI000r0 # B KaKAOU Touke z, € D

CYIIIECTBYET MPOM3BOAHAS f (”)(zo) Y JUIsl Hee CIIPaBEUINBO COOTHOIIEHHE

n n! z

A )(zo):—_§L)ylHdz. (3.9.8)
2mi L (Z _ZO)

Dopmyny (3.9.8) MoxkHO momyunTh GopmansHO muddepeHpoBaHueM 0 z, cooTHoweHus (3.9.1) n pa3 mox 3HAKOM HHTe-

rpana.
4 Teopema Mopepa. Ecnu dysxms f (z) HeTpepbIBHA B OAHOCBA3HON obsiactu G M MHTErpal oT f (z) 10 JI000MYy

3aMKHYTOMY KOHTYpY PaBeH HyJ0, TO f (z) aHanuTHyHa B G.

OTO yTBEp)KAEHHE SIBISETCS OOPAaTHBIM IO OTHOLIEHHIO K YCTAHOBJIGHHOMY PaHEe CBOICTBY, YTO HMHTErpaji MO 3aMKHYTOMY
KOHTYPY OT aHaJIMTHUECKON (DYHKLUH — paBeH HYJII0. Bblllie Mbl yCTaHOBHIIM, YTO (QYHKIIHS

F(z)= jf(s)ds

ABIISIETCS] aHAJIMTUYECKOH (IIPU YCIOBUAX TEOPEMBI 3TOT UHTErPpall HE 3aBHCUT OT MyTH, COSIUHSIONIET0 TOUKU z, U Z), IPUYEM JOKa-
3aTeNbCTBO COXPAHUIIOCH Obl, eciau f (z) TpeboBaTh JNHIIb HEeNpepbIBHOH B (; nanee, ObUIO yCTaHOBIICHO, YTO F '(z): f (z) Co-
riacHo pesynbrary 1. 3° ananuTHueckol 6yaer u F ’(z) , CoBIajaromas ¢ f (z) , 23TO U €CTb JOKa3bIBAEMBI PE3YIIbTaT.

50, HeoxxuanHoM, Ha NEepBbIi B3IV, SBISIETCS CIEAYIOLIas
Teopema JluyBunas Ilycts pynkmus f (z) AHAIUTUYHA BO BCEHM KOMILJIEKCHOM IJIOCKOCTU U CYIIECTBYET MOCTOSIHHAS

M Taxasi, 9TO IjIs BCEX Z BBIIIOJHEHO HEPABEHCTBO | f (z)| <M .Torpa f (Z)TO)K,Z[BCTBQHHO PaBHa ITOCTOSHHOM.

JlpyruMu cloBaMHM, aHUIUTHYECKasl BO BCEH IIIOCKOCTH (YHKIHS, OTJIMYHAsE OT MOCTOSHHOW, HE MOXET OBITh OrpaHHYEHA I10
MOJyJIO; TaK, HAIPUMEP, MOXKHO yKa3aTh TOUKHU, B KOTOPBIX | sinz | CKOJIb YTOJTHO BEJIUK.

JdoxkaszaTenbcTBo. Bcwry ananuruudoctu f ’(z) (Bmecte c f (z)) BO BCEH MIIOCKOCTH UMEEM:

fe)=—— §—f (S)z ds, (3.9.9)

2mi 'R (s — z)

Ie Yp — OKPYXHOCTb C IIGHTPOM B TOYKE Z, CKOJb YTOJHO OOJBIIOrO paguyca R, o0Xoaumasi B HalpaBJICHUHM NPOTUB YacOBOI
CTpEJKH.
Ha 3toif okpyxHOCTH | s—z | = R, cIe10BaTeNbHO,

fs) | M
(s—z)2 R*’

toraa uHTerpain (3.9.9) nmeer oneHKy
1 M M
O P
2n R? R
rae 2mR — QiMHA OKPYXKHOCTH Y, . Ho M = const , R — CKOJNB YroHO BEJIHKO, TOTAA | f '(z)| =0 npu Bcex z. OTCI0a JIETKO CleAyeT

(cM. paccyxmeHus II. 4° naparpada 3.8), uro f (z) — IIOCTOSIHHA, YTO U YTBEP>KAAJIOCH.

60. Baxxubim IMMPUIJIOKCHUEM TCOPEMbI HHyBl/IHﬂH SABJIACTCA TaK Ha3bIBa€Masi OCHOBHAA meopema a]l2€6pbl: BCAKOC YpaBHCHHUEC
BHUga

2"4a, 2"+ Aazray=0, (n=1,2,..)



umeem xoms 661 0OUH KOPEHb.
JelicTBUTENFHO, TIPEATION0KHAM MPOTHBHOE. Toraa 3HaMeHaTens 1poou

1
f(z)=— — (3.9.10)
z +a, z7  +..tazta,

BCCrAa OTJIIMYCH OT HYJIA, a 3HAYUT (BLI‘JPICJIGHHGM HpOHSBOHHOﬁ) y6€)KZ[a€MC$[, 4qTo f(Z) aHAJIMTUYHA BO BCCH IUIOCKOCTH. I[anee,

oueBMIHO, uTo (cM. 11. 3° maparpada 2.2)

lim £ (z)= lim L. 1 =0,
o SR T I T

z Zn—l 2"

T.C. | f (z)| <1 pnst mocraTodHO 6om,umx| z |, HarpuMep, B 00iacTy, Te | z | > R ¢ nocraroyno OomnbmmM R. B kpyre |z | <R wmo-
oyne f (z) TaK)ke OrpaHMYeH, TaK Kak f (z) HerpepbiBHa B Kpyre. [lomydaercs, 4To aHanuTHyeckas f (z) UMEEeT OTpaHHYEeHHBIN
MOJyJb, a TOT/a, o Teopeme JlnyBmmis, f (z)z const. Ho ato mporuBopeunt ee onpexaenenuio (3.9.10). CnenosarensHo, TEOpeMa

JIOKa3aHa.

eTl'Z

7°. Tipumep 1. Boruucours J = § dz BIOJIb OKPYKHOCTH:
¥

22 +iz
1 g 1
a)|z|=5; 6)|z—2|:1; B)|Z+l|:5.

Hanpasnenue 00xo/1a — MPOTHUB 9aCOBOH CTPEIIKH.
Pewenue. a)3anumem uHTETpai B BUIC

nz nz -1
J=§ ° .d2=§e (Z+l) dz .
yz(z+z) d z—0

ITockonbKy BHYTpU OKpPY>KHOCTH | z | =1/2 conepxxurcs Touka z, =0 ¥ He comepxurcs z=—i (cM. puc. 3.9.1), To 1 DyHK-

mu f (z) =e™ (z +i )_1 NpUMeHnUMa UHTerpaibHas Gopmyina Komu B Buse

ﬁdZZZTcif(zo).
Y 7720

B nammem ciyuae J = 2mie™? (O+i)71 =2%.

nz
e . .
0) f (z) = ﬁ SIBJIAETCS] AaHATUTHUECKON B KpyTe | z=2 | <1, Tak Kak Hyiu 3HaMeHaTens z, =0 W z; =—i JeXaT BHE 3TOr0O
z(z

+1i
kpyra (puc. 3.9.1). ITo reopeme Kommm (11 onHOCBA3HOI 061acTi) nmeem toraa J =0.

z-2=}
| X
172 1 2
a1
7 -4
‘ +1‘ 2
Puc. 3.9.1
. 1 1
B) f (z)z e™ .z7! gBnseTcs aHATUTHYECKOMN B Kpyre | zZ+i | = 3 C IICHTPOM (— i) panuyca R = 3 Torna o dpopmye Komu

-
J = j; ¢ d= 2mie ™ (—i)" = —2n(cosm—isinm)=2m.
=

IIpumep 2. Bruucours




BJI0JIb OKPY>KHOCTH | z=3i | =3, 00X0AMMO¥i B HAIIPABIICHIH MIPOTHB YaCOBOU CTPEIIKH.

P e w e n u e. 3amuIiieM HHTErpal B TAKOM BHJIE, 4TOObI ObLTa MpuMeHIMa popmya 1. 3°

§ﬂ dz =2 00z, (3.9.11)

’ (Z_Zo)wr1 n!

B nHamewm ciyuae

3 2 . "
=

b
z=3i

3

TaK KaKk f’ (z) =z, n=2, z, =3i. BeYUCIIAA NpaByo 4acTh NOIYYEHHOTO PABEHCTBA, UMEEM

7= 6z —mi18i=—18n.
2 z=3i
IIpumep 3. Bruucours
siniz dz
e
z°+4

Y — OKpPY’KHOCTb | z—i | =2, o0xonuMast IPOTHB YaCOBOM CTPEIKH.

P e w e nue. Ipusenem unTterpan J k suay (3.9.6). s atoro 3ameTnM, 910 22 +4=277 —(21')2 = (z—2i) (z+ 21’), U B Kpyre

| z—i | <2 comep>KHTCS JUIIb OJHA U3 IBYX TOYeK (MMEHHO z =2i ), B KOTOPOH 3HaMeHaTe]h oOpamaercss B HOJb (cM. puc. 3.9.2).

Teneps
ini 21')72 siniz
J:§ .s;nzz - :§(z+ L
Y(2—21) (z+21) (2—21)
y
gx
Puc. 3.9.2
[Mpumenum dopmyiy (3.9.11) ¢ f(z) = (z + 21')_2 siniz, z, =2i, n=1. Ameem:
J=2mi ((z + 21 smzz) T
= ( 2(z+2i) s1nzz+l(z+21) cosiz) =
_ AV 2o 9) )= o[ 25102 iCOS2 |
= ( 2(4i) ?sin (=2)+i(4i) *cos( 2))— 2m(—_64i +_—16j

o zsm2 3 icos2
32 16

] l6(20052 sin2).

8°. PaccMOTpUM MPOM3BOJIBHBIN TIAKMIT (MIH KYCOYHO-TIAAKMI M HEOOA3aTeIbHO 3aMKHYThI) MyTh L, GyHKIMIO [ (z), He-
MPEPHIBHYIO Ha L ¥ MPOU3BOJIBHYIO TOUKY Z , HE Jiexkalyto Ha L. UHTerpan Buna

®(z)= /1s) 4 (3.9.12)

2msz
L

HazbIBaeTcs unmezpaiom muna Kowu. O4eBUIHO, YTO HHTETPAJ, 3aIIMCAHHBIN B IIPaBOH YacTh paBeHCTBA (3.9.1), SBISIETCS YaCTHBIM
ciydaem (3.9.12).



WuTerpan Buma (3.9.12) ompenenseT 0MHO3HAYHYIO (YHKIIHIO d)(z) BO BCSIKOW oOnactu D, He cojepKalieid HU OJHOW TOYKU

myTd L. MOXXHO JJOKa3aTh, 4TO 3Ta (QGyHKIUs B o01acTH D 00safaeT MpoU3BOAHBIME JIFOOOTO HOPS/KA, IPUYEM 71-s1 IPOU3BOIHAS MO-
JKeT OBITh HaliieHa myTeM (JOpMaIbHOTO #-KPaTHOTO N epeHInpOBaHs BEIPAKECHHUS 10 3HAKOM HHTETpaja;

l)(z)= o j(](ids.

- : n+1
2mi 5 s—z)

3.10. YITIPA’KHEHUS K I'V/TABE 3

1°. HaiiTu TouKH, B KOTOPBIX JaHHAS W = f (z):

a) muddepeHnnpyema;
0) aHanMTHYHA:

) w=e"; 2) w= ; 3) w=z2 —z+1;

4) w=z; 5) w:z(|z|—1); 6) w=Rez’.
z

2°. Haiiti ananuTHdecKyio GyHKIHO w = f (z), JUTSL KOTOPOH
a) [eiCTBUTENbHAs YacTh PaBHA U (x, y) =4x* -4 y2 ;

0) MHHMMas 4acTh paBHa v (x,y) =3e> sin2y .

3°. Haiitit yron noBopoTa o ¥ Ko3(hGHUIHEHT pacTsKeHHs k IpH 0TOOpaKeHHH w = f (z) B TOYKE Z , ECIIH
1) w=z?—1+i, zy=1; 2)w=i-e*, z,=—in.
4°. BBIYHCTHTb HHTETPa:

1) lem(z—i)dz BJIOJTb JIHHHH Z = X +iX° OT TOUKH zy=1+i 10 TOUKM z, =—1+1i;
L

2) I z| z | dz BJIOJB IyIU OKPYXKHOCTH z =2¢'® B HAMpPABJIEHUHU MPOTHUB YaCOBOM CTPENIKH OT TOUKH z, =2 [0 TOYKU z, =2 ;
L

3) J-(l -2 )dz BJIOJIb OTpE3Ka MPSMOM, COSAUHSIOMIEH TOUKH:
L

a) zi=i—-1lnz,=1-i; 6) zy=-2m z,=4i;

4) I (z - 2Rez)dz BJIOJTb JIOMAHHOM, COEUHSIOMIEH TOUKY z; =2, z, =2+2i, z3=2i.
L

5°. Borancnuts HHTErpal 10 3aMKHYTOMY KOHTYpPY L B HalpaBie€HUM IPOTUB YAaCOBOM CTPEJIKU:

1) if sini;i dz; L — OKpYXHOCTh | z | =2;
P

2) fszZejuldz; L~ oxpyxocty: a) | z=i =156) | z-+1|=1;

B) | z-3i|=1;

cos(z—i)
3) 22U
f (z—i)3
4) fﬁdz; L—OKPY)KHOCTI)|Z—2|=L9;

inz

dz; L — OKpYXHOCTb 2| z | =3;

5 dz; L — OKpYKXHOCT |z+2|:2.

Y0P



FmaBa 4
PA3IOXEHUE ®YHKLIMN B CTENEHHbLIE PAObI

4.1. CTENEHHBIE PSJIbIL. JAJBHENIIUE CBOMCTBA
1°. PaccMOTpHM P/ IO CTEIIEHSIM PAa3HOCTH (z - Zo) , TI€ Z; — JaHHO€ KOMIIJIEKCHOE YHCJIIO:

©
ZCn(z—zo)” =Co+Cilz—z0)+. 4 Cplz—20)' +.... (411
n=0
Brre (B maparpadge 2.4) ycTaHOBICHO, 9TO obacmuvio cxooumocmu (4.1.1) agnaemcea nekomopwiii Kpye | z— Zo| < R ; HCKITIOYAM
W3 PacCMOTPEHUS] TPUBHAIBHBIN ciaydaid R =0 (ciay4ald eIMHCTBEHHOW TOYKHM CXOAMMOCTH). Torma mpu mobom p, 0 <p <R, cre-
nenHoit psix (4.1.1) paBHOMEPHO CXOAMTCS (¥ JaXke MaKOPUPYeM) B 3aMKHYTOM Kpyre U (zoﬁ p), COCTOSIIEM U3 TOYEK z, TAKUX, UYTO
| z— zo| <p (cm. mm. 4°, 6° maparpaca 2.4).
Ecnu pyHxums (p(z) PAaBHOMEPHO 10 MOJYJIIO0 OIpaHUYEHa, T.€. €CIM CyLIeCTByeT M = const, Takas, 4TO |(p(z)| <M mnpu

zeﬁ(zo,p),Top;m

Co(p(z)+ Cl(p(z) (z—zo)+...+Cn(p(z) (z—zo)" +.. (4.1.2)

OCTACTCA MaXXOPHUPYCMBIM B TOM K€ KpyTe€. I[eﬁCTBI/ITeHLHO, ITYCTb psl

> a,, a,>0, n=0,1,2,..
n=0

n
SBJISIETCS MaXKOPaHTHBIM (T.e. CXOIAIIUMCS U TaKuM, 4YTO |Cn (Z—ZO)| <a YUTATEII0 PEKOMEHAYETCA YTOUHUTH BHUJ IOCIICAOBA-

no

TENBHOCTU a,, ) 1A (4.1.1), Torna maxxopaHTHbIM [Uis (4.1.2) OKa3pIBacTCs, OUEBUIHO, P

o0

ZMa”.

n=0

2°. VCTaHOBHM BO3MOXKHOCTD NOUIEHHO20 UHMEZPUPOSAHUs U Oupdepenyuposanus cmenennbix psooe u (P JOTIOTHUTEb-
HBIX MPEINOI0KEHUAX O (p(z)) psino Buza (4.1.2) B Kpyre cXoauMoCTH. JTa BO3MOXXHOCTh OyZ€T BBITEKaTh, KaK YaCTHBIM CITydai,

U3 CIEAYIOLUX YTBEPKICHUMN.

3. Teopema 1. IlycTs wieHsl paABHOMEPHO CXOZSIErocs B kpyre U (zo,p) psina

fol2)+ filz)+ ot £,(2)+... (4.1.3)

HETIPEPHIBHBI U L — HEKOTOpas JIyra, paclojoKeHHas B 3ToM Kpyre. Torma, ecnu f (z) — cymMma psiza (4.1.3), TO BOZMOXKHO MMOYJICH-
HOE MHTETPUPOBaHUE 1O ayre L:

[1 )z =] fy(2)dz+ [ fi2)dz .t [ f(2)dz ... (@14)

3aMeTnM, 4TO YTBEPIKIECHHE TEOPEMBI yKe BKIIIOYaeT B cebst cxoanMocTs psia (4.1.4); nyra L (110 KOTOpoii MpOU3BOANTCS WH-
TErprupoOBaHKe), KaK U BHIIIE (B IM1aBe 3) MpeamnoaracTcsa napaMeTpruuecky 3aJaHHON (z =z (t)) W raaxoit (Jinbo KycouHO-TIaaKoi).

Jloxa3aTenbCTBO NPOBOAMUTCA TAKKE, KaK B CIydae COOTBETCTBYIOLIErO CBOMCTBA IS PANOB M3 (DYHKLUH IeHCTBUTENb-
HOTO IepeMeHHOro. Bo-mepBrIX (kak oTMeuanock B 1. 2° maparpada 2.4), f (z) — HENpephIBHA B yKa3aHHOM BBIIIE KPYyTe, T.€. HHTe-

rpai ot Hee (BoJb L) cymiecTByeT. Bo-BTOPBIX, 10CTATOYHO JI0Ka3aTh (TI0 ONPEeNICHNIO CXOAUMOCTH PsAa), YTO Pa3HOCTh
ff (z)dz {Ifo(z)dz +Iﬁ(z)dz+...+jfn(z)dz
L L L L

ABJIACTCA IIPU 11 —> O OECKOHEYHO MaJIoH IIOCJICAOBATCIIbHOCTHIO. HeﬁCTBHTeHBHO, MOAYJIb ITOU Pa3HOCTHU O6J'IaI[aCT OHCHKOI>'I

Jf(z)dz—'[( O(Z)+f1(z)dz+...+f”(z)dz) =

L

- [(G)-5,()de) s(maxu(z)_s,,(z)gf, @15

I zel

rae S, (z) —yacTHas cymma psiaa (4.1.3); ¢ —nnuHa nyru L.



Beuny paBHoMepHO# cxommmoctr (cm. . 2° maparpada 2.4) psga (4.1.3) mpasas uacte (4.1.5) crpemurcs Kk Hymo (pu
n — 00 ), YeM U JA0Ka3aHo cooTHomeHue (4.1.4).

B uacTtHOCTH, ecnu (p(z) HenpepbIBHa B kpyre U (zo; p) (a 3HAYMT, ¥ OrpaHUUECHA IO MOJYJII0), TO MaKOPHPYEMBIH (U, cieo-
BaTEJIbHO, PABHOMEPHO CXOISIIUICS K cBoel cymme) psf (4.1.2) momyckaer No4JIeHHOe HHTEIPHUPOBAHHE.
4 Teopewma 2. Ecnu wiensl paga (4.1.3) ananuruuns B kpyre U (zo; p) U psiil paBHOMEPHO CXOJUTCS K CymMMe f (z) B
3TOM Kpyre, To U f (z) aHaJIMTUYHA 11 BeeX z € U (zo; p).
Cxema J0Ka3aTeNbCTBa TEOPEMBI s CIydas IPOU3BOIbHOM TOUKH z € U (Zo ; p) COCTOHUT B CIEAYIOILEM:
a) MyCThY — HEKOTOpast OKPYXHOCTH C IIEHTPOM B TOUKE Z , [IEITMKOM Jiexkamias BHyTpu U (zO; p), TOT/Ia
o0
fls) _ z fuls)
§—z

n=0 S—Zz

>, SEY,

NpUYEM WISHBI Pa aHAJUTHYHBI (KaK (YHKIIMHU OT §) BMECTE C fn(s);
0) cormacHo Teopeme 1 BO3MOKHO IMOWIEHHOE HHTETPUPOBAHKE Psijia TI0 OKPY>KHOCTH Y (00X0J — B HalpaBJIeHUH ITPOTUB Yaco-
BOW CTPEJIKH):

LIM _ i %{i_(sz) s

2mi . 572 5D

WJIH, COTJIACHO MHTETpajbHON opmyne Ko,

S WA

2mi d e

a torga cymma psga (4.1.3) f (z) OKa3bIBaeTCs COBIajatoliei ¢ uarerpanom "tuna Kommn":
1 ¢ f(s)ds
fE)=o= ==
2ni Y s—z
¥
B) 9TOT HHTErpai MPEACTABISET co0Oil aHANMTHYECKYI0 B U (zo, p) ¢dyakmmio (mogoOHOE yTBEpKAeHHE 00CYKIaI0Ch BEIIIE),

T.C. f (Z) , BBUY IPONU3BOJIbHOCTHU Z, aHAJIUTUYHA B YKa3aHHOM KpPYyT€.

B yactHocTH, cymma cmenennozo psoa (4.1.1) anarumuyna B KPyre CXOJIMMOCTH.

4.2. PSIJI TEMJIOPA

1°. Tiyets w= f (z) oaHO3HAuHa 1 aHankTHUHA B Kpyre G C EHTPOM B HEKOTOPOil TOUKe z,. [l0CTABHM 3ajady: pasioKHTh
f (z) B PSII 11O CTEIIEHAM Pa3HOCTH (z -z ) .

[MomoOHast 3amava s GyHKIHHA JEHCTBUTENFHON IEPEMEHHOM IPH HEKOTOPHIX YCIOBHSX Ha (PYHKIHIO (TToMIMO auddepeHIiu-
PYEMOCTH CKOJIb YTOJHO MHOTO pa3) pemaiach B Bue psda Teiwropa. B ciiyuae aHaTUTUIECKOH [ (z) uHTerpanbHas Gpopmyina Komm

MO3BOJIsIET "HAPAMYI0" MOJTy4aTh aHAJIOT TEHIOPOBCKOro psAaa.
2°. Hpu yenopusix 1. 1° st moGoit z € G umeem mecmo pasinosicenue

P AL R A R O A P N?

uT0 GyeT I0Ka3aHo Hivke, B In. 4.
3°. Jlpyras dopma (4.2.1) oka3bIBaeTCs Cleayromeii:

f2)=>.¢,(z-z), (4.2.2)
n=0
rie
1 s)ds
=] Sls)ds_. (4.2.3)
21 (S—Z )n+l
’\/ 0
Y — J1100ast OKPY>KHOCTb C LIEHTPOM B TOUKE Z, , 00X0OAUMAas [IPOTUB YACOBOM CTPENIKU U LIEJIMKOM Jiexalias B oonactu G.
n S (”)(ZO)
Pasnoxenns (4.2.1) u (4.2.2) SKBUBaJCHTHBI, TaK Kak K03 UIIueHTs mpu (z —zo) , 3aMHCHIBACMBIC B BUJIE ~— — , COBIa-
n!

JAIOT C TIpaBoif 9acThio (4.2.3):

S"z) _ 1 [ fls)ds

n! :%y(S_ZO)nH

BBHIYy hopmynsl (3.9.8) s f (")(zo).
4°. Urak, nocratouno aokasath (4.2.2). Tak kak f (z) aHaymuthuHa B G, T0 110 opmyne Komru



r(e)=-4L (s) v, (4.2.4)

Comids-z zZ-z
Y 0 1-=—=0
s—2z
IJie z — IPOU3BOJIbHAS TOUKa B 001acTu G, a OKPYXKHOCTb Y C LIEHTPOM B TOUKE z, NPOBEJEHA TaK, YTO zZ PACIOJIOAKEHA BHYTPH ee.
[Tpu TakoM BeIOOpE KOHTYpa HHTErpupoBanus (cM. puc. 4.2.1)
| 2= 20| <[ 5-20)

2y

o0agaer CBOMCTBOM | q | <1.

Puc. 4.2.1

Teneps

1
= l4g+qt g
I-¢g

ABJACTCA CXOAAIUMCA psAIOM KaK CyMMa FeOMeTpI/I‘IeCKOﬁ nmporpeccuun (CXOI[I/IMOCTI: npu | q | <1 moka3bpIBaeTCsl B TOUYHOCTH TaK XKe,

KaK ISt Clly4ast MPOrPEeCCHH C AeHCTBUTEIbHBIMU wieHaMu). 1o 3HakoM uHTerpana (4.2.4) momydaercs psij (10 CTENEHAM Z~ %0 ),
55,
CXOSIIMNACS IIPU KaXKIOM Z:
2 7
f(z):L‘ f(s)(1+ 270 (2—20)2 ot (2-2) +.. |ds =
2mys—zOL s=20  (s—z,) (s—z,)"
= L ma’s +L'(Z—ZO)§ﬂdS+L_(Z—ZO)2§L)3dS+...
27 LS =2 27 g (S_Zo) 27 (S_Zo)
g Ss)
—(z— ds+.... 42.5
+ m(z z (s—zo)'”l s + ( )

[TouneHHOE MHTETPUPOBAHIE BO3MOKHO B CHITy TEOPEMBI |, YCIIOBHSI KOTOPOH BHITTOIHEHBI, TaK KaK:
a) f (s) aHanuTH4YHA B G, CIIe10BaTENbHO, CYLIECTBYET OCTOAHHAs M, Takast 4To | f (s)| <M Havy;

0) | s —s0| = r = const, TJIe 7 — paguyc BEIOPAaHHOH OKPYXHOCTH Y ;

B) psia BUIa

i&ﬂ

n:OS_ZO §—2Zy

HUMECT TOTAa B KAYECTBEC MaKOPAHTHOT'O CXOﬂﬂmHﬁCﬂ YHCIIOBOM psaa

Z—2Zy

rae q = ,TaKqTo|q|<l.

s -z,
Paznoxxenne (4.2.5) Teneps coBnagaer ¢ yreepxiacauem (4.2.2), ecau yduects onpeznenenue (4.2.3) koadpuunenros C, .

CrnenoBarenpHO, cooTHomeHus (4.2.1) u (4.2.2) mokazaHpl. 3aMEeTHM, YTO KOHTYpP MHTETPHUPOBAHUA B JOKA3aTEIHCTBE MBI BBHI-
Opasit Tak, 4TOObI TOYKA z ObLIA 3aKJII0YEHA BHYTPH €ro, 0JIHaKO, 1o Teopeme Koy it MHOTOCBsI3HOM 00nactu (cM. naparpad 3.7),
B Ka4eCTBE Y MOXKHO BBIOPATh 1700y10 OKPYKHOCTB C ICHTPOM Bz, , JIeXamlyio B G.

5°. TIpu zo =0 (4.2.1) HazpIBaeTcs pagoM MakiopeHa:



1! 2! T

B wactHOCcTH, paBeHcTBa (2.5.1), (2.5.2), (2.5.3), BBIBEICHHBIC paHEe KaK onpeoeieHus COOTBETCTBYIOIIMX 3JEMEHTAPHBIX
(YHKIMHA, MOTYT Terepb ObITh UCTOJIKOBAHBI KaK pa3nodiceHuss B psiibl MakiopeHa. CIIMCOK MOJOOHBIX Pa3iIoKEHHH MOXKHO JIOTOJ-
HUThH. Hampumep,

n(i42)=z- s (cay 2
2 3 n+l1

+o., | z] <1

6°. Tlycts Temeps [ (z) AQHAJIWTUYHA B ITPOM3BOJIHON TOUKe z,. Ee MOXXHO BBIOpaTh B KauecTBE IIEHTpPa Kpyra (ZOCTATOYHO
MaJioro pajuyca), B KOTopoM f° (z) OCTaeTCsl aHAIUTHYHOM, a 3aTeM Pa3NoXUTh | (z) B psix Teitnopa (4.2.1). ['oBopsr, urto (4.2.1)
€CThb Pa3JoKeHne f (z) B OKPECTHOCTH Z, .

Ecmu f (z0 ) =0, To pa3IoKeHUE B OKPECTHOCTH Zz; , 3allLCaHHOE B (hopMe (4.2.2), uMeeT BUA

f(z): Cl(z—zo)+ C2(2—20 )2 +...+Cn(z—zo )" +.., (42.6)
Tak kak C, = f(zo): 0 . Moxer ciyuures 1ak, uto C) =C, =...=C,_; =0,H0 C, #0, T.€.
f2)=Clz=2)) +Cpo(z—2o V" +... . (4.2.7)

B sToM ciyuae TOUKy z, Ha3blBalOT HyleM n-20 hopaoka GyHkuuu f (z) ,anpu n=1 (ciyuaii (4.2.6)) — npocmeim nyrem. Itak (cm.
(4.2.1)), ecu

f(Zo):f'(Zo):m:f(H)(Zo):Oa HO f(")(zo)ioa

TO z =z, ABJIAETCS HyJEeM n-TO HOpsAaKa i f (z)
7. Teopema. Iycts f (z) aHAJMTUYHA B TOUKE Z . JTa TOUKA SBISIETCS HYJIEM 1-TO Topsaka 1 f (z) TOTZIa ¥ TOJIBKO TO-

I7a, KOTJa CyLecTBYeT aHaIUTHUecKas (B TOUKe z, ) GyHKIMA ¢ (z) , TaKasl, 4TO @ (Zo ) #0u
f(2)=(z-2)"o(2). (4.2.8)
JdoxaszatenbcTBo. Ecim z, — Hynb n-ro opszaxka, To cornacHo (4.2.7)
f(2)=(z=20)(Cp + Cpis(z=29)+...), (4.2.9)
[IPUYEM CTENIEHHOM Pl

C,+ Cn+1(z—zo)+...

CITY>KHT OCTaTKOM s (4.2.2), a 3HAYUT UMEET TOT ke KpyT cxoaumocTu. ClieoBaTeNlbHO, €T0 CyMMa (z) aHATUTHYHA B YKa3aHHOM
KpyTe, IprdeM

0(z9)=C, +0+0+..=C, 0.

Torna paBerctBo (4.2.9) npuaumaer Bux (4.2.8), toe ¢ (zo);t 0.

Jokaxkem obOpaTtHOe yTBepkaenue. [lycts f (z) npezacTaBuma B Buze (4.2.8), rae (p(z) aHAJIWTUYHA B TOUYKE Z, U (p(zo);t 0.
Pazmoxxum (p(z) B pan (4.2.2) B OKPECTHOCTH TOUKH Z,

(p(z): 50 +51(z—zo)+... , Tae 50 #0 (tak kKak @(zy)#0).
B cmiry (4.2.8) B yka3aHHOM OKPEeCTHOCTH
f(Z): 50(2_20)}1 +51(Z_Zo)n+l +., 50 =0.

Crenosatensho, f (z) umeer pasnoxenne Buma (4.2.7). [lepeoGosnauns koddduiments: B Buge C, = 50, Co= 51, ..., IOITy4aem

(4.2.7), rne C,#0, T.e. z, OKa3anach HyJleM n-TO HOpsAAKa Ui f (z), YTO U eCTh 00paTHOE yTBepXKIAcHUE. TeopemMa MOHOCTHIO

J0Ka3aHa.
8°. Mpuwmep. Haittu nymn pyHKimm

fE)=wife.
Pewenue. Tak kak
22 +1=22 —(i)z :(Z_i)(z+i)’
1 @)= -if (i )

1 B TO K€ BpeMs



7()=(+if (z-iPe™).
B nepsow cayuac z, =i spasetes nyiem 3-ro nopamca ama £ (z), nockomsiy mpu ¢(2)= (z+if e umeen:
o(i)=(2ife™ =-8i(cos(—m)+isin (- m))=8i # 0.
Bo BTOpOM Cilydae HMeeM z, = —i HysieM 3-ro nopsiaka s f (z). 3mech
o(z)=(z-ife™
o(-i)=(-2ife™ =8 % 0.

Urak, f (z) UMeeT HyJISIMU 3-TO TMOpSAIKA TOUKH i ¥ —i.

4.3. PSIJI JIOPAHA

1°. Paccmotpum psig Buga

ot o ot Cop + = +Co+Ci(z=29)+Cylz =20 ) +..

(z—z) (Z_Zo)2 7%

+C(z—zy) +..= iC”(z—zo)n, (4.3.1)

n=—00

CoZIeprKaIi KaK HEOTPUIaTeNIbHBIE, TAK U OTPHLIATENbHBIC CTETIEHH PA3HOCTH Z — 2z, Z # z, . Eciu (4.3.1) 3anmcaTs B BHIE

ii+ icn(z—zo)", (4.32)
n=l1 (Z —Zy )ﬂ n=0

TO HepBLIﬁ 13 pAa0B MOKHO pacCMaTpyUBaTh Kak CTEIICHHOM:

o0
ZC_,,W”, rae w=

n=1 Z7 2%

B cBoem Kpyre cCxoammMoCTHu |W| <R . R ¢0, €ro CyMmMa C€CTb HEKOTOpasi OAHO3HA4YHAasA aHaJIUTUYCCKas (byHKIII/IH

Bynyun cynmepnosunuell aHaluTHYeCKUX (YHKIUH, q)( jKaK ¢GyHKIMSA OT z (THe z+#z,) TaKKe AHAJIUTHYHA IIPH

Z—Z

1

|w|=
| 2=z

1 — .
< R . Urak, nns |z—zo| >E, “MeeM: (¢ aHAIUTWYHA BO "BHemHocTH" kpyra U (ZO;Rl); HE WCKJIIOYEH M Cilyyai
R, =0 (ecimu R =c0 ). TouHo Tax ke, BTOpoii pan B (4.3.2) cxoqurcs Ipu |z - Zo| < R, ¢ HEKOTOpBIM R, ; mycThb R, > 0. CymMa 3T0-

TO psijia €CTh HEKOTOpas (aHAJMTHYECKAsl B 3TOM Kpyre) QyHKIUs Y (z)

Ecmu R, <R,, To cymecTByeT obmias o0sacTb, B KOTOpoi cxoaarca oba pana B (4.3.2), T.e. okaspiBaercd, uto (4.3.1) umeer

005IacThl0  CXOAMMOCTH HEKOTOpPOE KOJBLO C LEHTPOM B TOUKe zp: R <|z—zo|<R2 (puc. 4.3.1); QyHsxums

J+w@y

Tenepr Bo3HUKaeT 0OpaTHas 3aiaya: MycTb f (z) OJIHO3HAYHA U aHAJIMTUYHA B HEKOTOPOM KOJIBLE R; < | z— zo| <R, . MoxHo

JIM ee Pa3liokKUTh B CTeTieHHOU psit Buaa (4.3.1) U, eciiu MOXKHO, TO KaKOBbI KO3()(HUIMEHTHI 3TOTO psifa?



